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STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume LV, Number 2, June 2010

VARIATIONAL-HEMIVARIATIONAL INEQUALITIES
ON UNBOUNDED DOMAINS

ALEXANDRU KRISTALY AND CSABA VARGA

Abstract. This paper is a survey about hemivariational and variational-
hemivariational inequalities defined on unbounded domains motivated by
certain non-smooth phenomena appearing in Mathematical Physics. The
paper contains various results obtained by the authors in the last few years.
It is divided into six sections: the first section is a short introduction; in
the second section we present some critical points results for locally Lips-
chitz functions; the third section is dedicated to Motreanu-Panagiotopoulos
functionals; in the fourth section we provide some existence results for
hemivariational inequalities; in the fifth section we give a multiplicity result
for a special class of hemivariational inequalities; and in the last section we
give some applications to hemivariational and variational-hemivariational
inequalities.

1. Introduction

The study of variational inequalities began in the sixties with the pioneering
work of Lions and Stampacchia [35]. The connection of this theory with the notion of
the subdifferential of a convex function was achieved by Moreau [43], who introduced
the notion of convex superpotentials which permitted the formulation and study in
the weak form of a wide ranging class of complicated problems in Mechanics and
Engineering (see Duvaut and Lions [12]). All the inequality problems studied in that
period were related to convex energy functions and therefore were linked with the no-
tion of monotonicity. Motivated by some problems from mechanics, Panagiotopoulos
introduced in [50, 51] the notion of nonconvex superpotential by using the generalized

gradient of Clarke. Due to the lack of convexity, new types of variational expressions
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ALEXANDRU KRISTALY AND CSABA VARGA

were obtained; these are the so-called Hemivariational Inequalities. The hemivari-
ational inequalities appears as a generalization of the variational inequalities, but
actually they are much more general than these ones, because they are not equivalent
to minimum problems. They are no longer connected with monotonicity, but since
the main ingredient of their study is based on the notion of Clarke subdifferential of a
locally Lipschitz funtion, the theory of hemivariational inequalities appears as a new
field of Non-smooth Analysis. For a comprehensive treatment of the hemivariational
inequality problems we refer to the monographs Naniewicz and Panagiotopoulos [48]
(based on pseudomonotonicity), Motreanu and Panagiotopoulos [46], Motreanu and
Rédulescu [47] (based on compactness arguments). In the above works (and in refer-
ences therein) there are studied elliptic problems on bounded domains.

In this paper we treat hemivariational and variational-hemivariational in-
equalities problems on unbounded domains based on the authors’ results in the last
few years. Note that in the unbounded case the problem is more delicate, due to
the lack of compactness in the Sobolev embeddings. First, some old and new results
are recalled from critical points theory for locally Lipschitz functions and Motreanu-
Panagiotopoulos functionals see [9], [44], [45], [33], [28], [38], [46], [47], [29] with
applications to hemivariational and variational-hemivariational inequalities, see [66],
[11], [28], [36], [30], [31], [27], [29]. Then, we present for locally Lipschitz functions the
Mountain Pass Theorem (MPT) of ”zero altitude”, the version of MPT which satisfies
the Cerami condition, and a version of the three critical points theorem of Ricceri [58].
In the third section we present some critical points results as well as the principle of
symmetric criticality for Motreanu-Panagiotopoulos functionals. In the fourth section
we give some existence results for a general class of hemivariational inequalities. In
section five we prove a multiplicity result for a particular class of hemivariational

inequalities while the last section is dedicated to various applications.

2. Critical points results for locally Lipschitz functions

In this section we present some critical points results for locally Lipschitz
functions. These results appear in the papers of Motreanu, Varga [44], [45], Kristdly,
Motreanu and Varga [33] and Kristdly, Marzantowicz and Varga [28].

2.1. Elements of nonsmooth analysis. Let (X, | - ||) a real Banach space and
U C X an open subset. We denote by (-,-) the duality mapping between X* and X.
Definition 2.1. A function f : X — R is locally Lipschitz if, for every x € X,
there exist a neighborhood U of x and a constant L > 0 such that

[f(y) = f(2)| < Llly — 2| forall y,z€U.
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Although it is not necessarily differentiable in the classical sense, a locally

Lipschitz function admits a derivative, defined as follows:

Definition 2.2. The generalized directional derivative of f at the point x € X
in the direction y € X is

Iz +79) — 1)

T

fo(z;y) = limsup

z—x, T—0t

The generalized gradient of f at x € X is the set
Of (x) ={z* € X*: (a*,y) < f°(x;y) for all y € X }.

For all z € X, the functional f°(z,-) is subadditive and positively homo-
geneous: thus, due to the Hahn-Banach theorem, the set df(z) is nonempty. The
next Lemma resumes the main properties of the generalized derivatives, which will

be useful in the sequel:

Lemma 2.3. Let f,g: X — R be locally Lipschitz functions. Then,
1) (@) = max{(§,y) : £ €df(x)};

f2) (F+9)°(z;y) < fo(zy) + 9°(339);

fs) (=1)°(xsy) = fo (x5 —y).

fa) The function (x,y) — ®°(x;y) is upper semicontinuous.

(f
(
(
(

This notion extends both that of Gateux derivative, and that of directional

derivative for convex functionals. In particular:

Lemma 2.4. Let f : X — R be a convez, continuous, Gateaux differentiable func-

tional. Then, f is locally Lipschitz and

(f'(x),y) = fo(x;y) for all x,y e X.

The next definition generalizes the notion of critical point to the non-smooth

context:

Proposition 2.5. The function Af(u) = iglff( )Hw||x* is well defined and is lower
we u

semicontinuous, i.e. iminf Ay(u) > Ag(uo).

U—uUgQ
Definition 2.6. Let f : X — R be a locally Lipschitz function. We say that v € X
is a critical point (in the sense of Chang) of f, if A¢(u) = 0, which is equivalent with
the fact that 0 € Of(u).
Remark 2.7. A point u € X is critical point of f if f°(z;y) > 0 for all y € X.

Remark 2.8. Note that every local extremum of f is a critical point of f in the sense
above.
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Throughout in this paper we use the following notations for the locally Lip-

schitz function f: X — R and a number ¢ € R:
o= {ue X flu) <ok

fe={ue X: f(u) > c};
K.={ueX:(u) =0, f(u) =c};
(Ko)s ={ue X :du,K,) < d};

(KC)g =X \ (KC)(S'
In the sequel we introduce the notion of Palais-Smale condition.

Definition 2.9. We say that the locally Lipschitz function f : X — R satisfies the
Palais-Smale condition at the level ¢ (shortly, (PS).), if every sequence {z,} C X
with f(z,) — ¢, and A¢(z,) — 0 when n — oo, contains a convergent subsequence in
X. If we replace the condition f(x,) — ¢ with {f(x,)} is bounded we say that the
function f satisfies the (PS) condition.

Remark 2.10. The (PS) condition has the following equivalent formulation: The
function h satisfies the Palais-Smale condition, if every sequence {x,} in X such that

(PS1): {f(zn)} bounded;
(PS2): there exists a sequence {e,} in ]0, 400[ with &, — 0 such that
fo@niy—an) +enlly—anl| > 0forallye X, neN

admits a convergent subsequence.

The following variant of Palais-Smale condition is an extension to the locally
Lipschitz case of the one introduced by Ghoussoub and Preiss [20]. We consider a
locally Lipschitz function f : X — R, a real number ¢ € R and a subset B C X.

Definition 2.11. We say that the locally Lipschitz function f satisfies the Palais-
Smale condition around B at level ¢ (shortly, (PS)g.), if every sequence {z,} C X
with f(x,) — ¢, dist(z,, B) — 0 and As(z,,) — 0 when n — oo, contains a convergent
subsequence in X.

In particular, we put (PS), = (PS)x,. and simply (PS) if (PS). holds for
every c € R.

For a fixed B € X and a fixed number § > 0, we denote the closed §-
neighborhood of B by Nj(B), that is,

Ns(B) ={z € X : dist(z, B) < d}.
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Definition 2.12. A generalized normalized pseudo-gradient vector field of the locally
Lipschitz f : X — R with respect to a subset B C X and a number ¢ € R is a locally
Lipschitz mapping v : Ns(B) N f~t[c — §,¢ + §] — X with some § > 0, such that
[lv(z)]] <1 and
1
* - inf
W' e(@) > 5t Ag(z) >0

for all y* € Of(x) and z € domv := Ns(B) N f~tc—d,¢+ 4.

The existence of a generalized normalized pseudo-gradient vector field in the

sense of Definition 2.12 is given by the result below. For the proof, see Motreanu-
Varga [45].
Lemma 2.13. (Motreanu-Varga [45]) Let f : X — R be a locally Lipschitz function,
¢ € R and a closed subset B of X, such that (PS)p . is satisfied together with B N
K.f) = 0 and B C f¢. Then there exists § > 0 and a generalized normalized
pseudo-gradient vector field v : Ns(B) N f~1[c —6,c+ 6] — X of f with respect to B
and c.

The following deformation result has been proved by Motreanu and Varga [45].

Theorem 2.14. (Motreanu-Varga [45]) Let f : X — R be a locally Lipschitz func-
tional, ¢ € R and a closed subset B of X provided on has (PS)p,, B N K.(f) =
() and B C f¢. Let v be a generalized normalized pseudo-gradient vector field of | with

respect to B and c. Then for every g > 0 there exist an € € (0,€) and a number § < ¢
such that for each closed subset A of X with ANB =0 and A C f._.,, where

€4 := min(e,ed(A, B)), (2.1)

and d(A,B) = inf{||Jx —y|| : = € A, y € B}, there is a continuous mapping na :
R x X — X with the properties below
(i) na(-,x) is the solution of the wvector field Vi = —@av with the initial
condition z € X for some locally Lipschitz function ¢4 : X — [0, 1] whose
support is contained in the set (X \ A);
(ii) na(t,z) =z forallt e R and x € AU f°U foyz;
(iii) for every § < d < c one has na(1,B N f%) C fi==.
Proof. Let us note that the existence of a normalized generalized pseudo-gradient
vector field v : N3s, (B) N f~ e — 3e1,¢+ 3e1] — X of f with respect to B and c¢
is assured by Lemma 2.13, for some constants é; > 0 and €; > 0. Consequently, a
constant, oy > 0 can be found such that
1
(y*,v(x)) > 301 Vy* € 0f(x), © € N3s, (B) N fe_ze, N feT31, (2.2)
7
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We claim that the result of Theorem 2.14 holds for every € > 0 with

1 1
e < min{g, &1, 201, 50161}. (2.3)

In order to check the claim in (2.3) let us fix two locally Lipschitz functions ¢, ¥ :
X — [0, 1] satisfying
@=1on N5 (B)Nf=nf._.;
=0 on X\ (Nos, (B)Nf2 0 foioe,);
P=0 on [TTU foye;
w = 1 on fC"l‘EU m fC*Eo)
for some g¢ with
€ < g9 < min(g,e1). (2.4)
Then we are able to construct the locally Lipschitz vector field V : X — X
by setting
V(z) = —op(x)(z)v(z), Vre€ ]\7.351 (B) N feze, N fc+3€1a (2.5)
0, otherwise.

Using (2.5) we see that the vector field V' is locally Lipschitz and bounded, namely
[V(x)| <61, =eX. (2.6)
From (2.2), (2.5) and (2.6) we derive

—(y*,V(z)) = 01{y",v(x)) > %6101, Vo € N5, (B)N feeee N0, y* € Of (z). (2.7)

In view of (2.6) we may consider the global flow v : R x X — X of V defined
by (2.5), i.e.
dy

o (t,x) =V (v(t,x)), V(t,z) e R x X,

~7(0,2) =z, Vo € X.
In the next we set
By :=~+([0,1]) x B). (2.8)
We notice that B; in (2.8) is a closed subset of X. To see this let y, =
Y(tn,xn) € By be a sequence with ¢, € [0,1], x, € B and y,, — y in X. Passing to a
subsequence we can suppose that t, — ¢ € [0,1] in R. Putting u,, = v(¢,z,) we get

t
d
lun = ynll = [7(t 2n) — Y (tn, x,)|| = H/ @7(77 Ty )dT| < 61[tn — 1,
tn

where (2.6) has been used. Since w,, — y in X, it turns out that =, — v(—t,y) € B.
Finally, we obtain y = (¢, v(—t,y)) € By which establishes the closedness of B;.

8
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The next step is to justify that f(v(¢,x)) is a decreasing function of ¢ € R, for
each x € X. Toward this, by applying Lebourg’s mean value theorem and the chain
rule for generalized gradients we infer for arbitrary real numbers ¢ > ¢y the following

inclusions

[t z) = f(to,x) € Ou(f((t, 7))

t=71

cof(y(r, x))%(ﬂ z)(t —to) = df ((7, %))V (v(7, 2))(t - to)
with some 7 € (t9,t), where the notation 0; stands for the generalized gradient with
respect to t. By (2.2) and (2.5) we derive that f(¢,z) < f(tg,2z). Now we prove the
relation
AN By =0. (2.9)

To check (2.9), we admit by contradiction that there exist 2o € B and tg €
[0,1] provided ~(tg,2zp) € A. Since A and B are disjoint we have necesarilly that
to > 0.

From the relations A C f.—., and B C f¢ we deduce

c—ea < f(y(to,20)) < f(7(t, w0)) < flwo) < ¢, VE € [0,10]. (2.10)
It turns out that
’y(t, xo) S N51 (B) N fc N fC,EA, Vt € [O,to}.

On the other hand from (2.6) we infer the estimate

to
d(A, B) < [|v(to, zo) — @ol| = H/ V(v(s,w0))ds|| < d1to.
0

If we denote h(t) = f(v(t,20)), then h is a locally Lipschitz function, and (2.5), (2.7)
allow to write

W(s) < max{ly’, D s,2)) + v € 0f(2(5,2)))

= max{{y", V(y(s.2)) : 5" € 0f(1(s,2))} < — 5o

for a.e. s €0,tg]. Therefore, by virtue of (2.3), we have the following estimate
to
£ to.0) = fan) = hita) ~ b(0) = [ W (s)ds <
0

1
—55101t0 < —51Et0 < —€d(A, B) < —€4. (2.11)

The contradiction between (2.10) and (2.11) shows that the property (2.9) is actually
true. Taking into account (2.9) there is a locally Lipschitz function ¢4 : X — R
veryfying ¥4 = 0 on a neighborhood of A and ¥4 = 1 on B;. Then we define the
homotopy 14 : Rx X — X as being the global flow of the vector field V4 = 14V. The

9
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assertion (i) is clear from the construction of 174 because one can take ¢ 4 = —d19 4.
Assertion (ii) follows easily because V4 =0 on AU f ¢ U f.yz. We show that (iii) is
valid for § = ¢+¢e —g¢ with € described in (2.3) and ¢ in (2.4). To this end we argue
by contradiction. Suppose that for some d € [6, c] there exists z € BN f? such that

fna(l,x)) >d—e. (2.12)
Using the fact that ¥4 = 1 on B; we deduce
na(t,z) = y(t,z) € N5, (B) N f0 fa_o, Vt€][0,1].

Then a reasoning similar to the one in (2.11) can be carried out to write

Fna(l,2)) — f(z) < —%5101 .

This contradicts the relation (2.12) because f(z) < d. The proof of the assertion (iii)

is complete. O
In this section we present a general minimax principle for locally Lipschitz

functions. This result appears in the paper of Motreanu and Varga [45].

Theorem 2.15. (Motreanu-Varga [45]) Let f : X — R be a locally Lipschitz func-

tional and B C X a closed set such that ¢ := i%ff > —oo and f satisfies (PS)p,c.

Let M be a nonempty family of subsets M of X such that

= inf s . 2.13
c A}gMjg}&f(x) (2.13)

Assume that for a generalized normalized pseudo-gradient vector field v of f
with respect to B and c the following hypothesis holds

(H) for each set M € M and each number ¢ > 0 with f|y < ¢+ € there exists a
closed subset A of X with fla < c+ea (see (2.1)), and AN B =0 such that for each
locally Lipschitz function pa : X — [0, 1] with supp pa C (X \ A) Nsupp ¥ the global
flow €4 of pAU satisfies E4(1, M) N B # (.

Then the assertions below are true
(i) c= i%ff is attained;

(il) K(f)\ A#0D for each set A entering (H);

(iii) K.(f)N B # 0.
Proof. The assertions (i) and (ii) are direct consequences of the property (iii). The
proof of (iii) is achieved arguing by contradiction. Accordingly, we suppose K_.(—f)N
B = (). By hypothesis we know that B C (—f)_., so Theorem 2.14 can be applied for
—f and —¢ (in place of f and ¢, respectively). Thus Theorem 2.14 yields an € > 0 with
the properties there stated. Then from the minimax description of ¢, by means of M,

10
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we obtain the existence of a set M € M satisfying f|yr < ¢+e. Corresponding to M,
assumption (H) allows to find a closed set A C X \ B which satisfies A C (—f)~¢ ¢4
and the linking property formulated in (H). Theorem 2.14 gives rise to the deformation
na € C(R x X, X) which verifies n4(1, BN (—=f)—-¢) C (=f)—-c—e. This reads as

na(l,B) C fore. (2.14)

By Theorem 2.14 and assumption (H) it is seen that
Ealt,z) =na(—t, ), (2.15)

for all (¢,2) € R x X. As shown in (H) one has the intersection property

&L, M)NB#0.
Combining with (2.15) it turns out

na(1,B) N M # 0.
Taking into account (2.13) we obtain the existence of some point xg € M with f(xq) >

¢ + €. This contradicts the choice of the set M. O

Corollary 2.16. (Motreanu-Varga [45]) Let f : X — R be a locally Lipschitz func-
tional satisfying (PS) and let a family M of subsets M of X be such that ¢ defined
by (2.13) is a real number. Assume that the hypothesis below holds

(H’) for each M € M there exists a closed set A in X with fla < c such that for
every homeomorphism h of X with h|4 =ida one has h(M) N f€ # (.

Then ¢ in (2.13) is a critical value of f and K.(f)NA =10 for every A in (H’).
Proof. We consider the global flow {4 (see (2.14)) and we apply Theorem 2.15 with
B = fc. Tt is clear that (H’) implies (H) because A C M \ B and £4(1,-) is a
homeomorphism of X with £4(1,-) = id on A. Then Theorem 2.15 concludes the
proof. O
Theorem 2.15 is suitable for applications to multiple linking problems.

Definition 2.17. Let Q, Qq be closed subsets of X, with Q¢ # 0, Qo C Q, and let S
be a subset of X such that Qo NS = . We say that the pair (Q, Qo) links with S if
for each mapping g € C(Q, X) with g|g, = id|g, one has g(Q) NS # 0.

Corollary 2.18. (Motreanu-Varga [45]) Given the subsets @, Qo, S of the real Ba-
nach space X we assume that (Q, Qo) links with S in X in the sense above. Let
f X — R be a locally Lipschitz functional such that sgpf < oo and, for some

number a € Ry,
Qo C fa, SCf
11
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Then assuming that for the minimax value

c=inf s x)),
;ermggf(g( )

where
I'={g€C(Q,X):glg, =id|q,},
(PS)s,c is satisfied, the following properties hold
(i) ¢ > «;

(i) Ke(f)\ Qo # 0;

(i) K(f)NS#0 ifec=a.
Proof. Since the case o < ¢ follows immediately we discuss only the situation where
a = c¢. The conclusion is readily obtained from Theorem 2.15 by choosing M =

{9(Q): geT}and B=S. .
A direct consequence of this corollary is the following.

Corollary 2.19. (Mountain pass theorem; zero altitude) Let f : X — R be a lo-
cally Lipschitz function on a Banach space satisfying (PS). for every ¢ € R and the
conditions:

(i) f(z) > a > f(0) for all ||z|| = p where o and p > 0 are constants;
(ii) there is e € X with ||e|]| > p and f(e) < a.
Then the number

= inf
¢ ;Ielrulél[%ﬁ]f(g(“))’

where [0, €] is the closed line segment in X joining 0 and e and

I'={geC(0,e],X) : g(0) =0, g(e)=e},
s a critical value of f with ¢ > «.
Proof. 1t is sufficient to take in Corollary 2.18 the following choices @ = [0, €], Qo =
{0,e} and S={zre X : |jz||=p }. O
A direct consequence of the above corollary is locally Lipschitz version of
Pucci-Serrin Mountain Pass theorem, see [52].

Theorem 2.20. Let X be a Banach space, h: X — R a locally Lipschitz functional,
satisfying the Palais-Smale condition, x and y two local minima of h. Then, h has a

critical point in X different from x and y.

In the next we prove a common generalization of some results of Chang [9]
and Kourogenis-Papageorgiou [23]. For this see the paper of Kristély-Motreanu-Varga
[33]. Let us consider f: X — R to be a locally Lipschitz function.

12
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Definition 2.21. We say that f satisfies the (C)-condition at level ¢ (in short (C).)
if every sequence {z,} C X such that f(z,) — ¢ and (1 + ||z,|)Af(2z,) — 0 has a
convergent subsequence.

It is clear that (PS). implies (C).. Our approach is based on the following
idea. We consider a globally Lipschitz functional ¢ : X — R such that p(z) > 1,Vx €
X (or, p(z) > «, for some o > 0).

Definition 2.22. We say that the function f satisfies the (¢ — C)-condition at
level ¢ (in short, (¢ — C).) if every sequence {z,} C X such that f(z,) — ¢ and
@(xn)Af(x,) — 0 has a convergent subsequence.

The (¢ — C).-condition contains the (PS). and (C). compactness conditions,
respectively. Indeed if ¢ = 1 we get the (PS).-condition and if p(z) = 1 + ||z| we
have the (C').-condition.

We need the following result in order to obtain the existence of a suitable

locally Lipschitz vector field.
Lemma 2.23. (Kristdly-Motreanu-Varga [33]) Let X be a Banach space and let f :
X — R be a locally Lipschitz function satisfying the (¢ — C).-condition, where ¢ :
X — R is a globally Lipschitz function such that p(x) > 1, Vo € X. Then for each
0 > 0 there exist constants v,e > 0 and a locally Lipschitz vector field

v:f Y e—ecte])N (K — X
such that for each x € f~([c —&,c+¢€]) N (K.)§ one has
(@)l < ¢(z) (2.16)
", v(z)) > % for all y* € 9f(x). (2.17)

In the sequel we shall prove a very general deformation result which unifies

several results of this kind it appears in the paper of Kristaly, Motreanu and Varga
[33].
Theorem 2.24. (Kristdly-Motreanu-Varga [33]) Let f : X — R be a locally Lipschitz
function on the Banach space X satisfying the (¢ — C).-condition, with ¢ € R and a
globally Lipschitz function ¢ : X — R with Lipschitz constant L > 0 and o(x) > 1,
VY x € X. Then for every g > 0 and every neighborhood U of K. (if K. = 0,
then we choose U = 0)) there exist a number 0 < € < g9 and a continuous function
n:X x[0,1] — X, such that for every (z,t) € X x [0,1] we have:

(a) In(z,t) — 2|l < p(zx)te™;

(b) n(x,t) = x for every x ¢ f~1([c — €0, +&0]) and t € [0,1];

() Fin(a, 1)) < f();

13
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(d) n(z,t) #x = f(n(z,1)) < f(2).

(e) n(fer=,1) C feeuU;

() n(fer=\U 1) C foe.
Proof. Fix ¢y > 0 and a neighborhood U of K.. From the compactness of K,
we can find 6 > 0 such that (K.)ss € U. Moreover, the proof of Lemma 2.23
guarantees the existence of v > 0 and 0 < € < g¢ such that ¢(z)Af(z) > v for all
z € f([c—F,c+E]) N (K.)$ We consider the following two closed sets:

A={zeX:|f(z)—c| > U(K.)s (2.18)

B={zeX:|f(x)—c < g}ﬂ(Kc)gé. (2.19)
Because A N B = () there exists a locally Lipschitz function ¢ : X — [0,1] such that

1) = 0 on a closed neighborhood of A, say flj disjoint of B, ¥|p =1 and 0 < ¢ < 1.
For instance, we can take ¢(z) = d(x,g)(ﬁj;lzm, B)’ VaoelX.
Let V : X — X be defined by

Vi) { —p(x)v(@), z€f N e—Fctd)n (K (220)

0, otherwise,

where v(x) is constructed in Lemma 2.23. The vector field V' is locally Lipschitz and
by the same lemma, for z € f~1([c — &, ¢ +&]) N (K.)§ we have

IV (@)l = ¢(x) - [o(@)]] < ¢(z) (2.21)

(W, V(@) = —¢(x) - (", v(z)) < —111(33)%7 Vy* € df(x). (2.22)

Since V is locally Lipschitz and ||V (x)]| < ¢(0)+L||z||, the following Cauchy problem:
n(z,t) = V(n(z,t)) a.e. on[0,1]

has a unique solution n(z,-) on R, for each € X. By (2.21) we have that:

(2, 1) — 2 < / IV (n(, 5)) |ds < / o(1(w, 5))ds =
- / lo(1(z, 8)) — o(x)]ds + / o(x)ds <
0 0

¢
<L+ [ nta,s) - alds + p(ot.
0
Using Gronwall’s inequality we get ||n(z,t) — z| < ¢o(z)t - el?, therefore the assertion
(a) is proved. If z ¢ f~1([c — &, c+&]), then z € A, so ¥(x) = 0. By (2.20) it follows
that V(z) = 0 and from (2.23) we obtain that n(x,t) = z, for each ¢t € [0,1]. This
yields (b).

14
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Next, for a fixed © € X, let us consider the function h, : [0,1] — R given by
hy(t) = f(n(x,t)). Using the chain rule we have

% (@, b)) y" € af(n(x,t))} -

= max{ (y", V(1)) 5" € Of (n(z,1) } ae. on [0,1],

Therefore, taking into account (2.22), we infer

, d
ha(t) < max{(y S

D hett) < —v(ne, )] <0ina0) € [ (e et NKD; (224
and clearly, by (2.20)

Lhalt) <0, 3 n(a0) ¢ [ [e e+ 2) N (K5
Hence property (c) holds true.

In order to prove property (d), suppose that n(z,t) # x. First, we show that
n(x,s) € fHc—&c+e)n(K.)s, Vse[0,t]. (2.25)

On the contrary, there would exist s € [0, ¢] such that n(x, sg) € A. This implies that
V(n(x, sp)) = 0. Using the uniqueness of solution to the Cauchy problem formed by
the equation in (2.23) and the initial condition with the initial value n(z, sg), we see
that

n(z, 7+ s0) = n(x,sp), VreR.
Letting 7 = t — s and 7 = —sp one obtains 7(x,t) = z, which contradicts our

assumption. Thus the claim in (2.25) is true.
Using (2.24) and (2.25) it follows that

flx) — / ds s)ds > = /Ot Y(n(z, s))ds. (2.26)
We show that there is s € [0, t] such that
¥(n(z,s)) # 0. (2.27)

For, otherwise, if ¢(n(x, s)) =0, Vs € [0,¢], then V(n(x, s)) =0, Vs € [0,t]. By (2.23),
we get that n(z,-) is constant on [0,¢], which contradicts n(x,t) # x. It results that
(2.27) is valid. Since ¢ > 0, from (2.26) and (2.27) we infer that f(n(z,t)) < f(z),
which proves assertion (d).

We show now assertion (e). Let p > 0 such that (K.)s;s C B(0, p). We choose

48

N | ()

0<e< min{ s Jle*L@p(O) + Lp)l} . (2.28)

15
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We argue by contradiction. Let z € ¢ such that f(n(z,1)) > c—¢ and n(x,1) ¢ U.
Since, by (c), f(n(z,t)) < f(z) < c+eand f(n(x,t)) > f(n(x,1)) for each t € [0,1],

we get
c—e< f(n(z,t) <c+e, Vte|0,1]. (2.29)
We claim that
n({x} x [0,1]) N (Ke)2s # 0. (2.30)
Suppose that (2.30) does not hold. This means that
n({z} x [0,1]) N (K¢)2s = 0. (2.31)
First, we show that
n(z,t) € B, Vtel0,1]. (2.32)

The fact that n(z,t) € f~!([c — §,c+ 5]) follows from (2.28) and (2.29). By (2.31)
one has that n(z,t) € (K.)55. Consequently, from (2.19) we conclude that (2.32) is
established. On the basis of (2.32) and (2.24) we may write

@) = £ 1)) = hol0) = o) = = [ Zha(oyde > [ Jutata i

0
Then, combining (2.32) and the definition of 1 it is clear that

f@) = fn(z,1)) =
On the other hand, from (2.29) we obtain that
f(x) = fn(z, 1)) < 2e. (2.34)

From (2.33) and (2.34) we get 3 < 2¢, which contradicts (2.28). This justifies (2.30).
The next step in the proof is to show that there exist 0 < t; < t5 < 1 such

(2.33)

no |2

that
dist(n(x,t1), K.) =26, dist(n(x,t2), K.) = 30 (2.35)
and
20 < dist(n(z,t), K.) < 36, Vi1 <t <ts. (2.36)
Denote ¢(t) = dist(n(z,t), K.), ¥t € [0,1]. In view of (2.30) we have that {t € [0,1] :
g(t) <26} # (). Thus it is permitted to consider
t1 =sup{t € [0,1] : g(t) <26}

Since it is known that (K.)ss C U and n(x,1) ¢ U, we derive that n(x,1) ¢ (K.)ss.
This means that g(1) > 34. Since g(¢1) < 2§ it is necessary to have t; < 1. The
definition of t; implies g(t) > 26 for all ¢ € (¢1,1] (which is the first inequality in
(2.36)). Letting t | t; we deduce that g(t1) > 25. We obtain that g(t1) = 20, so

16
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the first part in (2.35) is proved. Taking into account that g(1) > 34, we see that
{t € [t1,1] : g(t) > 36} is nonempty. Then we can define

ty = inf{t € [t1,1] : g(t) > 30).

Since g(t2) > 30 and g(t1) = 26 it is clear that t; < t. By the definition of ¢t we
have that g(t) < 36 for all t; <t < t3, so (2.36) holds. In addition, letting ¢ 1 to, we
get g(t2) = 30, so (2.35) holds, too.

Let us show that

4
ty—t < ;5 (2.37)

From (2.36) it follows that n(x,t) ¢ (K.)as, Vt € [t1,t2], while (2.29) and (2.28) imply
n(x,t) € f~H[e— 5, ¢+ 5]), Vt € [t1,t2]. The definition of the set B in (2.19) yields
77({1}7t) € B, Vte [thtg].
Using the definition of ¢, (2.24) and (2.29) we see that
v ("

%(tz ) = 2/ bz, t)dt < f/ ’ %hx(t)dt

t1 t1

= ho(t1) = ha(t2) = f(n(z,t1)) — f(n(z,12)) < 2e.
Therefore (2.37) is proved.
We need the following inequality

In(z; t2) = n(z, t)|| = 6. (2.38)
To check (2.38) consider a point v € K, so that
dist(n(z, t1), Ke) = [[n(z,t1) — vl| = 26.
Here the compactness of K. and the first part in (2.35) have been used. Then, on the
basis of the second part in (2.35) we can write
In(x, t2) = n(z, t)|| = lIn(z, t2) — ol = [In(z, t2) — o] = 36 — 26 = 6.

Therefore (2.38) holds.
Using (2.23), (2.21) and the Lipschtzianess of ¢ we can write

I, t2) — ()] < / V(e s)lds < / “o(n(, 5))ds

t1

= / (. ) — o, t)lds + o(n(z, )t — 1)

t1

< / Liin(, s) - (e, t)llds + ol 1))tz — ). (2.39)

ty

17
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By (2.39) and Gronwall’s inequality we get

In(a, t2) = n(z, t1)l| < @(n(e, t)(t2 — tr)e" =70, (2.40)
From (2.38), (2.40), (2.37) and the Lipschtzianess of ¢ we deduce that

4e
6 < |In(z,t2) —n(z, t1)[| < 76%(77(1’,751))

< ‘;ie%@(m + Lin(, t)])- (241)

In view of (2.35) and the choice of p to satisfy (K.)ss C B(0,p) we have n(z,t1) €
(K.)ss C B(0,p). This property and (2.28) yield from (2.41) that

4e | 0
< — < —
0 < 76 (<p(0)+Lp)_2,

which is a contradiction. This proves (e).
In order to show (f), since (K.)3s C U it is enough to prove that

n(fFN\ (Ke)ss, 1) C f7° (2.42)
Let us denote
C=(f\ )N (Ke)ss
To check (2.42), we note that it is sufficient to verify that
n(x,1) € f¢7¢, Va e C, (2.43)

because for z € ¢ we have f(n(z,1)) < f(z) < ¢ — ¢, due to the nondecreasing
monotonicity of f(n(z,-)).
To show (2.43), denote

D = (f5\ £°7%) N (K)S

First, we verify that
Ve e C, 3t, € (0, %] such that n(z,t;) ¢ D. (2.44)
To this end, we prove the inclusion below
{(t>0: n(z,7) €D, ¥re (0,4} (0, 475), vz e C. (2.45)

Indeed, if n(x,7) is in D C B, Vr € [0,t], we have ¢(n(z,7)) = 1, Vr € [0,¢].
Therefore, by (2.24), we have “Lh,(r) < —%, V7 € [0,¢]. From this and (2.29) we

obtain

96 > hy(0) — hy(t) = — ha(r)dr > 21,

‘4
0 dr

S—

sot < % . Thus (2.45) is satisfied.
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We are now in the position to prove (2.44). We proceed arguing by contradic-
tion. Assuming that there exist € C such that n(z,t) € D, Vt € (0, 475] , by (2.45),
we arrive at the contradiction

4 4
; €{t>0: n(z,7) €D, VT €[0,t]} C (0778)7

which proves (2.44).
Let us show that for every x € C| it is true that
n({z} x [0,1]) N (Ke)ss # 0 = Jto € (0,¢3] such that n(z,to) € f75,  (2.46)
with .
ts = inf{t € [0,1] : dist(n(z,t), K.) < 5(5},
where the set {t € [0,1] : dist(n(z,t), K.) < 36} is nonempty in view of (2.36).
If (2.46) were not true it would exist 2 € C' with n({z} x [0,1]) N (Kc)s5 # 0 and

f(n(z,t)) > c—e, Vt € [0,t3]. Hence n(z,t) € D, Vt € [0,t3]. This follows from the
definition of ¢35 and since z € C. The inclusion in (2.45) implies that

ity < —. 2.47
3 (2.47)
Introduce
ty = sup{t € [0,t3] : dist(n(z,t), K.) > 3d}.
Since € C, then = € (K.)5s, thus the set {t € [0,¢3] : dist(n(z,t), K.) > 36} is
nonempty. By the definitions of ¢3 and t4 it follows that
(@, t) € (fFEN ) N ((Ke)ss \ (Ke)gs), VE € [ta, ts].
We remark that
||’I’]("E,t3) - n(x7t4)H 2

Indeed, by the definition of t4 we have

. (2.48)

IS

[n(z,t3) — n(x, ta)ll = [In(x,t4) — vl = (2, t3) — v
> 30 — |In(x,t3) —v||, Vv e K..

This leads to
. 5 1)
Gz ts) = (e, ta)| = 36 — dist(n(o, ), Ko) =38 = 25 = 2.
so (2.48) is verified.

Using (2.23), (2.21) and the Lipschtzianess of ¢ we can write

I, ts) — (. ta)]| < / V(e s)lds < / o(n(, 5))ds

ta
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= / 3[@(?7(%8)) — o(n(, ta))]ds + o(n(z, ta))(ts — ta)

ta

< [ Ll ) = nta.ta)lds + plate. )t — t2),

ta
By Gronwall’s inequality we get

In(z, t3) = n(@, ta)|| < @n(x, ta))(ts — ta)e= 1), (2.49)

Using (2.48), (2.49), the Lipschitzianess of ¢, the inclusion (K.)ss C B(0,p) and
(2.47), we have that

1 _
5 < I ts) = n(a, ta)l| < e p(n(, t4)) (ks — ta)

4e
< " (p(0) + Lln(z, ta) | )ts < e"(0(0) + LP); :
This contradicts the choice of ¢ in (2.28), therefore (2.46) is true.
In order to complete the proof of (f), let x € C. From (2.44), there exists
t, € (0, %] such that n(z,t,) ¢ D. This means that

(@, te) € (X \ fFE)USTU(Ke)ss -

2

On the other hand, n(z,t,) € f¢¢ since, as ¢ € C, f(n(z,t.)) < f(z) < c+e.

Consequently, we deduce that n(z,t,) € f¢°U (Kc)%(; . Two cases arise:
1) n(x,tz) € f75;
2) 77(95,75@) € (Kc)%é .
In case 1) we have directly that

f(n(x’ 1)) < f(n(xvt:v)) <c—g,

which ensures the desired conclusion.

It remains to treat case 2). In this situation, we make use of property
(2.46). Therefore, we find to € (0,t3] such that n(x,tg) € f¢. Thus we may
write f(n(z,1)) < f(n(z,t9)) < ¢ —e. The proof is complete. O

Remark 2.25. If we choose p(z) = 1 or ¢(z) = 1+ ||z| then we obtain the defor-
mation lemmas of Chang [9] and Kourogenis-Papageorgiou [24], respectively.

In the next we present a a general linking type result for locally Lipschitz
functions which satisfy the generalized (¢ — C). condition. Let X be a Banach space
and A,C C X two sets.

Definition 2.26. We say that C links A, if ANC = (), and C is not contractible in
X\ A
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Theorem 2.27. (Kristdly-Motreanu-Varga [33]) If A,C C X are nonempty, A is
closed, C links A, T'c is the set of all contractions of C, and f: X — R is a locally
Lipschitz which satisfies the (¢ — C)c-condition with

c= inf su oh<oo and su z) < inf f(x),
hel'c [0,1]ch :L’ng( )< IGAf( )

then ¢ > igg f(z) and c is a critical value of f. Moreover, if c = igg f(z), then there
exists x € A such that x € K..
Proof. Since by hypothesis C links A, for every h € I'c we have h([0,1] x C) # 0. So
we infer that ¢ > ,}Ielﬁf(”f)

First we assume that ;22 f(z) < c. Suppose that K. = 0. Let U = () and let

e>0and n:[0,1] x X — X be as in Theorem 2.24. Also from the definition of ¢, we
can find h € I'¢ such that

f(h(t,z)) <c+eforallte|0,1] and x € C. (2.50)

Let H : [0,1] x C — X defined by

1
n(2t, x), if 0<t< 3
H(t,x) =
1
n(Lh(2t -1,2)), if <t<L
It is easy to check that H € T'¢ and from d) and c) of Theorem 2.24 we

obtain that for every x € C' we have

(6,0 = Fn(2t,) < f(0) < sup f@) <cv T v € [0,

1
f(H(t,z)=fn(1,h(2t —1,2))) <c—e<g, ift € {2,1]
and from (2.50) we get
h(t,x) € f¢ for every t € [0,1].

So we have contradicted the definition of ¢. This proves that K. # ), when
c> ;gg f(x).
Next assume that ¢ = ing f(z). We need to show that K. N A # (. Suppose
TE
the contrary and let U be a neighborhood of K, with U N A = (. Let € > 0 and
7 :[0,1] x X — X be as in Theorem 2.24. As before let h € I'¢ such that f(h(t,z)) <
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¢+ ¢ for all (¢,z) € [0,1] x C. Then we define H : [0,1] x C — X by

1
n(2t, x), if 0§t§§
H(t,z) =
1
n(Lh(2t -1,2)), if ;<t<L

Again, we have H € I'c. From Theorem 2.24 follows that for all 0 < ¢t <
and all z € C, we have

(2t x) =z or f(n(2t,x)) < f(z) < inf f(z) =c

N =

which implies

n(2t,z) € CxAforall t € {O, ;] and all z € C.

1
For all t € [2, 1} and all x € C, we have from d) Theorem 2.24

n(1,h(2t —1,2)) C fUU
while (fefUU)NA=0.

So H is a contraction of C'in X \ A, which is a contradiction. This completely
proves the theorem. O

In the next we prove a variant of Mountain Pass Theorem.
Theorem 2.28. (Kristaly-Motreanu-Varga [33]) Let X be a Banach space, f : X — R
be a locally Lipschitz function and ¢ : X — R a globally Lipschitz function such that
p(x) > 1,V x € X. Suppose that there exist x1 € X and r > 0 such that ||xi|| > r
and

(i) max{f(0), f(z1)} < inf{f(z): || =7}

(i) the function f satisfies the (¢ — C).-condition (¢ € R), where

— inf t
c v”érfél[aa,’f]fm( ),

with

P = {7 € C(0,1,X) : 7(0) =0, 7(1) = a1}.
Then the minimax value ¢ in (ii) is a critical value of f. Moreover, if ¢ = inf{f(x) :
l|z|| =7}, there exist a critical point x of f with f(x) = ¢ and ||z| =r.
Proof. We will apply Theorem 2.27 with A = {z € X : |jz| = r} and C = {0,z1}.
Clearly C links A and ¢ < co. Let v € I' and define

h(t,x):{ y(t), if 2=0

Ty, if z=ux
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Then h € I'c. Therefore
Jinf  sup f(h(t,z)) < f(h(t,z)) < c (2.51)
heTc [0,1]xC

On the other hand, if h € T'¢, then

h(2t,0), if te {0, ﬂ

v(t) =
h2—2t,3), if te El}

belongs to I' and so

inf sup f(h(t,z)) >c. (2.52)
helc 0,11xC

By (2.51) and (2.52) we have
c= inf sup f(h(t,x
it P (h(t,z))

and so we can apply Theorem 2.27 and finish the proof. g

2.2. Multiple critical points results. In this subsection we present a generaliza-
tion of the three critical points theorem of Ricceri [58] to locally Lipschitz functions
which appears in the paper of Kristdly-Marzantowicz-Varga [28]. To do this, we first

recall a topological result of Ricceri [59].

Theorem 2.29. (Ricceri [59, Theorem 4]) Let X be a real, reflexive Banach space,
let A C R be an interval, and let o : X x A — R be a function satisfying the following

conditions:

1. o(x,-) is concave in A for all x € X;
2. p(+, A) is continuous, coercive and sequentially weakly lower semicontinu-
ous in X for all A € A;

3. :=sup inf p(x,A) < inf sup p(z, \) =: fs.
A Aeﬁwex@( ) wexkegw( ) =: B2

Then, for each o > (1 there exists a mon-empty open set Ay C A with the follow-
ing property: for every X\ € Ay and every sequentially weakly lower semicontinuous
function ® : X — R, there exists ug > 0 such that, for each p €]0, po[, the function
@y A) + p®@(+) has at least two local minima lying in the set {x € X : p(x,\) < o}.
The main result of this subsection is the following.

Theorem 2.30. (Kristaly-Marzantowicz-Varga [28]) Let (X, || - ||) be a real reflezive
Banach space and X; (i =1,2) be two Banach spaces such that the embeddings X —
X; are compact. Let A be a real interval, h : [0,00) — [0,00) be a non-decreasing

convez function, and let ®; : X; — R (i = 1,2) be two locally Lipschitz functions such
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that Ex,;, = h(|| - ||) + A®1 + png o ®o restricted to X satisfies the (PS).-condition for
everyc € R, A€ A, p e [0,|A\+1] and g € G, 7 > 0. Assume that h(|| - ||) + APy is
coercive on X for all A € A and that there exists p € R such that
sup inf [A(([z[]) + AM(®1(x) + p)] < inf sup[h([|z]]) + A(P1(x) + p)]. (2.53)
AeATEX z€X \cA
Then, there exist a non-empty open set A C A and r > 0 with the property that for
every A € A there exists po €]0, |A| + 1] such that, for each pu € [0, uo] the functional
Exp = h(|-|]) + A®1 + udy has at least three critical points in X whose norms are

less than r.

Proof. Since h is a non-decreasing convex function, X 3 z — h(||z||) is also convex;
thus, A(]| - ||) is sequentially weakly lower semicontinuous on X, see H. Brézis [7,
Corollaire II1.8]. From the fact that the embeddings X «— X; (i = 1,2) are compact
and ®; : X; > R (i = 1,2) are locally Lipschitz functions, it follows that the function
Ey, aswell as ¢ : X x A — R (in the first variable) given by

(@, A) = h(lz]]) + AM(@1(2) + p)

are sequentially weakly lower semicontinuous on X.

The function ¢ satisfies the hypotheses of Theorem 2.29. Fix o > sup igl(f ©
and consider a nonempty open set Ay with the property expressed in Theoreﬁl 2.29.
Let A = [a,b] C Ao.

Fix A\ € [a,b]; then, for every 7 > 0 and g, € G,, there exists p, > 0 such
that, for any p €]0, yir[, the functional EY , = h(|| - [|) + A®1 + pgr o o restricted to
X has two local minima, say «7,z7, lying in the set {x € X : p(z,\) < o}.

Note that

U {reX:px,\) <o} C {ze€X:h(z])+aPi(z) <o —ap}
A€EJa,b]
U{z € X : h(||z]]) + bP1(z) < o — bp}.

Because the function h(]| - ||) + AP is coercive on X, the set on the right-side is
bounded. Consequently, there is some 7 > 0, such that

U {re X :p(x,\) <o} CBy, (2.54)
A€Ela,b]

where B, = {z € X : ||z]| < n}. Therefore,
27,25 € By,
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Now, set ¢* = sup h(t) + max{]al,|b|} sup |®;| and fix r > n large enough such that
te[0,n] By
for any A € [a,b] to have

{z € X :h(|z]) + A\0y(z) < ¢* + 2} C B, (2.55)

Let r* = sup|®s| and correspondingly, fix a function g = g« € G,~. Let us define
B

po = min{|A\|+1, m}. Since the functional Ey ,, = E}, = h(||||)+A®1+pug,- 0P,

restricted to X satisfies the (PS). condition for every ¢ € R, u € [0, o], and 1 =

xf,xg = mg* are local minima of E) ,,, we may apply Corollary 2.19, obtaining that

e = inf max Ey ,(y(s)) > max{E ,(z1), Ex u(22)} (2.56)
Y€l s€[0,1]

is a critical value for E} ,, where I' is the family of continuous paths v : [0,1] — X

joining x; and xs. Therefore, there exists x3 € X such that
ey = Exp(z3) and 0 € 0FE)y 4(xs3).
If we consider the path v € I' given by ~(s) = 21 + s(z2 — x1) C B,we have

h(||z3]) + A1 (z3)

By u(x3) — pg(®2(x3))
O — 1g(Pa(ws))

< Sl[gpl](h(\h(S)ll) + A®1(7(5)) + pg(P2(v(s)))) — pg(P2(z3))
s€|0,

< sup h(t) +max{al, b} sup @] + 2uo sup |g]|
te[0,n] By

< 42

From (2.55) it follows that x3 € B,. Therefore, x;, i = 1,2,3 are critical points
for E ,, all belonging to the ball B,. It remains to prove that these elements are
critical points not only for Ey , but also for £y, = h(|| - ||) + A®1 + p®s. Let z = z;,
1 € {1,2,3}. Since x € B,, we have that |®2(z)| < r*. Note that g(t) =t on [—r*,r*];
thus, g(®2(z)) = ®2(x). Consequently, on the open set B, the functionals E , and
&y, coincide, which completes the proof.

At the end of this section we recall the following non-smooth version of Ricceri
[62, Theorem 2.5] which is proved by Marano and Motreanu [37].

Theorem 2.31. (Marano-Motreanu, [37, Theorem 1.1]) Let (X, ||-||) be a reflexive real
Banach space, and X another real Banach spaces such that X is compactly embedded
into X. Let ® : X — R and ¥ : X — R be two locally Lipschitz functions, such that

U is weakly sequentially lower semicontinuous and coercive. For every p > infx WU,
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put

e(p) = inf 20 = ity e, )
u€¥—1(]—o0,p) p—¥(u) ’

(2.57)

where (8- 1(] = o0, o))

thermore, set

is the closure of W~1(] — oo, p|) in the weak topology. Fur-

w

v := liminf ¢(p), 0:= liminf ¢(p). (2.58)

p—+o0 p—(infx )+
Then, the following conclusions hold.

(A) If v < 400 then, for every A > 7, either
(A1) @ + AV possesses a global minimum, or
(A2) there is a sequence {un} of critical points of ® + AU such that
lmy, 400 U(up) = +00.
(B) If 6 < 400 then, for every A > 0, either
(B1) ® + AU possesses a local minimum, which is also a global minimum
of ¥, or
(B2) there is a sequence {u,} of pairwise distinct critical points of ® + AV,
with limy,— 400 ¥(uy,) = infx ¥, weakly converging to a global mini-
mum of V.

3. Motreanu-Panagiotopoulos functionals

In this section we present some results from the critical point theory for
Motreanu-Panagiotopoulos type functionals. For details we refer the reader to the
monographs of Motreanu-Panagiotopoulos [46], Motreanu-Radulescu [47], Gasinski-
Papageorgiou [18] and the papers of Marano and Motreamu [38], [37]. At the end
of this section we present the Principle of Symmetric Criticality for this class of

functionals following the paper of Kristély-Varga-Varga [29].

3.1. Critical point results. Let 7 = h + ¢, with h : X — R locally Lipschitz and
¥ X — (—00,400| convex, proper (i.e., ¢ #Z 400), and lower semicontinuous. Z is a
Motreanu-Panagiotopoulos type functional, see [46, Chapter 3 ].

Definition 3.1. ([46, Definition 3.1]) An element u € X is said to be a critical point
of T =h+,if

RO (u; v — u) + h(v) — h(u) > 0,Vv € X.
In this case, Z(u) is a critical value of Z.
We have the following result, see Gasinski-Papgeourgiu [18], Remark 2.3.1.
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Proposition 3.2. An element u € X is a critical point of T = h + ), if and only if
0 € Oh(u) + 0v(u), where OY(u) denotes the subdifferential of the convex function ¥
at u, 1.e.

OY(u) ={z" € X* : ¢p(v) —¢(u) > (x*,v —u)x for every v € X}.

Definition 3.3. ([46, Definition 3.2]) The functional Z = h + 1 is said to satisfy the
Palais-Smale condition at level ¢ € R (shortly, (PS).), if every sequence (uy) from X
satisfying Z(u,) — ¢ and

ho(un;’u - un) + "/)(U) - qu(un) > *EnHU - un”avv € X,

for a sequence (g,,) in [0, 0c0) with &, — 0, contains a convergent subsequence. If (PS),
is verified for all ¢ € R, 7 is said to satisfy the Palais-Smale condition (shortly,(PS)).

The next result is a non-smooth version of the Mountain Pass Theorem, see Corollary
3.2 from [46].

Theorem 3.4. (Motreanu-Panagiotopoulos [46]) Assume that the functional I : X —
(=00, +00] defined by I = h + 1), satisfies (PS), I(0) =0, and
() there exist constants a > 0 and p > 0, such that I(u) > « for all ||u]| = p;
(i) there exists e € X, with ||e|]| > p and I(e) < 0.

Then, the number

c=1inf sup I(f(t)),
jof sup (f(t))

where
F:{fGC([O,].],X) : f(O):O> f(l):e},
18 a critical value of I with ¢ > .

In the next we present the three critical points theorem of Ricceri [55] for
Motreanu-Panagiotopoulos functionals. This result was proved by Marano and Motre-
anu [38, Theorem B|.

Let hy, he : X — R be locally Lipschitz functions, and let ¢ : X —]—o00, +00]
be a convex, proper, lower semicontinuous function. Then the function hy + 11 + Ahs
is a Motreanu-Panagiotopoulos type functional for every A € R.

Theorem 3.5. (Marano-Motreanu [38]) Suppose that (X,|| - ||) is a separable and
reflexive Banach space. Let Iy = hy + 11, Is = ha, and let A C R be an interval. We
assume that:

(a1) hy is weakly sequentially lower semicontinuous and ho is weakly sequen-

tially continuous;
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(a2) for every X € A the function I; + My fulfils (PS).,c € R, and

lm  ([1(u) + Ala(u)) = +oo;

[lul|—+o0

(a3) there exists a continuous concave function h : A — R satisfying

sup inf (I1(u) + AMa(u) + h(N)) < inf sup(I1(w) + Aa(u) + h(N)).
AeA UEX u€X \ecA

Then, there exists an open interval Ag C A, such that for each A € Ag the function
Iy + M5 has at least three critical points in X.

3.2. Principle of Symmetric Criticality. We now prove the Principle of Symmet-
ric Criticality for Motreanu-Panagiotopoulos functionals. This result simultaneously
generalizes the Principle of Symmetric Criticality in its standard form, see Palais [49]
for smooth functionals; the result of Krawcewicz and Marzantowicz [25] for locally
Lipschitz functions; and the result of Kobayashi and Otani [22] for Szulkin-type func-
tionals. The results of this subsection is contained in the paper of Kristdly, Varga
and Varga [29].

Let G be a topological group which acts linearly on X, i.e., the action G x
X — X : [g,u] — gu is continuous and for every g € G, the map u — gu is
linear. The group G induces an action of the same type on the dual space X* defined
by (gz*,u)x = (x*,g tu)x for every g € G, u € X and 2* € X*. A function
h:X — RU {400} is G—invariant if h(gu) = h(u) for every g € G and v € X. A set
K CX (or K C X*) is G—invariant if gK = {gu:u € K} C K for every g € G. Let

Y={u€ X :gu=uforevery g € G}

the fized point set of X under G.

Now we recall some facts from [22]. Let
O(X)={¢: X > RU{oo}: ¢ is convex, proper, lower semicontinuous};
Oe(X)={¢ € ®(X): ¢ is G — invariant};

IFg(X*)={K CX*: K is G — invariant, weak*—closed, convex}.

Proposition 3.6. ([22, Theorem 3.16]) Assume that a compact group G acts linearly
on a reflexiv Banach space X. Then for every K € T'g(X™*) and ¢ € ®¢(X) one has

KlsNo@ls)(u) 0= KnNop(u) #0, ue X, (3.1)

where K|y = {a*|x : * € K} with (x*|g,u)s = (z*,u)x, u € X.
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Let A: X — X be the averaging operator over G, defined by

Au = / gudu(g), v e X, (3.2)
G

where p is the normalized Haar measure on G. The relation (3.2) can reads as follows
(x*, Auyx = / (x*, guyxdu(g), ue X, z* € X™. (3.3)
G

It is easy to verify that A is a continuous linear projection from X to ¥ and for
every G-invariant closed convex set K C X we have A(K) C K. The adjoint operator
A*: ¥ - X* of A: X — X is defined by

(A*w*, 2)x = (w*, Az)y, z € X, w* € ¥, (3.4)

Lemma 3.7. Let h : X — R be a G-invariant locally Lipschitz function and u € X.
Then

(a) O(hlz)(u) € Oh(u)ls.
(b) dh(u) € Ta(X*).

Proof. (a) Let us fix w* € 9(h|s)(u). Then by definition, one has
(w*,v)s < (h|g)°(u;v) for every v € .

First, a simple estimation shows that (h|x)%(u;v) < hO(u;v) for every v € ¥. Thus,
applying the above inequality for v = Az € ¥ with z € X arbitrarily fixed, by (3.4)
one has
(A*w*, 2)x = (w*, Az)s < hY(u; Az). (3.5)
Using [10, Proposition 2.1.2 (b)] and (3.3), we get
RO(u; Az) = max{(z*, Az)x : =* € Oh(u)}

maax{ [ (+%,2) xdu(g) : " € Ohu)}
/hougzdu /hogluzd,u /houzdu
RO (u; 2

)-

Combining this relation with (3.5), we conclude that A*w* € Oh(u). Since w* =
w*|g, we obtain that w* € 0h(u)|s, completing the proof of (a).

IN

(b) Since Oh(u) is a nonempty, convex and weak*-compact subset of X*
(see [10, Proposition 2.1.2 (a)]), it is enough to prove that dh(u) is G-invariant, i.e.,
goh(u) C Oh(u) for every g € G. To this end, let us fix g € G and z* € Oh(u). Then,
for every z € X we have
(9o, 2)x = (a*, 97 ) x < h%(u;g™"2) = h¥(gus 2) = h¥(u; 2),
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ie., gz* € Oh(u). O
Theorem 3.8. (Kristdly-Varga-Varga [29]) Let X be a reflexiv Banach space and
IT=h+v:X — RU{+o0} be a Motreanu-Panagiotopoulos type functional. If a
compact group G acts linearly on X, and the functionals h and v are G—invariant,

then every critical point of Z|x, is also a critical point of T.

Proof. Let u € ¥ be a critical point of Z|yx. Thanks to Proposition 3.2 one has
0 € 9(h|s)(uw) + 0(¢|s)(uw). Moreover, due to Lemma 3.7(a) we have

0 # —0(hls)(w) N O(WPls)(u) € —0h(u)s N O(Pls)(u).

By choosing K = 0h(u) in Proposition 3.6 and taking into account Lemma 3.7(b),
relation (3.1) implies that () # —0h(u)NOY(u). Thus, in particular 0 € Oh(u)+0Y(u),
i.e., u is indeed a critical point of Z. O

A direct consequence of this theorem is the following proved by Krawcewicz

and Marzantowicz [25].

Remark 3.9. (Krawcewicz-Marzantowicz [25]) Let f : X — R be a G-invariant
locally Lipschitz function and u € X a fixed point. Then u € X is a critical point
of f if and only if u is a critical point of f& = f|xc : X& — R.

4. Application to hemivaritional inequalities

4.1. Formulation of the problem. In this section we prove some existence results
for a general class of hemivariational inequalities. These results appear in the paper
of Kristaly [27] and Délyai-Varga [11].

Let (X, ||-]|) be a real, separable, reflexive Banach space, and let (X*, ||-||+) be
its dual. We consider ¢ R an unbounded domain. Also assume that the inclusion

X — LY(Q) is continuous with the embedding constants C(l), where [ € [p,p*] (p >

N
Nip):

Let us denote by || - ||; the norm of L!(£2). In this section we suppose that the

2,p* =

following condition holds:
(CE): X is compactly embedded in L"(2) for some r € [p, p*|
Let A: X — X* be a potential operator with the potential a : X — R, i.e. a
is Gateaux differentiable and
tig =) g,
for every u,v € X. Here (-,-) denotes the duality pairing between X* and X. For a
potential we always assume that a(0) = 0. We suppose that A : X — X* satisfies the

following properties:
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e A is hemicontinuous, i.e. A is continuous on line segments in X and X*
equipped with the weak topology.

e A is homogeneous of degree p — 1, i.e. for every u € X and t > 0 we
have A(tu) = tP~1 A(u). Consequently, for a homogeneous hemicontinuous
operator of degree p — 1, we have a(u) = %(A(u), u).

e A: X — X* is a strongly monotone operator, i.e. there exists a function
k : [0,00) — [0, 00) which is positive on (0,00) and lim;_, k(t) = co and
such that for all u,v € X,

(A(u) = A(v),u =) 2 &([lu = vl [u =l

Let f: 2 x R — R be a measurable function which satisfies the following
growth condition:
(F1) |f(z,s)| < c(|s|P~ + |s]"71), for ae. © € Q, for all s € R
Let F': Q x R — R be the function defined by

F(z,u) = / f(z,s)ds, fora.e. x€ VseR. (4.1)
0
For a.e. z € Q and for every u,v € R, we have:
|F(x,u) = Fz,0)| < eilu—of (JulP~" + [ofP~H - fu ™t + o] 71, (4.2)

where ¢; is a constant which depends only of v and v. Therefore, the function F'(x,-)
is locally Lipschitz and we can define the partial Clarke derivative, i.e.

F tw) — F
Fg(l'vuaw) = limsup (fE,y—l— ’LU) (xvy)’
y—u, t—0t t

(4.3)

for every u,w € R and for a.e. z € R.

Now, we formulate the hemivariational inequality problem that will be studied
in the next:

Find uw € X such that

(Au,v) + [ Fd(x,u(z); —v(x))dz >0, Vv X. (4.4)
Q
To study the existence of solutions of the problem (4.4) we introduce the

energy functional ¥ : X — R defined by

where a(u) = %(A(u), u) and ®(u) = [, F(z,u(z))dz.
Remark 4.1. In Proposition 4.6 we will prove that the critical points of the functional
U are solution of the problem (4.4).

31



ALEXANDRU KRISTALY AND CSABA VARGA

To study the existence of the critical point of the function W is necessary to

impose some conditions on the function f:

(F2) There exists a > p, A € [0, %‘(Xg)m[ and a continuous function g : R —

R, such that for a.e. x € RY and for all u € R we have
aF (x,u) + FY(z,u; —u) < g(u), (4.5)

where limj,| o g(u)/[ul? = A.
(F27) There exists a € (max{p, p* ==}, p*) and a constant C' > 0 such that for
a.e. x € 2 and for all w € R we have

1
—Clu|* > F(z,u) + = FY(x, u; —u). (4.6)
p
Next, we impose further assumptions on f. First we define two functions by

flz,s) = 51i%1+ essinf{ f(x,t) : |t — s| < &},

f(z,s) = 511%1+ esssup{ f(z,t) : |t — s| < 4},

for every s € R and for a.e. o € Q. It is clear that the function f(z,-) is lower
semicontinuous and f(x,-) is upper semicontinuous. The following hypothesis on f

was introduced by Chang [9].
(F3) The functions f, f are N-measurable, i.e. for every measurable function
u: Q — R the functions  — f(x,u(x)),z — f(z,u(r)) are measurable.
(F4) For every € > 0, there exists ¢(¢) > 0 such that for a.e. & € Q and for
every s € R we have
|f(z,8)] < elsP~ +c(e)]s|"
(F5) For the a € (p,p*) from condition (F2), there exists a ¢* > 0 such that for
a.e. x € 2 and for all s € R we have
Fa,u) = ¢ (Jul® = |uf?).
Remark 4.2. We observe that if we impose the following condition on f,
(F4’) lim, o+ esssup{% (z,8) €Qx (—¢,6)} =0,
then this condition with (F1) imply (F4).
4.2. Some basic lemmas. Before to study the hemivariational inequality (4.4) we

prove some auxiliary lemmas. The results of this subsection appear in the paper of

Délyai-Varga [11]. So, we consider the function ® : X — R by
O(u) = / F(z,u(x))dz, YueX, (4.7)
Q
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where F(z,u) = [ f ds, fora.e. x€, VseR..

Remark 4.3. For simplicity we denote h(u) = cJu|P~! and in the next two results

we use only that the function h is monotone increasing, convex and h(0) = 0.
The following results appears in the paper of Kristdly [27] and Délyai-Varga
[11].

Proposition 4.4. The function ® : X — R, defined by ®(u fQ ))dx is
locally Lipschitz on bounded sets of X.

Proof. For every u,v € X, with ||u|, ||v]| < r, we have
[ () — @(v)]|
/ |F(x, u(x F(z,v(x))|dx
<a /Q u(x) = v(@)|[h(ju(z)]) + h(|v(z)])]

< oo / Ju(z) — v(z)P) 7 [( /Qm(\u(xn)p/dx)”p' + L<h<'v<x>l>p'dw)l/p']
< eallu = ol Il + IRl D)
S C(uvv)”u - ’U”,

where % + i = 1 and we used the Holder inequality, the subadditivity of the norm
| - |lpr and the fact that the inclusion X — LP({2) is continuous. We observe that

C(u,v) is a constant which depends only of v and v. O

Proposition 4.5. (Kristdly [27] and Délyai-Varga [11]) If condition (F1) holds, then

for every u,v € X, we have

0 (u;v) S/QFQO(x,u(x);v(x))dx. (4.8)

Proof. Tt is sufficient to prove the proposition for the function f, which satisfies only
the growth condition |f(x,s)| < c|u[P~! from Remark 4.3. Let us fix the elements
u,v € X. The function F(z,-) is locally Lipschitz and therefore continuous. Thus
FY(z,u(x);v(z)) can be expressed as the upper limit of (F(z,y+tv(z)) — F(z,y))/t,
where ¢ — 071 takes rational values and y — u(x) takes values in a countable subset
of R. Therefore, the map z — F9(x,u(z);v(x)) is measurable as the “countable
limsup” of measurable functions in z. From condition (F1) we get that the function
x — FY(x,u(x);v(z)) is from L'(RY).
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Using the fact that the Banach space X is separable, there exists a sequence
wy, € X with ||w, — u|| — 0 and a real number sequence t,, — 071, such that

<I>O(u, v) = lim ®(wn +tnv) - (I)(w").

n—oo tn

(4.9)

Since the inclusion X < LP(RY) is continuous, we get ||w, — ul[, — 0. Using [7,
Theorem IV.9], there exists a subsequence of (w,,) denoted in the same way, such that
wy(z) — u(z) a.e. * € RY. Now, let ¢, : RNY — R U {400} be the function defined
by
F(z,w,(x) + tyv(z)) — F(z,w,(x))

n
+ crfo(@)[[h(lwn () + tav(2)]) + A(lwn (2)])]-

on(T) =—

We see that the the functions ¢, are measurable and non-negative. If we apply
Fatou’s lemma, we get

/ liminf @, (2)dz <liminf | ¢, (z)dx.
Q

n—oo n—oo Q
This inequality is equivalent to
/ lim sup[— g, (z)]dz > lim sup/ [—on(z)]dx. (4.10)
QO n—oo n— oo Q

For simplicity in the calculus we introduce the following notation:
. F(z,w,(x nv(x))—F(z,w,(x
(i) ol () = ( (z)+t t(n)) ( (z))

(i) @5 (@) = crfo@)|[h(|wn (@) + tav(@)]) + h(lwa (2)])]-
With these notation, we have ¢, (x) = —@k(z) + ¢2 ().

Now we prove the existence of limit b = lim, . [, 2 (z)dz. Using the facts
that the inclusion X — LP(Q) is continuous and |w,, — u|| — 0, we get ||w, —ul|/, —
0. Using [7, Theorem IV.9], there exist a positive function g € LP(f2), such that
|wn ()] < g(x) ae. z € Q. Considering that the function h is monotone increasing,
we get

2@ < erlo(@)l[A(g(@) + [o@)) + Alg(@))], ae. o € 9.

Moreover, ¢2(z) — 2ci|v(z)|h(|u(z)|) for a.e. = € Q. Thus, using the Lebesque
dominated convergence theorem, we have

b= lim [ @2(z)dx = / 2¢q [v(x)|h(Ju(x)])dz. (4.11)
If we denote by I = limsup,, ., [[—%n(x)]dz, then using (4.9) and (4.11), we have
I, =lim sup/ [—@n(x)]dr = ®°(u;v) — b. (4.12)

n— o0 Q
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Next we estimate the expression Iy = [, limsup,, . [—¢n(z)]dz. We have the in-

equality
/limsup[go,ll(x)]dx —/ lim 2 (z)dz > Is. (4.13)
Q Q

n—oo n—oo

Using the fact that w,(z) — u(z) a.e. z € Q and t,, — 07, we get

/S lim 2 ()dz = 261 /ﬂ (@) |h(|u(z)])da.

—
zn o0

On the other hand,

dzx

F t - F
/limsupgai(x)dxg/ lim sup (z,y + to(x)) (z,y)
Q Q

n— oo y—u(z),t—0+ t
- / FY(a, u(z); o(a))da.
Q

Using relations (4.10), (4.12), (4.13) and the above estimates, we obtain the desired

result. g
Now we prove that the critical points of the function ¥ : X — R defined by

U(u) = a(u) — ®(u) are solutions of problem (4.4).

Proposition 4.6. If0 € 0U(u), then u solves the problem (4.4).

Proof. Because 0 € 9V¥(u), we have W(u;v) > 0 for every v € X. Using the
Proposition 4.5 and a property of Clarke derivative we obtain

0 < W0w;0) < (u,) + (~0)°(us0)
— (A(u),v) + 0°(us —v)
<A+ [ R ula), ~ol@)ds,

for every v € X. O

4.3. The Palais-Smale and Cerami compactness conditions. In this subsection
we study the situation when the function ¥ satisfies the (P.S). and (CPS), conditions.
We have the following result.

Proposition 4.7. Let (u,) C X be a (PS). sequence for the function ¥ : X — R.
If the conditions (F'1) and (F2) are fulfilled, then the sequence (uy) is bounded in X .

Proof. Because (u,) C X is a (PS). sequence for the function ¥, we have ¥(u,,) — c
and Ag(u,) — 0. From the condition ¥(u,) — ¢ we get ¢+1 > ¥(u,,) for sufficiently
large n € N.

Because Ay (un) — 0, ||un|| > |un||Aw(uy) for every sufficiently large n € N.
From the definition of Ay (u,) results the existence of an element z;; € d¥(u,), such
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that Ay (u,) = ||z |l«. For every v € X, we have |z (v)| < ||z |l«[|v]|, therefore
2, lulloll = ==, (0). 1€ we take v = ty, then |2, [l Junl| > =, (un)

Using the properties U°(u,v) = max{z*(v) : 2* € 9¥(u) } for every v € X,
we have —z*(v) > —W0(u,v) for all 2* € 0¥ (u) and v € X. If we take u = v = u,

and z* = z} , we get —z (un) > —U°(up, u,). Therefore, for every oo > 0, we have

1 1

1
lnll = =123, lsllwn]l = = =0 (n, un).

« (%

When we add the above inequality with ¢ +1 > ¥(u,,), we obtain
1 1,
c+1+ a||un|| > U(uy,) — E\Il (Un; Up).

Using the above inequality, ¥°(u,v) < (A(u),v) + ®°(u, —v), and Proposition 4.5 we
get

1
¢t 1+ —flun|
«

> <% ) A, ) - / [F(@,un(@)) + 2 (@ un(@); —un(2))]dz
1 1 1
> (= A w) 5 [ gt @)e

The relation limj,|_ o %I‘LP) = ) assures the existence of a constant M, such that

Jo 9(un(x))de < M + X [, |u,(x)[Pdz. We use again that the inclusion X — LP(f)
is continuous, that a(u) = %(A(u), u) and that

U U
a(u) = lulP{A(—), =) = w(D)]u]?,
lJaal| 7 [l
to obtain
1 1 ACP(p) M
1 n>7_*Anan_7 np_i
R [ R R e
k(1) (a —p) — ACP(p) M
> ) P = =
From the above inequality, it results that the sequence (u,,) is bounded. O

Proposition 4.8. If conditions (F1), (F2’) and (F4) hold, then every (CPS).(c > 0)
sequence (u,) C X for the function ¥ : X — R is bounded in X.
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Proof. Let (u,) C X be a (CPS). (c > 0) sequence for the function ¥, i.e. ¥(u,) — c
and (1 + [Jun|)Aw(uy) — 0. From (1 + ||un|)Aw(urn) — 0, we get ||uy || Aw(un) — 0
and Ay (u,) — 0. As in Proposition 4.7, there exists 2z}, € 0W¥(u,) such that

*
Un

1 1
e, llunll = =90 (un; ~u,).
p p

From this inequality, Proposition 4.5, condition (F2’) and the property W°(u;v) <
(Au,v) + ®°(u; —v) we get

e Up; U
c+12>T(uy,) p\Il (Un; un)
> a(un) — ®(uy) — % [(Aun,un) + <I>O(un; fun)]

— T, U X 1 0 T, U ). —U T X
> /Q[F< n(a)) + S0 ()]
> Cuy

Therefore, the sequence (u,,) is bounded in L*(2). From the condition (F4) follows
that, for every ¢ > 0, there exists c¢(¢) > 0, such that for a.e. z € RV,

Fou(e) < Sfuta) + “Dlu

After integration, we obtain

€ c(g)
®(u) < Slulp + =l

Using the above inequality, the expression of ¥, and ||ul|, < C(p)||u||, we obtain

r(1) — eCP(p) @)y, i r
= P =¥+ =l < et 1 [l

Now, we study the behaviour of the sequence (||uy||-). We have the following two
cases:

(i) If r = @, then it is easy to see that the sequence (||u,]|,) is bounded in R.

(i) If r € (o, p*) and a > p* =L, then we have

_ *
< Jlull§ - ull?

where r = (1 — s)a + sp*, s € (0,1).

Using the inequality ||U||ISJ€* < C%" (p)||u)|*P", we obtain

1) —eCP .
e R L e I (4.14)
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When in the inequality (4.14) we take € € (O, C’fp((lg)) and use b), we obtain that the
sequence (u,) is bounded in X. O

The main result of this section is as follows.
Theorem 4.9. (Délyai-Varga [11])

1. If the conditions (CE),(F1)-(F4) hold, then ¥ satisfies the (PS). condition
for every c € R.
2. If the conditions (CE),(F1), (F2’), (F3), and (F4) hold, then ¥ satisfies
the (CPS). condition for every ¢ > 0.
Proof. Let (u,) C X be a (PS).(c € R) or a (CPS).(c > 0) sequence for the function
U(u,). Using Propositions 4.7, 4.8 it follows that the sequence (u,,) is a bounded in
X. Because X is reflexive Banach space follows the existence of an element u € X,
such that u,, — u weakly in X. Because the inclusions X — L"(RY) is compact, we
have that u,, — u strongly in L"(R").

Next we estimate the expressions I} = WO (u,,; u, —u) and 12 = U0 (u; u—uy,).
First we estimate the expression I2 = U°(u;u — u,). We know that WO0(u;v) =
max{z*(v) : z* € 0¥(u)}, Vv € X. Therefore, there exists 2z € 0¥ (u), such that
UO(u;v) = 2%(v) for all v € X. From the above relation and from the fact that
un — u weakly in X, we get WO(u;u —uy,) = 25 (u — uy,) — 0.

Now, we estimate the expression I} = U%(u,;u, —u). From Ay (u,) — 0
follows the existence of a positive real numbers sequence u, — 0, such that
WO (wyy, tpy — ) + pin ||t — ul| > 0.

Now, we estimate the expression I,, = ®°(u,; u—u, )+ ®°(u; u —u,). For the
simplicity in calculus we introduce the notations hi(s) = |s|[P~! and ha(s) = |s|". For
this we observe that if we use the continuity of the functions h; and ho, the condition
(F4) implies that for every € > 0, there exists a ¢(¢) > 0 such that

max {|f(z,s), [f(z, )|} < ehi(s) + c(e)ha(s), (4.15)
for a.e. x € RY and for all s € R. Using this relation and Proposition 4.5, we have
Iy = ®(up;u — uy) + ®(u;u — uy)
< / [FS (2, up(2); un () — u(z)) + F3 (2, u(z); u(z) — up(z))] dz

/ [f (@, un (@) (un(z) — u(@)) + (2, u(@))(u(z) — uy(z))] do

)+ ha(un ()] [un(2) — u(z)|dz

;g\

T, / )+ ha (1 ()] fun () — u(z)|dz.

ZO
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Using Hoélder inequality and that the inclusion X «— LP(Q) is continuous, we get

I < 2¢C(p)lJun — ul[(I[Pa (w)llpr + 71 (un) )
+ 2¢(e)[lun = ullr (2 (W)l + [[ha(un)),

where % + 1% =1and L + L = 1. Using the fact that the inclusion X < L"(Q) is

compact, we get that ||u, —ul|, — 0 as n — co. For ¢ — 0" and n — oo we obtain
that I,, — 0.

Finally, we use the inequality W°(u;v) < (A(u),v) + ®°(u; —v). If we replace
v with —v, we get U0 (u, —v) < —(A(u),v) + ®°(u;v), therefore (A(u),v) < ®°(u;v)—
VO (u, —v).

In the above inequality we replace v and v by v = u,,v = u — u, then
U =u,v=1u, —u and we get

(Aun),u — tp) < B (tp, v — up) — VO (up; up — u),

(A(u),up —u) < B%(u, up —u) — VO (u,u — uy).
Adding these relations, we have the following key inequality:
[un — ulls(un —u) < (A(un — ), un —u)
< [@%(unsu — up) + P(usu — up)| — VO (up;un —u) — VO(usu—u,) = I, — I} — I2.
Using the above relation and the estimations of I,,, I} and I2, we obtain
[tn = ullf(un —u) < Tn + pin|[un — ull = 25 (un — u).
If n — oo, from the above inequality we obtain the assertion of the theorem. O

4.4. Existence result. The main result of this subsection is the following.
Theorem 4.10. (Délyai-Varga [11])
1. If conditions (CE),(F1)-(F5) hold, then problem (4.4) has a nontrivial

solution.
2. If conditions (CE), (F1),(F2’), (F3), and (F4) hold, then problem (4.4)
has a nontrivial solution.
Proof. Using (1) in Theorem 4.9, and conditions (F1)-(F4), it follows that the func-

tional ¥(u) = %(A(u),u) — ®(u) satisfies the (PS). condition for every ¢ € R. From

Corollary 2.19 we verify the following geometric hypotheses:

Ja,p >0, suchthat ¥(u)> B on B,(0) ={ue X :|ul = p}, (4.16)
U(0) =0 and there exists v € H \ B,(0) such that ¥(v) <0. (4.17)
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For the proof of relation (4.16), we use the relation (F4), i.e. |f(z,s)| <
gls[P~! + c(e)|s|""!. Integrating this inequality and using that the inclusions X —
LP(RY), X < L"(RY) are continuous, we get that

k(1) —eC(p) 1

U(u) > #M(U)M = @) lull

K1) —C(p) 1

> » [ull” = ~e(e)C(r) "

The right member of the inequality is a function y : Ry — R of the form x(t) =
AtP — Bt", where A = W, B = L¢(e)C(r). The function y attains its global
maximum in the point ¢y, = (%)ﬁ. When we take p = ¢5r and 8 €]0, x(tar)], it is
easy to see that the condition (4.16) is fulfilled.

From (F5) we have ¥(u) < %(A(u)7 u) +c*|[ullb —c*[lullg. If we fix an element

v € H \ {0} and in place of u we put tv, then we have
1 * * O «
W (tv) < (1;<A(U)7v> + cHlolp)t? — et lv]la-

From this we see that if ¢ is large enough, tv ¢ B,(0) and ¥(tv) < 0. So, the condition
(4.17) is satisfied and Corollary 2.19 assures the existence of a nontrivial critical point
of U.

Now when we use (2) in Theorem 4.9, from conditions (F1), (F2’), (F3), and
(F4), we get that the function ¥ satisfies the condition (C'PS). for every ¢ > 0. Now,
we use Theorem 2.28, which assures the existence of a nontrivial critical point for the
function W. Tt is sufficient to prove only the relation (4.17), because (4.16) is proved
in the same way.

To prove the relation (4.17) we fix an element v € X and we define the
function h : (0,400) — R by h(t) = + F(z, t'/Pu) — C’aLipt%AWP. The function A is
locally Lipschitz. We fix a number ¢ > 1, and from the Lebourg’s main value theorem

follows the existence of an element 7 € (1,¢) such that
h(t) — h(1) € Oh(T)(t — 1),

where 0; denotes the generalized gradient of Clarke with respect to ¢t € R. From the
Chain Rules we have

1
Oy F (z,t/Pu) C faF(x,tl/pu)t%_lu.
p
Also we have
1 1 1 a
dih(t) C —t—2F(a:,t1/Pu) + EaF(x,tl/Z’u)trlu — Ctv 2ul°.
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Therefore,
h(t) = h(1) C dsh(r)(t — 1)
C o [Fla,/7u) — £/200F (o, 11/70) + O /Pul°] (2~ 1),

Using the relation (F2’), we obtain that h(t) > h(1) ; therefore,

1 o
S Pz, tYPu) — C—L 45 o > Fa,u) — C—2— |ufo.
t a—0p o —

From this inequality, we get

F(z,8/7) > tF(z,u) + C—L—[t*/P — f]jul®, (4.18)
a—p
for every ¢ > 1 and w € R. Let us fix an element ug € X \ {0}; then for every ¢ > 1,
we have
Upyy = L 1/p pyo) — 1/p
Ut/ Pug) = p{A(t ug), tPug) F(x,t"/Pug(x))dx
RN
t p
< —(Aug,u —t/ F(z,up(z))de — C——[t*/? —{]||u o
p( 05 Uo) - (@, uo(z)) a_p[ Jllwoll

If ¢ is sufficiently large, then for vy = t'/Pug we have ¥(vy) < 0. This ends
the proof. O
In general the inclusion X <— L"(Q) is not compact and we impose some
invariant properties. So, let G be the compact topological group O(N) or a subgroup
of O(N). We suppose that G acts continuously and linear isometrically on the Banach

space X. We denote by
X¢={ueH:gr=xforall geG}
the fixed point set of the action G on X. It is well known that X is a closed subspace
of X. In several applications the condition (CE) is replaced by the condition
(CEG) The embeddings X¢ «— L"(RY) are compact (p < r < p*).

We suppose that the potential a : X — R of the operator A : X — X* is

G-invariant and the next condition for the function f : RY x R — R holds:
(F6) For a.e. z € RY and for every g € G,s € R we have f(gz,s) = f(z,s).

If we use the Principle of Symmetric Criticality for locally Lipschitz functions, see
Remark 3.9, from the above theorem we obtain the following corollary, which is useful

in the applications.

Corollary 4.11. We suppose that the potential a : X — R is G-invariant and (F6)
is satisfied. Then the following assertions hold.
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(a) If the conditions (CEG),(F1)-(F5) are fulfilled, then problem (4.4) has a
nontrivial solution.
(b) If the conditions (CEG), (F1), (F2’), F3), and (F4) are fulfilled, then

problem (4.4) has a nontrivial solution.

5. A multiplicity result for hemivariational inequalities

In this section we state a multiplicity result for a particular hemivariational
inequality. These results appear in the paper of Faraci, lannizzotto, Lisei and Varga
[15]. Let © ¢ RN (N > 2) be an unbounded domain with smooth boundary 0,
p €]1, N[ be a real number. Throughout in this section X denotes a separable,
uniformly convex Banach space with strictly convex topological dual; moreover, we
assume that the condition (CE) holds. In the sequel, X will denote a (real) Banach
space (with norm || - ||) and X* its topological dual (with norm || - [|+); by (-, -) we will
denote the duality pairing between X* and X.

The next Lemma introduces the duality mapping on the space X, related to

the weight function ¢ — tP~!:
Lemma 5.1. ([8], Propositions 2.2.2, 2.2.4) Let X be a Banach space with strictly
convex dual, p > 1 a real number. Then, there exists a mapping A : X — X* such
that for all x € X

(DMy): [|A(@)[l = [l=]P~

(DMz): (A(z),z) = [|A()]][|].

Moreover, for all z,y € X

(A(z) = A(y),z —y) = (2P~ = lylP~=) Al = llylD-

[”
p

The functional x — is Gateauz differentiable with derivative A.

Let F': R — R be a locally Lipschitz, non-zero function such that F'(0) =0

and

(F): there exist k > 0, ¢ €]0,p — 1] such that |¢] < k|s|? for all s € R,
&€ OF(s).

Let b: Q — R be a non-negative, not zero function such that

(b): b e LY(Q)N L>®(Q) N L¥(Q), where v = Tt

The problem studied in this section is the following.
Find ug € X, A > 0 such that
(P\)  (A(u —wup),v) + )\/ b(x)F°(u(z); —v(x))dz > 0 forallve X
Q
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Our approach to problem (Py) is variational. Given uy € X and A > 0, the
energy functional I : X — R associated to the problem (Py) is defined by

u— ol

I(u) )

A (u).

As in Proposition 4.6 follows that the critical points of I are solutions of the problem
(Pr)-
Let us define the functional J : X — R by

for all u € X.
Lemma 5.2. The functional J is well-defined, locally Lipschitz, sequentially weakly

continuous and satisfies
J(u;v) < / b(z)F°(u(z);v(x))de for all u,v € X.
Q

Proof. In the same way as in Proposition 4.4 follows that J is locally Lipschitz and
from Proposition 4.5 follows the inequality. We prove now that J is sequentially
weakly continuous: let {u,} be a sequence in X, weakly convergent to some @ € X.
Due to condition (CE), there is a subsequence, still denoted by {uw,}, such that
|lun, — @ll, — 0; then, by well-known results, we may assume that u,, — @ a.e. in Q
and there exists a positive function g € L"(Q2) such that |u,(x)| < g(z) for all n € N
and almost all € Q. By the Lebesgue Theorem, {J(uy)} tends to J(@). O

Before to prove the main result of this section we recall two results.
Theorem 5.3. ([60, Theorem 1 and Remark 1]) Let X be a topological space, A a

real interval, and f : X x A — R a function satisfying the following conditions:

(A1) for every x € X, the function f(x,-) is quasi-concave and continuous;

(Az) for every A € A, the function f(-,\) is lower semicontinuous and each of
its local minima is a global minimum;

(As) there exist po > sup, infx f and Ao € A such that {z € X : f(z, ) <

po} is compact.
Then,
inf f = inf .
supiy f=m sxpf
Theorem 5.4. ([65, Theorem 2], [13, Lemma 1]) Let X be a uniformly convex Banach

space, with strictly convex topological dual, M a sequentially weakly closed, non-convez
subset of X.

43



ALEXANDRU KRISTALY AND CSABA VARGA

Then, for any convez, dense subset S of X, there exists xo € S such that the set
{yeM : |ly—zoll = d(xo, M)}

has at least two points.
The main result of this section is the following and appear in the paper of
Faraci, Tannizzotto, Lisei, and Varga [15].
Theorem 5.5. (Faraci-lannizzotto-Lisei-Varga [15]) Let Q C RY be an unbounded
domain with smooth boundary 0Q (N > 2), p €]1, N[ be a real number, X be a sepa-
rable, uniformly convexr Banach space with strictly convex topological dual, satisfying
(E). Let F : R — R be a locally Lipschitz, non-zero function satisfying F(0) = 0 and
(F), b:Q — R be a non-negative, not zero function satisfying (b).
Then, for every o €]infx J,supy J[ and every ug € J~1(] — 0o, a[) one of the
following conditions is true:
(B1) there exists A > 0 such that the problem (Py) has at least three solutions
m X;
(By) there exists v € J~1(a) such that, for allu € J~ (o, +o0|), u # v,

[ = wol| > [lv = wol-

Proof. Fix o and ug as in the thesis, and assume that (B;) does not hold: we shall
prove that (Bs) is true.
Putting A = [0, +o0o[ and endowing X with the weak topology, we define the
function f: X x A — R by
_ = ol

fu,A) ’

which satisfies all the hypotheses of Theorem 5.3. Indeed, conditions (A;), (A3) are

trivial.

+ Ao — J(u)),

In examining condition (Az), let A > 0 be fixed: we first observe that, by
Lemma 5.2, the functional f(-, A) is sequentially weakly lower semicontinuous (l.s.c.).

Moreover, f(-, ) is coercive: indeed, for all u € X we have
lu — uoll” _

a2l (L2220

and the latter goes to 400 as ||u|]| — +00. As a consequence of the Eberlein-Smulyan

Ak cﬁ“nbnunuﬁq*”-p) e,

theorem, the outcome is that f(-,\) is weakly Ls.c..

We need to check that every local minimum of f(-,\) is a global minimum.
Arguing by contradiction, suppose that f(-,\) admits a local, non global minimum;
besides, being coercive, it has a global minimum too, that is, it has two strong local

minima.
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We now prove that f(-,\) fulfills the Palais-Smale condition: let {u,} be a
sequence satisfying (PS1), (PSz). From (PS}), together with the coercivity of f(-, \),
it follows that {uy, } is bounded, hence we can find a subsequence, which we still denote
{un}, weakly convergent to a point @ € X. By condition (CE) we can choose {u,}
to be convergent to @ with respect to the norm of L" ().

Fix ¢ > 0. As the sequence {¢,,} from (PS5) tends to 0, for n € N big enough

we have
enllun — 4l < <
n n 27
so, from (PS2) and Lemma 5.2 it follows
0 < fup, A;u—up)+ %
< (A(up —ug), @ — uy) + )\/ b(x) F° (un, (x); up () — u(x))dr + g
Q

(f°(-, A;-) denotes the generalized directional derivative of the locally Lipschitz func-

tional f(-,\)). Moreover, for n big enough

IA

/ b(2) F° (un(x); un(z) — u(z))dz
Q

K / (&) un ()| i () — ()]

_ 9
kcqliblllunll®llun —all- < o5

IN

Hence
(A(up —ug),up, — ) < e
for n € N big enough. On the other hand, (A(@ — uo),u, — @) tends to zero as n goes
to infinity. From the previous computations, it follows that
lim sup(A(u, — ug) — A(T@ — up), u,, — u) < 0. (5.1)

Applying Lemma 5.1, we obtain that
<A(un — U()) — A(ﬂ — U()), Up — ﬂ>

> (llun — uolP™" — lla = uo|P~) (Jun — uoll = @ — uoll) = 0.

From the previous inequality and (5.1), we deduce that ||u, — uo|| — ||@ — uo|| and
this, together with the weak convergence, implies that {u,} tends to @ in X: that is,
the Palais-Smale condition is fulfilled.

Then, we can apply Theorem 2.20, deducing that f(-,\) (or equivalently the
energy functional I) admits a third critical point: by Proposition 4.6, the inequal-
ity (Py) should have at least three solutions in X, against our assumption. Thus,
condition (As) is fulfilled.
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Now Theorem 5.3 assures that

sup inf f(u,\) = inf sup f(u, ) =: a. 5.2
sup inf, () = inf sup f(u. ) (52
Notice that the function A — inf,cx f(u, \) is upper semicontinuous in A, and tends
to —oo as A — 400 (since o < supy J): hence, it attains its supremum in \* € A,
that is

o (= ol
=inf | —————+ X(oc —J . 5.3
o= it (=B v - ) (5.3
The infimum in the right hand side of (5.2) is easily determined as
S i LA
u€J 1 ([o,400[) p p

for some v € J~1([o, +0]).

It is easily seen that v € J=1(o). Hence

—unllp
a= inf llw = uol®
ueJ—1(o) p
By (5.3) and (5.4) it follows that
—uoll? —uoll®
inf (”““O - A*J(u)) —  inf (”““0| - A*J(u)) . (55)

ueX D ueJ (o) D

We deduce that A* > 0: if A* =0, indeed, (5.5) would become o = 0, against (5.4).
Now we can prove (Bg). Arguing by contradiction, let w € J ([0, +o0[)\ {v}

(in particular o > 0). (5.4)

be such that ||w—ug| = ||v—ug||. As above, we have that w € J~!(¢), and so both w
and v are global minima of the functional I (for A = A\*) over J (o), hence, by (5.5),
over X. Thus, applying Theorem 2.20, we obtain that I has at least three critical
points, against the assumption that (B;) does not hold (recall that A* is positive).
This concludes the proof. O
In the next Corollary, the alternative of Theorem 5.5 is resolved, under a very
general assumption on the functional J, and so we are led to a multiplicity result for
the hemivariational inequality (Py) (for suitable data ug, \).
Corollary 5.6. (Faraci-lannizzotto-Lisei-Varga [15]) Let Q, p, X, F, b be as in
Theorem 5.5 and let S be a convez, dense subset of X. Moreover, let J~([o, +0oc[)
be not convex for some o €]infx J,supy J|.
Then, there ezist ug € J~1(] — 00,0[) NS and A > 0 such that problem (Py) admits
at least three solutions in X.
Proof. Since J is sequentially weakly continuous (Lemma 5.2), the set M =
J7Y([o, +00[) is sequentially weakly closed.
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By Theorem 5.4 we get that, for some ug € S, there exist two distinct points
v1,v3 € M satisfying

[lvr — wol| = ||v2 — uol| = dist(ug, M).

Clearly ug ¢ M, that is, J(ug) < o. In the framework of Theorem 5.5, condition (Bs)
is false, so (B1) must be true: there exists A > 0 such that (Py) has at least three
solutions in X. O

6. Applications

6.1. Existence results for a particular hemivariational inequality. In this
subsection we give some concrete applications of Theorem 4.10. In the first two
examples we suppose that X is a Hilbert space with the inner product (-, -).
Let f : RV xR — R be a measurable function as in the section 4, i.e. satisfies
the conditions (F1), (F2), (F’2) and (F3)-(F5).
Application 1. We consider the function V' € C(R™,R) which satisfies the
following conditions:
(a) V(x) >0 for all z € RY
(b) V(z) —» 4+ as |z]| — +o0.
Let X be the Hilbert space defined by

X ={uec HRY): /(|Vu(x)|2 + V(2)|u(2)|*)dr < oo},
with the inner product
(u,v) = /(VUVU + V(z)uv)dz.

It is well known that if the conditions (a) and (b) are fulfilled then the inclusion
X — L*(RY) is compact, see [17], therefore the condition (CE) is satisfied.

Now we formulate the problem.

Find a positive u € X such that for every v € X we have

/ (VuVo + V(z)uv)dz —|—/ FY (2, u(z); —v(z))dz > 0. (6.1)
RN RN

We have the following result.

Corollary 6.1. 1. If conditions (F1)-(F5) and (a)-(b) hold, then problem
(6.1) has a nontrivial positive solution.
2. If conditions (F1),(F2’°), (F3), (F4) and (a)-(b) hold, then problem (6.1)

has a nontrivial positive solution.
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Proof. We replace the function f by f : RY x R — R defined by

flz,u) ifu>0;

fola ) = , (6.2)
0, ifu<0

and use (2) in Theorem 4.10. O

Application 2. Now, we consider Au := — Au+ |z|*u for u € D(A), where

D(A) :={u € L*(RY) : Au € L*(RM)}.
Here |- | denotes the Euclidian norm of RY. In this case the Hilbert space X is defined
by
X={uecL*RY): / (|Vul? + |z[*u?)dx < oo},
RN

with the inner product
(u,v) = / (VuVu + |z|?uv)da.
RN

The inclusion X — L*(RY) is compact for s € [2, 2%), see Kavian [21, Exercise 20,
pp. 278]. Therefore, the condition (CE) is satisfied.

Now, we formulate the next problem.

Find a positive u € X such that for every v € X we have

/ (VuVo + |z|?uv)ds Jr/ F(x,u(z); —v(x))dz > 0. (6.3)
RN RN
Corollary 6.2. 1. If conditions (F1)-(F5) hold, then problem (6.3) has a

positive solution.
2. If conditions (F1),(F2’), (F3), and (F4) hold, then problem (6.3) has a
positive solution.

Application 3. In this example we suppose that G is a subgroup of the
group O(N). Let Q be an unbounded domain in RY with smooth boundary 92, and
the elements of G leave () invariant, i.e. g(2) = Q for every g € G. We suppose that
Q is compatible with G, see the book of Willem [67, Definition 1.22]. The action of
G on X = WyP(Q) is defined by

gul@) == u(g~"x).
The subspace of invariant function X is defined by
XC ={ueX:gu=u, Vg G }.

The norm on X is defined by

full = ([ 47up + uyaz) "
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If Q is compatible with G, then the embeddings X «— L*(f2), with p < s < p* are
compact, see the paper of Kobayashi and Otani [22]. Therefore the condition (CEG)
is satisfied.

We consider the potential a : X — R defined by a(u) = %Hu”p. This function
is G-invariant because the action of G is isometric on X. The Gateaux differential
A: X — X* of the function a : X — R is given by

(Au,v) = / (|VulP~>VuVo + [ulP~?w) da.
Q

The operator A is homogeneous of degree p—1 and strongly monotone, because p > 2.
Now, we formulate the following problem.
Find uw € X \ {0} such that for every v € X we have

/ (|VulP~>VuVo + [ulP~*uv) do —|—/ F(z,u(x); —v(z))dz > 0. (6.4)

Q Q

We have the following result.

Corollary 6.3. (a) If conditions (F1)-(F6) are fulfilled, then problem (6.4)
has a nontrivial symmetric solution.

(b) If conditions (F1), (F2’), (F3), (F4) and (F6) are fulfilled, then problem

(6.4) has a nontrivial symmetric solution.

6.2. Multiplicity results for some hemivariational inequalities. In this sub-
section we state a multiplicity result for a particular hemivariational inequality as
application of Corollary 5.6. Let & C RY (N > 2) be an unbounded domain with
smooth boundary 9, p €]1, N[ be a real number. As in Section 5, let F': R — R be
a locally Lipschitz, non-zero function such that F(0) = 0 and

(F): there exist &k > 0, ¢ €]0,p — 1] such that |£] < k|s|? for all s € R,

&€ OF(s).
Let b: 2 — R be a non-negative, not zero function such that
r
b): be LY Q)N L*(Q)N LY (), wh =—\
(0) () (€) N L¥(2), where v P

We suppose that F' is not a quasi-concave function, that is:

(C): there exists p €]infg F,supg F[ such that F~1([p, +o0[) is not convex.

6.2.1. First application. Let V : Q@ — R be a continuous potential satisfying the

following conditions:

(Vl) infqV > 0;
(Vo) for every M > 0 theset {z € Q : V(x) < M} has finite Lebesgue measure
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(note that in particular, condition (V3) is fulfilled whenever V' is coercive). We intro-

duce the space
X = {u e Whr(Q) : /Q(|Vu(x)|p + V(z)|u(z)P)dz < oo}

endowed with the norm

Joll = ([ (vu@P + Volu@P)”
With the definitions above, for all ug € X, A > 0, our problem (P)) reads as follows:
/Q(W(U(Cﬂ) —up(2)) P~V (u(z) — uo(2)) - V()
+V (@) [u(x) — uo(x) P72 (u(a) — uo(x))v(x))dz
—l—)\/ b(x)F°(u(x); —v(x))dz > 0 for all v € X.
Q

We can state the following multiplicity result:

Corollary 6.4. Let Q, p, V, X be as above; F, b be as in Theorem 5.5 (with v =
p/(p—(g+1)) in condition (b)); S be a convex, dense subset of X. Moreover, assume
that condition (C) is satisfied. Then, there exist ug € S and X > 0 such that the
problem (Py) admits at least three solutions in X.

Proof. We observe that X is a separable, uniformly convex Banach space with strictly
convex topological dual, and that C2°(2) C X; moreover, the conditions (V1), (V)
guarantee that the space X is compactly embedded in LP(Q) (see [4] for the case
p = 2), so condition (F) is satisfied with » = p. Since b is not zero, there exist a point
zo € 2 and R > 0 such that

b1 :/ b(xz)dz >0,
B

where B is the open ball centered in zy with radius R, contained in ).
By condition (C), we can assume, without loss of generality, that there exist
real numbers s; < so < s3 such that F(s1), F(s3) > p, F(s2) < p. Now we prove that

the functional J admits a non-convex superlevel set. Choose € > 0, Ry > R with
Ibl|co Mmeas(A) < e < by|F(s;) —p| (i=1,2,3),

where A={ze€Q: R< |z —xo| < Ri} and M = max{|F(t)] : |t| < |si|], i =1,2,3}.
There exists u; € C2°(£2) such that

i (z) = sy ifxeB
"YU 0 ifzeQ\(4AUB)
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and |u1]|eo = [s1]; define, also, ug,us € C(Q) by putting us = (s2/s1)u1, uz =

(s3/s1)ur (we assume s; # 0). Thus,

Jw) = /b sl)dx+/b(z)F(u1(z))dx

> b1F(s1) — MJ|b]|scmeas(A)
Z blF(Sl) — &
> blp

Analogously, we get

J(uz) < bip, J(uz) > bip.
Then, since us lies on the segment joining u; and us, it is proved that J~*([byp, +00[)
is not convex. An application of Corollary 5.6 yields the existence of a function
ug € J7H(] —00,b1p[) NS and A > 0 such that (Py) has at least three solutions in X.
O

Example 6.5. In this example we prove the existence of a continuous function g :
RY — R and a positive A such that the equation

(B))  —AutV(@)u=M(@)H@u—1)(Inu—1)+g(z) inRY

(where V is a positive and coercive potential and H is the Heaviside function) admits
at least three solutions in H?(R"™) More precisely, let V : R — R be a continuous,
positive and coercive function, X be as above with p = 2 < N, b be as in Theorem
5.5. Recall that the Heaviside function H : R — R is defined by

i <
He =4 )0
1 ifs>0

and put
f(s)=H(s—1)(Ins—1) forall seR

(with obvious meaning for s < 0). We denote, for all s € R,

fo(s)= lm_inf f(), fi(s)= lm sup f(0).

6—01 [t—s|<é 0—=0F |t—s|<s

Following Chang [9], for all continuous g : RY — R and A > 0, by a weak solution of
(Ey) we mean a function u € H?(RY) such that, for almost every = € RY,

—Au(z) + V(z)u(z) € g(z) + Ab(2)[f- (u(x)), f1 (u(z))]. (6.5)

It is easily seen that the function F' : R — R defined by

- /0 F(t)t
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is locally Lipschitz and satisfies the condition (F') with arbitrary ¢ €]0, 1[ for k big
enough; moreover, for all p €]2—e, 0] the set F~!([p, +00[) is not convex, so condition
(C) is fulfilled. Taking S = C°(RY), we can apply Corollary 6.4: thus, we find ug € S
and A\ > 0 such that the hemivariational inequality

/RN (V(u(x) = uo(x)) - Vo(z) + V(2)(u(x) — uo(x))v(x)) dr+

+A /]RN b(x)F°(u(z); —v(z))de >0 forallve X

admits at least three solutions in X. Let w be one of these: by standard regularity
results, we get u € H}(RYN) N H2(RY); arguing as in [9], we find that u satisfies (6.5)
with

g(x) = —Aug(z) + V(2)up(z) for all z € RV,

Thus, (F)) has at least three weak solutions.

6.2.2. Second application. Here we give an application of Corollary 5.6 combined with
the Principle of Symmetric Criticality for locally Lipschitz functions. Let £ be an
unbounded domain in RV (N > 2) with smooth boundary, such that 0 € ©, and G
be a closed subgroup of O(N) which leaves 2 invariant, i.e. g(2) = Q for all g € G.
We assume that Q) is compatible with G, that is, there exists r > 0 such that

m(z,r,G) — oo as dist(z,Q) <r, |z|] — oo,
where
m(z,r,G) =sup{n € N: 3 g1,62, - gn € G s.t. B(g;x,r) N B(gjx,r) =0 if i # j}.

We consider the space X = W, *(2) endowed with the norm

full = ([ (vutor + u<x>|p>d:c)'1’

Our problem is the following: For ug € X, A > 0, find u € X such that
[09(0t) — w2V ) ~ ) - Votz)
Flu(z) = uo(x )I” *(u(z) — uo(2))v(x))dz
—|—/\/b VF°(u(x); —v(z))de >0 for all v € X.
We define the action of the group G over the space X as follows:
gu(z) =u(g'z) forallg€ G, ue X,z € Q.

We observe that G acts linearly and isometrically on X, i.e., the action G x X — X
which maps (g,u) into gu is continuous and, for every g € G, the map u — gu is
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linear and ||gu|| = ||u|| for every u € X. The group G induces an action of the same
type on the dual space X* defined by (gu*,u) = (u*,g~!
and u* € X*.

We introduce the set

u) for every g € G, u € X

XC¢={ueX : gu=uforallgecG}

of the fixed points of X under the action of G, and observe that X is a Banach space
(which inherits all the properties of X), whose dual coincides with the fixed point set
of X* under the action of G, denoted (X)*. From [22, Proposition 4.2], follows that
X¢ is compactly embedded in L"(Q2) for all 7 €]p, p*|[.

We have the following result.

Corollary 6.6. Let Q, p, X, G be as above, S be a convex, dense subset of X©.
Let F be as in Theorem 5.5 and satisfying condition (C). Also, let b : Q@ — R be
a non-negative, G-invariant function (that is, b(gz) = b(z) for all g € G, © € Q)
satisfying condition (b) and such that

/ b(x)dr >0 (B = B(0,R) for some R > 0 small enough).
B

Then, there exist ug € S and X\ > 0 such that the problem (Py) admits at least three
solutions lying in X©.

Proof. We are going to apply Corollary 5.6 to the space X¢ and to the functional
J|xc: first, we note that X is separable and uniformly convex, and that (X&)*
is strictly convex (as a subspace of X*); moreover, the space X satisfies condition
(CEQG) for any r €]p, p*|[.

In order to see that J|xc admits a non-convex superlevel set, we argue as
in the proof of Corollary 6.4, putting o = 0 and choosing the functions wuy, us,us €
C2°(Q) radially symmetric (so, in particular, lying in X ).

Thus, by Corollary 5.6 , there exist ug € S and A > 0 such that the energy
functional I|yc has at least three critical points in X©.

Now we prove that I is G-invariant on X. Let g € G and u € X; recalling that
up € X%, G acts isometrically over X and b is G-invariant, we obtain the following
equalities:

I(gu) = ;ng o - / b() F(gu(z))de
- %Hg(u )P /Q b(x) F(u(g ™)) dz
- Z%Hu gl - /2 b(y) F (u(y))dy = I(u).
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Then, applying Theorem 6.13, we deduce that the critical points of I|xc are actually
critical points of I. We can conclude that problem (Py) has at least three symmetric
solutions. O

Next we give an example, in order to highlight the generality of our hypothe-

Ses:

Example 6.7. Put N = 3 and define the unbounded domain
Q= {(z1,22,23) € B’ : |ag| <af +23 +1).

Then, consider the closed subgroup of O(3) defined by G = O(2) x {id}, whose action
on X = WyP(Q) (1 <p< N) is expressed as follows: for all g = (j,id) € G, and for
all u € X, (x1,x2,23) € Q we set

gu(z1, 2, 23) = w(§ (21, 22), 73).

It is easily seen that  is G-invariant and compatible with G, and that the subspace
X© of the fixed points of X under the action of G is the set of all u € X with a

cylindric symmetry, that is,
u(xy, @2, 23) = u(yr,y2, x3) if =] + 23 = yi +yi.
Let g €]0,p — 1] be a real number, F' : R — R be defined by
F(s)=1-|]s|""" =1 for all s € R.

It is easily seen that F' is a locally Lipschitz function, satisfying F'(0) = 0 and condi-
tions (F') (with k = ¢+ 1) and (C) (for all p €]0, 1]).

Moreover, we consider a non-negative function b : Q — R, having a cylin-
dric symmetry and satisfying condition (b) and we assume that b is positive in a
neighborhood of 0.

In such a setting, Corollary 6.6 applies: thus, there exist ug € X, A > 0 such
that the hemivariational inequality (Py) admits at least three solutions, and each of

them has a cylindric symmetry.

6.3. Some differential inclusion problems in RY. In this subsection we give
two applications for some differential inclusions problems. The first application is a
differential inclusion problem with two parameters. This result appears in the paper
of Kristaly, Marzantowicz and Varga [28].

Let p > 2 and F : R — R be a locally Lipschitz function such that
2 max{|¢] : £ € OF(t)}

- F(t
(F2) limsup L <0;

|t\—>+oo |t|P
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(F3) There exists € R such that F(#) > 0, and F(0) = 0.
Here we study the differential inclusion problem

- —Apu+ |ulP~2u € Aa(z)0F (u(z)) + pB(z)0G (u(x))  on RV,
(B u(z) — 0 as || — o0

where p > N > 2, the numbers A, u are positive, and G : R — R is any locally
Lipschitz function. Furthermore, we assume that 3 € L'(R") is any function, and
(@) aeL*RY)NLE (RY), a >0, and supg. g essinf |, < ga(z) > 0.

The functional space where our solutions are going to be sought is the usual
Sobolev space WP(RY), endowed with the norm

= ([ 1vuer s [ wer)

Definition 6.8. We say that « € W1?(R") is a solution of problem ([3/\7“)7 if there
exist £p(z) € OF (u(z)) and g (z) € OG(u(x)) for almost every x € RY such that for
all v € WHP(RY) we have

/ (|VulP~2VuVu + [uP~2uv)de = )\/ a(z)épvde —l—u/ B(x)éguvdx. (6.6)
RN RN RN

Remark 6.9. (a) The terms in the right hand side of (6.6) are well-defined. Indeed,
due to Morrey’s embedding theorem, i.e., WP (RY) «— L*(RM) is continuous (p >
N), we have u € L>®(RY). Thus, there exists a compact interval I C R such that
u(x) € I for a.e. ¥ € RN, Since the set-valued mapping OF is upper-semicontinuous,
the set F(I) C R is bounded; let Cr = sup |0F(I)|. Therefore,

| a@lépvds] < Cellal o] < oc.
R

Similar argument holds for the function G.

(b) Since p > N, any element u € W1P(RY) is homoclinic, i.e., u(x) — 0 as
|x| — oo, see Brézis [7, Théoreme 1X.12].

Remark 6.10. An upper bound for the embedding constant c., of W1P(RYN) —
L>®(RY), is 2p(p — N) 71 (see [7]), ie. coo < 2p(p— N)~L.

Remark 6.11. Every function u € WHP(RY) (p > N) admits a continuous repre-
sentation, see [7, p. 166]; in the sequel, we will replace u by this element.

Note that no hypothesis on the growth of G is assumed; therefore, the last
term in (PA,H) may have an arbitrary growth. However, assumption (&) together
with (F3) guarantee the existence of non-trivial solutions for (P ,). The embedding
WEP(RY) — L°°(RY) is continuous (due to Morrey’s theorem (p > N)), bit it is not

compact. We overcome this gap by introducing the subspace of radially symmetric
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functions of W1P(RY). The action of the orthogonal group O(N) on W1P(RY) can
be defined by (gu)(z) = u(g~'z), for every g € O(N), u € WHP(RN), z € RV, Tt
is clear that this group acts linearly and isometrically; in particular ||gu|| = |Ju|| for
every g € O(N) and v € WHP(RN),

We denote by

WEE(RNY = {u € WHP(RY) : gu = u for all g € O(N)},

rad

the subspace of radially symmetric functions of WP (RY).

We have the following result, which is contained in the paper of Kristdly [30].
Proposition 6.12. ( Kristaly [30] ) The embedding WP (RN) < L>*(RN) is compact
whenever 2 < N < p < 0.

I(RYN). Up to a subsequence, u,, — u in
WEP(RN) for some u € WEP(RN). Let p > 0 be an arbitrarily fixed number. Due to

rad rad

Proof. Let u, be a bounded sequence in wk

the radially symmetric properties of v and wu,,, we have
[tun = ullwrr By (g1y.0) = llun = ullwrr By (g2y.0)) (6.7)
for every g1,g2 € O(N) and y € RY. For a fixed y € RY, we can define

m(y,p) =sup{n € N : 3Jg; € O(N), i € {1,...,n} such that
Bn(giy, p) N Bn(gjy,p) =0, Vi # j}.

By virtue of (6.7), for every y € RY and n € N, we have

lien = wllwro _ suPners lunllws, + el

Up — U 1,p Y, S -
[ lwie (B (v.0) m(y, p) m(y, p)

The right hand side does not depend on n, and m(y, p) — +oco whenever |y| — +oo
(p is kept fixed, and N > 2). Thus, for every € > 0 there exists R. > 0 such that for
every y € RY with |y| > R. one has

[t — ullwre(By(y.p)) < (25,)"" for every n €N, (6.8)

where S, > 0 is the embedding constant of W' (By(0,p)) — C°(By|0, p]). More-
over, we observe that the embedding constant for W?(By(y,p)) — C°(Bnly, p])
can be chosen S, as well, independent of the position of the point y € RY. This fact
can be concluded either by a simple translation of the functions u € W?(By(y, p))
into By(0.p), ie. a() = ul-—y) € WIP(By(0,0) (thus [ullwro(sy i =
Il w1 By (0,p)) a0 [[ullcoByly.p) = llUllcoByfo,p))); OF, Dy the invariance with re-
spect to rigid motions of the cone property of the balls By (y, p) when p is kept fixed.
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Thus, in view of (6.8), one has that

| s‘li% |t — ul|co(Byly,p) < /2 for every n € N. (6.9)
y - €

On the other hand, since u,, — u in erajg(RN ), then in particular, by Rellich theorem

it follows that u,, — u in C°(By|0, R.]), i.e., there exists n. € N such that
lun — ullcoByio,r)) <€ for every n > n.. (6.10)

Combining (6.9) with (6.10), one concludes that ||u, — u||r=~ < € for every n > n,
i.e., u, — u in L>(RY). This ends the proof. 0
An alternate proof of Proposition 6.12. Lions [34, Lemme II.1] provided us with
a Strauss-type estimation (see [63]) for radially symmetric functions of W1P(RY);
namely, for every u € WLF(RY) we have

lu(z)| < p/P(AreaSN 1) VP | u|l 1o || NPz £ 0, (6.11)

where SNV~ is the N-dimensional unit sphere.

Now, let {u,} be a sequence in era’g (R™) which converges weakly to some
u € ergﬁ (RN). By applying inequality (6.11) for u,, —u, and taking into account that
|lun, — ullwrp is bounded, and N > 2, then for every £ > 0 there exists R, > 0 such
that

||un — uHLoc(mZRe) < C‘R5|(17N)/p <e, Vné€eN,

where C' > 0 does not depend on n. The rest is similar as above. Il
Let ®1,®5 : L>°(RY) — R be defined by
Dy (u) = —/ a(z)F(u(z))dz and Po(u) = — B(2)G(u(x))dx.
RN RN

Since a, 3 € LY(RY), the functionals ®;,®, are well-defined and locally Lipschitz,
see Clarke [10, p. 79-81]. Moreover, we have
0P (u) C — /

RN

a(x)OF (u(x))dz, 0Pg(u) C — B(x)0G (u(x))d.
RN
The energy functional &, ,, : W1P(RY) — R associated to problem (PML), is given by
1
Explu) = Ellu”p + AR (u) + p®a(u), ue WHP(RY).

It is clear that the critical points of the functional £, , are solutions of the problem
(Py.,.) in the sense of Definition 6.8.

Since «, B are radially symmetric, then &, ;, is O(N)-invariant, i.e. £y ,(gu) =
Expu(u) for every g € O(N) and u € WHP(RY). Therefore, we may apply a non-smooth
version of the principle of symmetric criticality, proved by Krawcewicz-Marzantowicz
[25], for locally Lipschitz functions, see Remark 3.9.
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Proposition 6.13. Any critical point of Efﬁ = 8>\7#|Wr1a’§(RN) will be also a critical
point of Ex -

In the proof of the main result we use, the following result.
inf{®; (u): ucWh?RY), ||lu||P<pt} =0

rad

Proposition 6.14. lim; ¢+ n

Proof. Due to (F1), for every & > 0 there exists d(¢) > 0 such that
€] < et~ Yt e [-d(e),0(e)], VE € OF(2). (6.12)

p
For any 0 <t < (%) define the set

1
p

Sp={ ue WARN): |ul]” < pt},

rad

where ¢, > 0 denotes the best constant in the embedding WP (RY) «— L (RN).

Note that u € S; implies that ||u||o < d(g); indeed, we have ||ul|co < coollu]| <
Coo(pt)/P < 6(e). Fix u € Sy; for a.e. x € RN, Lebourg’s mean value theorem and
(6.12) imply the existence of &, € OF (0 u(x)) for some 0 < 6, < 1 such that

Fu(z))

Consequently, for every u € S; we have

Flu(z)) = F(0) = &u(@) < [&] - [u(z)] < elu(z)]”.

Dy (u) - /RN a(x)F(u(x))dr > —¢ /]RN ax)|u(x)|Pd

—elledlrf[ullfe = —ellallLret lull?

v

V

—¢||le]| pr P pt.

Coo

p
Therefore, for every 0 < t < % (ﬁ) we have

inf Dy (u
0> M Bl 5 ) et p
Since € > 0 is arbitrary, we obtain the required limit. O
The main result of this subsection appear in the paper Kristaly, Marzantowicz

and Varga [28].

Theorem 6.15. (Kristdly-Marzantowicz-Varga [28]) Assume that p > N > 2. Let
a,B € LYRYN) be two radial functions, o fulfilling (&), and let F,G : R — R be two
locally Lipschitz functions, F' satisfying the conditions (f‘l)—(f‘?)).Then there exists a
non-degenerate compact interval [a,b] C]0,+oo[ and a number ¥ > 0, such that for
every A € [a,b] there exists po €]0, A + 1] such that for each p € [0, o], the problem
(P/\,u) has at least three distinct, radially symmetric solutions with L*°-norms less

than 7.
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Proof. We are going to apply Theorem 2.30 by choosing X = ereﬁ(RN), X, =X, =
L>®(RY), A =[0,+00), h(t) =t?/p, t > 0.

Fix ge G, (1 >20), A€ A, p € [0,\+ 1], and ¢ € R. We prove that the
functional Ey ,, : WoP(RY) — R given by

rad

1
Exu(u) = ];||u||p + A8y (u) + plg o o) (u), uwe Wk (RY),

satisfies the (PS), condition.
Note first that the function %H -||P 4 A®, is coercive on WoP(RN). To prove

this, let 0 < & < (p||alj1c2,A)~1. Then, on account of (F2), there exists §(g) > 0 such
that

F(t) < eltl, V|t > a(e).

Consequently, for every u € era’g (RY) we have

Dy (u) =— /RN a(z)F(u(x))dx

a(z)F(u(x))dx — / a(z)F(u(x))dx

/{weRN:u<z>|>5<e>} {2 RN :|u(2)|<6(<)}

> —€

/ o(@)u(z)Pdz — max |F(1)| o(z)dz
{z€RV:|u(x)|>5(c)} It1<d(e) {z€RN :|u()|<5(c)}

2 —ellallpr o fJull” = llall: S [E'(t)].

Now, we have

Shl? a0 > (5 - el ) lul” = Alals max P

p “\p - ltI<s(e)
which clearly implies the coercivity of %H 1P+ APy

As an immediate consequence, the functional E), is also coercive on
WLP(RN). Therefore, it is enough to consider a bounded sequence {u, } ¢ W22 (RN)

rad rad

such that
B3 (Uns v — up) > —en v — un| forall ve WoERY), (6.13)

rad

where {e,} is a positive sequence such that e, — 0. Since the sequence {u,} is
bounded in era"g (RY), one can find an element u € erz;g (RY) such that u, — u

weakly in era’g(RN), and u,, — u strongly in L>(R"), due to Proposition 6.12.

Due to Proposition 2.3 for every u,v € Wia’g(RN) we have

EX (u;v) < / (|VulP~2VuVo + [uP~2un) + A0S (u;v) + (g o ®2)°(u;v). (6.14)
RN
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Put v = w in (6.13) and apply relation (6.14) for the pairs (u, v) = (Up, u—1uy)
and (u,v) = (u,u, —u), we have that
L < enllu—unll = EX (s up — u) + A[@F (un; u — up) + 7 (u; up — u)]

+1[(g 0 ®2)° (un; u — up) + (g 0 P2)°(u; up — )],

where
L, " / (IVttn P2V — |VulP~2Vu)(Vauy — Vo)
RN
+/ (|t P20, — ulP~2w) (uy — u).
RN
Since {u,} is bounded in erf;g(]RN), we have that lim,, . &,||u — up|| = 0. Fixing

z* € OE3 , (u) arbitrarily, we have (z*, u, —u) < EY | (u;un —u). Since u, — u weakly
in W2P(RY), we have that lim inf,, EY ,(uiup —u) > 0. The functions ®9(+;-) and
(go®2)°(+;-) are upper semicontinuous functions on L*(RY). Since u,, — u strongly
in L°°(RY), the upper limit of the last four terms is less or equal than 0 as n — oo,
see Proposition 2.3 (fy).

Consequently,
limsup I,, <0. (6.15)

Since [t — s|P < (|t|P7%t — |s|P72s)(t — s) for every t,s € R™ (m € N) we infer that
||un —ul|P < I,. The last inequality combined with (6.15) leads to the fact that u,, — u
strongly in WLP(RN), as claimed.

It remains to prove relation (2.53) from Theorem 2.30. First, we construct
the function ug € WP (RN) such that ®; (ug) < 0.

On account of (&), one can fix R > 0 such that ar = essinf|;<ga(z) > 0.

For o €]0, 1] define the function

0, if zeRN\ Bn(0,R);
wy(r) = ¢ *, if x € By(0,0R);
ﬁ(R—M), if xe€ By(0,R)\ Bn(0,0R),

where By (0,7) denotes the N —dimensional open ball with center 0 and radius r > 0,
and £ comes from (F'3). Since o € L. (RN), then M (a, R) = SUPge By (0,R) X(T) < 00.

loc
A simple estimate shows that

—®1(wy) > wyRN[arF(t)o — M(a, R) ‘ItI|1<a‘>tg| |F(t)](1 —o™)].

When o — 1, the right hand side is strictly positive; choosing o close enough to 1,

for up = wy, we have ®1(up) < 0.
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Let us define the function for every ¢ > 0 by

B(t) = inf{®;(u) : u € W E(RN), 11

rad

< t}.

We have that 3(¢t) <0, for ¢ > 0, and Proposition 6.14 yields that

im 20 (6.16)

t—0+ t

We consider the ug € er’g (RY), for wchich ®;(ug) < 0. Therefore it is possible to

a
choose a number 7 > 0 such that

luo P77
0<77<—<I>1(u0) T .

By (6.16) we get the existence of a number ¢y € (0, W) such that —8(tg) < nto.
Thus

o) > |12 2 uoje (6.17)

Due to the choice of ty and using (6.17), we conclude that there exists py > 0 such
that

~1
—ﬂ(to) < po < —(I)l(U()) |: :| to < —@1(’LL0). (618)
Define now the function ¢ : WL (RV) x T — R by

_
o(u, \) = ) + APy (u) + Apo,

where I = [0,400). We prove that the function ¢ satisfies the inequality

sup inf o(u, \) < inf  supp(u, \). (6.19)
Al ueWLP(RN)) u€WLE(RN) Ael

The function

p
IoA— eWilnllf(RN) [”l;” + Alpo + (I)l(u))]
weWria

is obviously upper semicontinuous on I. It follows from (6.18) that

. . . [[wol|”
AEI-&I}OO uew/l.lr’lg(RN) SO(% )\) = AEI-iI-loo [p| - /\(PO - (I)I(UO)) -

Thus we find an element A € I such that

p —
sup inf  @(u,A) = inf [Hu| + Alpo + fbl(u))} . (6.20)
A€l ueWLP(RY) u€WLEPRN) L P
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Since —f(to) < po, it follows from the definition of 5 that for all u € er’g (RN) with

a
[lwl®

T~ <to we have —®1(u) < po. Hence

P
to < inf{”l;| Tu € era”d”(]RN), —®4(u) > po } (6.21)
On the other hand,
. _ . ] [P
inf  supe(u,A) = inf + sup (A(po + @1 (w)))
u€WLP(RN) el u€WLERNY [ P A€l
P
= inf { lu : =0y (u) > po} .
u€WLE(RN) D
Thus inequality (6.21) is equivalent to
to < inf  supp(u, A). (6.22)
ueWLE(RN) el
We consider two cases. First, when 0 < X\ < f)—%, then we have that

P _ — —
inf |:||u|| + )\(p() + (I>1(u))] < (,0(07 )\) = Apo < tg.
uE€WF®RN) [P

Combining this inequality with (6.20) and (6.22) we obtain (6.19).
Now, if ng <X, then from (6.17) and (6.18), it follows that
[[u]l”

inf [
weWLP@RN) [ P

rad

P _
ol + Apo + @1 (uo))

T X(po + q>1<u>>] <

uo|?
Jwol” + 2 (po + ®1(up)) < to.
p Po

It remains to apply again (6.20) and (6.22), which concludes the proof of (6.19).

IN

Due to Theorem 2.30, there exist a non-empty open set A C A and r > 0
with the property that for every A € A there exists ug €]0, A 4 1] such that, for each
u € [0, po] the functional Ef\al‘j = %H “|I? 4+ APy + uPs defined on era’g(RN) has at

1,

least three critical points in W_ 5 (RY) whose || - [|-norms are less than r. Applying

ra

Proposition 6.13, the critical points of Ef\"j‘g are also critical points of £y ,,, thus, radially

weak solutions of problem (Py ). Due to the embedding W?(RN) < L>°(RN), if
T = CooT, then the L°°-norms of these elements are less than 7 which concludes our
proof. O

The second problem studied in this subsection is the following differential

inclusion problem:

(o1) { Dt [uP?u € a(@)OF (u(z), TRV,

u € WHP(RN),
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where 2 < N < p < 400, a € LY RN)NL>®(RY) is radially symmetric, and OF stands
for the generalized gradient of a locally Lipschitz function F' : R — R. By a solution
of (DI) it will be understood an element u € W1?(RY) for which there corresponds
a mapping RY > z — (, with {, € OF(u(x)) for almost every x € RY having
the property that for every v € WLP(RYN), the function x — «a(x)(,v(x) belongs to
LY(RY) and

/ (IVulP~2VuVo + [uP~2uv)de = /
RN R

a(z)Cu(x)de. (6.23)
N
Under suitable oscillatory assumptions on the potential F' at zero or at in-
finity, we show the existence of infinitely many, radially symmetric solutions of (DI).
These results appear in the paper of Kristaly [30].
For l =0 or ! = +o0, set

F
F = timsup 1) (6.24)
o=t 1ol

Problem (DI) will be studied in the following four cases:
e 0 < F; < +o00, whenever [ =0 or [ = 400 and
e [} = +00, whenever [ =0 or [ = +o0.
In the next in this subsection we assume that:
(H) o F:R — R is locally Lipschitz, F/(0) =0, and F(s) > 0, Vs € R;
e a € LY(RY) N L= (RY) is radially symmetric, and a(z) > 0, Vo € RV,
Let F : L(RY) — R be a function defined by

Flu) = /R a()F(u(z))dr.

Since F is continuous and a € L (RY), we easily seen that F is well-defined. More-
over, if we fix a u € L>°(RY) arbitrarily, there exists k,, € L'(RY) such that for every
r € RY and v; € R with |v; — u(x)| < 1, (i € {1,2}) one has

(@) F(v1) — @) F(v2)] < ku(2)]vr — v

Indeed, if we fix some small open intervals I; (j € J), such that F|;; is Lipschitz
function (with Lipschitz constant L; > 0) and [—|jul|z~ — 1,||u|z~ + 1] C Ujes1;,
then we choose k, = amax;cs L;. (Here, without losing the generality, we supposed
that cardJ < +o00.) Thus, we are in the position to apply Theorem 2.7.3 from [10,
p. 80]; namely, F is a locally Lipschitz function on L>(R¥) and for every closed
subspace E of L>(R") we have
O(Flg)(u) C / a(x)0F (u(x))dz, for every u € E, (6.25)
RN
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where F|g stands for the restriction of F to E. The interpretation of (6.25) is as follows
(see also [10]): For every ¢ € O(F|g)(u) there corresponds a mapping RY 3 z +— ¢,
such that ¢, € OF (u(z)) for almost every z € RY having the property that for every
v € E the function = — a(z)(v(x) belongs to L'(RY) and

(¢, v)p = /R (@)oo

Now, let & : WLP(RY) — R be the energy functional associated to our
problem (DI), i.e., for every u € W1P(RY) set

E(u) = }Dnuuzw,p — Flu).

It is clear that &€ is locally Lipschitz on WP(RY) and we have

Proposition 6.16. Any critical point u € WHP(RYN) of € is a solution of (DI).

Proof. Combining 0 € 9€(u) = —Apu + |ulP~?u — O(F|wr.prn))(u) with the inter-

pretation of (6.25), the desired requirement yields, see (6.23). O
Since « is radially symmetric, then £ is O(N)-invariant, i.e. £(gu) = £(u)

for every g € O(N) and u € W?(RY), we are in the position to apply the Principle

of Symmetric Criticality for locally Lipschitz functions, see Remark 3.9. Therefore

we have

Proposition 6.17. Any critical point of £, = €|W_1,5(RN) will be also a critical point

of €.

Remark 6.18. In view of Propositions 6.16 and 6.17, it is enough to find critical

points of &, in order to guarantee solutions for (DI). This fact will be carried out by

means of Theorem 2.31, setting

X = WIPRYN), X :=L®RY), &:=—F, and ¥ := |- |7, (6.26)

rad

where the notation || - ||, stands for the restriction of | - [|y1.» into WLP(RN). A few
assumptions are already verified. Indeed, the embedding X < X is compact (cf.
Theorem 6.12), ® = —F is locally Lipschitz, while ¥ = || - || is of class C! (thus,
locally Lipschitz as well), coercive and weakly sequentially lower semicontinuous (see
[7, Proposition III.5]). Moreover, &, = (I)lwrla'g(RN) + %\I/. According to (6.26), the
function ¢ (defined in (2.57)) becomes

Supj)z<, F(v) = F(u)

p(p) = inf , p>0. 6.27
(v) lullZ<p p— [ull? (627

The investigation of the numbers v and § (defined in (2.58)), as well as the cases (A)
and (B) from Theorem 2.31 constitute the objective of the next.
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Theorem 6.19. (A. Kristély [30]; The case 0 < F; < 400) Let I =0 orl = +o0,
and let 2 < N < p < +oo. Let F: R — R and o : RY — R be two functions which
satisfy the hypotheses (H) and 0 < F; < +oo. Assume that ||o||p=F; > 2Np~! and
there exists a number 3 €2 (pF)) L, ||lal| L such that

2

G NpF = 1) < sup{r : meas(By(0,7) \ o~ (|6, +oo[)) = 0}. (6.28)

Assume further that there are sequences {ax} and {by} in ]0,+oo[ with ar < by,

limg— o0 bk =1, limg— 400 Z—k = +o0o such that
sup{sign(s)¢ : € € OF(s), |s| €]ax, bx[} < 0. (6.29)

Then, problem (DI) possesses a sequence {u,} of solutions which are radially sym-

metric and

il =1

In addition, if F(s) = 0 for every s €] — o0, 0[, then the elements u,, are non-negative.
Proof. Since limy_, o by = 400, instead of the sequence {b;}, we may consider a
non-decreasing subsequence of it, denoted again by {by}. Fix an s € R such that
|s| €]ak, bk]. By using Lebourg’s mean value theorem (see [10, Theorem 2.3.7]), there
exists 6 €]0,1[ and & € IF (0s + (1 — 6)sign(s)ay) such that

F(s) — F(sign(s)ar) = &o(s — sign(s)ax) = sign(s)&p(|s| — ax)
= sign(fs + (1 — 0)sign(s)ax)&o(|s| — ax).
According now to (6.29), we obtain that F'(s) < F(sign(s)ay) for every s € R com-

plying with |s| €]a,b]. In particular, we are led to max|_q, q,) F = maxp_p, j,] F
for every k € N. Therefore, one can fix a p;, € [—ay, ax] such that

F(p,) = max F = max F. (6.30)

[—ak,ak] [—bk,bk]
Moreover, since {b;} is non-decreasing, the sequence {|p,|} can be chosen non-
decreasingly as well. In view of (6.28) we can choose a number p such that

2
(27N pBocFroo — 1)1/7

<p< (6.31)

< sup{r : meas(By(0,7) \ a *(]Bss, +00[)) = 0}.

In particular, one has

a(x) > B, for a.e. z € By(0,u). (6.32)
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For every k € N we define

0. it 2 e RN\ By(0,0):
up(x) =< P, if e By(0,5): (6.33)
ey —|z]), if =€ By(0,p)\ By(0,%).

It is easy to see that uy belongs to W1P(RY) and it is radially symmetric.
Thus, ux € era’g(]RN ). Let pp = (%)p7 where ¢y is the embedding constant of
WEP(RN) s L®(RN).

CLAIM 1. There exists a ko € N such that ||ug||? < pg, for every k > ko.
bk — 400, there exists a ko € N such that

Since limy_, 4 o &

b
i > Coo(pNwn K (p, N, pu))Y/P, for every k > ko, (6.34)

where wy denotes the volume of the N-dimensional unit ball and

K(p, N, ) = = (1 - ;V) +1. (6.35)

'up

Thus, for every k > ko one has

/|Vuk|pdx+/ |ug|Pdx
RN RN

[Jur 17

219 p
< ('Z’f') (volBN(O,u)—volBN(O,%)H—|pk|pvolBN(0,u)
= |pk|pNNWNK(p7 N,p) < ai:u'NwNK(pv N, )

be \p _
< (Coo) _pk?a

which proves Claim 1.
Now, let ¢ from (6.27) and v = liminf,, o ¢(p) defined in (2.58).
CLAM 2. v =0.
By definition, v > 0. Suppose that v > 0. Since limg_. 1 o ‘ﬁp# = +00, there
is a number k; € N such that for every k > k; we have

2
2> S (Fa (el = o) + N on Ko o), (6:36)
k

where [ is an arbitrary fixed number complying with

el NV w
0< [ < min m ,5 . (637)
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Moreover, since [p;,| — 400 as k — 400 (otherwise we would have F, = 0), by the
definition of Fi, see (6.24), there exists a k2 € N such that

F(py)

(P[P
Now, let v € eraﬁ(]RN) arbitrarily fixed with ||[v||? < pg. Due to the continuous

embedding W1P(RY) — L>°(R"), we have ||v||]. < c& pr = b}. Therefore, one has

< Fy +1, forevery k > ko. (6.38)

sup |v(z)| < bg.
z€eRN

In view of (6.30), we obtain

F(v(z)) < [rilai( | F = F(p,), forevery z € RV, (6.39)
—Uk,Vk

Hence, for every k > max{ko, k1, k2}, one has

sup F(v) — Flug)

lvll?<pr

= sup /]RN a(z)F(v(z))dx — / afz)F(ug(x))dx

0|17 <pw RN
< F@ollalls - / o(z) F(ug (x))dz
BN(Owﬂ)
< F@)(llall — Bui™wn)
< (oo + DFe (0l — BooT )
v _
< §(pk—|pk\puNwNK(p7N7u))
2
)

Since |lug||P < pg (cf. Claim 1), and pr, — +00 as k — +oo, we obtain

<7
=2

. . . SUP|yp<p, F (V) — Flug)
7= mialele) s mplele) < o
contradiction. This proves Claim 2.

CLAIM 3. &, is not bounded below on WL (RN).

By (6.31), we find a number €, such that
2N 2\?
0<500<Foo—<<> +1). (6.40)
PBoo K
In particular, for every k € N, sup, > % > Fo — €00. Therefore, we can fix gy
with |pg| > k such that
F(pr)
|PrlP

> Fro — 0. (6.41)
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Now, define wy € ergﬁ(RN) in the same way as uy, see (6.33), replacing g, by px.
We obtain )
Er(wy) = Ellwk\lf — F(w)

< %|ﬁk|pﬂNWNK(p7 N, p) —/B o(z) F(wy(z))d

~(0,%5)

1, _ N
< E|Pk|pﬂNWNK(pa N, p1) = (Foo — €00)|pk|P Boown (5)

=l (KGN (P~ ) < Larn (2)
p QN e P [
Since |pr| — 400 as k — 400, we obtain limy_, o &-(wg) = —oo, which ends the
proof of Claim 3.

The case 0 < F, < +00. It is enough to apply Remark 6.18. Indeed, since
v =0 (cf. Claim 2) and the function &, = _‘7:|era’§(RN) + %H - |I? is not bounded
below (cf. Claim 3), the alternative (Al) from Theorem 2.31, applied to A = %, is
excluded. Thus, there exists a sequence {u,} C era’g (RN) of critical points of &,
with limy, 4 oo ||Jtn|l» = +o0.

Now, let us suppose that F(s) = 0 for every s €] — 00,0[, and let u be a
solution of (DI). Denote S = {z € RY : u(z) < 0}, and assume that S # (). In virtue
of Remark 6.11, the set S is open. Define ug : R — R by ug = min{u,0}. Applying
(6.23) for v := ug € WLP(R™) and taking into account that ¢, € OF (u(x)) = {0} for
every x € S, one has

0= / (IVulP~>VaVus + [uff~2uus)dz = /(|wp T ) de = [l s,
RN S

which contradicts the choice of the set S. This ends the proof in this case.

Remark 6.20. A closer inspection of the proof allows us to replace hypothesis (6.28)
by a weaker, but a more technical condition. More specifically, it is enough to require
that p|laf|L=F; > 1, and instead of (6.28), put

1
s | ~ T opaRe | > (642

where
M = {(0,8) : o €)(pllall=F)" N, 1], B €lpFio™) ™", [l [}
and
Ng, = sup{r : meas(By (0, 7) \ a (B, +o0[)) = 0}.

Now, in the construction of the functions wj, we replace the radius & of the ball by

o, where o is chosen according to (6.42).
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The case 0 < Fy < +00. The proof works similarly as in the case 0 < Fi, <
+o0o and we will show only the differences. The sequence {p;} defined as above,
converges now to 0, while the same holds for {p;}. Instead of Claim 2, we can prove
that 6 = liminf, o+ ¢(p) = 0. Since 0 is the unique global minimum of ¥ = || - ||2, it
would be enough to show that 0 is not a local minimum of &, = 7.7:‘Wr1a,§(RN) + % 112,
in order to exclude alternative (B1) from Theorem 2.31. To this end, we fix p;, with
|pk| < 1 such that

F(pr)
|Pr|P
where g¢ is fixed in a similar manner as in (6.40), replacing (o, Foo by So, Fo,

> Iy — eo,

respectively. If we take wy asin case 0 < Fi, < 400, then it is clear that {wy} strongly
converges now to 0 in WL (RN), while & (wg) < —%|/§k|pr 2/p)" N < 0= E&(0).
Thus, 0 is not a local minimum of &,. So, there exists a sequence {u,} C WL*(RN)
of critical points of &, such that lim,, ;o |Jun|r =0 = infyy1p vy W. This concludes
completely the proof of Theorem 6.19.

In the next result we trait the case when the function F' has oscillation at

infinity. We have the following result.

Theorem 6.21. (A. Kristédly [30]; The case F; = +00) Let I =0 orl = +oo, and let
2<N<p<+oo. Let F: R — R and a : RN — R be two functions which satisfy (H)
and F; = 4o00. Assume that ||a||p=~ > 0, and there exist i > 0 and B €0, |a| L]
such that

meas(By (0, ) \ (], +o0[)) = 0, (6.43)
and there are sequences {ax} and {by} in ]0,+oo[ with a < by, limg_ 100 b =1,

limg— 400 Z—Z = 400 such that

sup{sign(s)¢ : £ € OF(s), |s| €lag, bx[} <0,

and

MaX(—ay,az]

lim sup < (p2 |lell) ™t (6.44)

k—+o00 bi
where ¢ is the embedding constant of W1P(RN) — L>°(RY). Then the conclusions
of Theorem 6.19 hold.

Proof. The case F,, = +00. Due to (6.43),
a(x) > B, for a.e. z € By(0,pu). (6.45)

Let p;, and pi as in the proof of Theorem 6.19, as well as ug, defined this time by
means of > 0 from (6.45).
CLAIM 1’. There ezists a ko € N such that ||ug|? < pg, for every k > kq.
The proof is similarly as in the proof of Theorem 6.19.
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CLam 2. v < 2.
Note that F(p,) = max[_q, q,)F, cf. (6.30). Since [p| < ag, then
limg_ 4 00 %’jl = 0. Combining this fact with (6.44), and choosing ¢ > 0 sufficiently
small, one has
. F(p) + plP e wnp ol K (p, N, )
lim sup >

<((p+e)llalr)™,

where K (p, N, u) is from (6.35). According to the above inequality, there exists k3 € N
such that for every k > k3 we readily have

Fipllellr < (p+e) 'ex?bh —p HpplPuNwn K (p, N, )

1 p+e 1
(pk ! |uk||£><<pk||uk||:z>.

pte pte

IN

Thus, for every k > ks, one has

_ 1
sup  F(v) — F(ug) < F(pp)llellzr < —— (o — [Jugl%).
ol1? < pte

Hence v < p—i_s < ]%, which concludes the proof of Claim 2’.

CLAM 3°. &, is not bounded below on W-E(RN).

rad
Since F,, = 400, for an arbitrarily large number M > 0, we can fix pj with

|px| > k such that

Eoe) o py, (6.46)
[Pk
Define wy € era’g(RN) as in (6.33), putting py, instead of p;,. We obtain
1
Erwr) = Cllwwlly = F(we)
1 -
< SnVonlaPKG N - [ al@F)ds

- 1 1
< Il nwn (pK(p, Nip) = 2NMBOO> :
Since |px| — +o0 as k — 400, and M is large enough we obtain that

lim & (wg) = —o0.
k—+4o00

The proof of Claim 3’ is concluded.

Proof concluded. Since v < % (cf. Claim 2’), we can apply Theorem 2.31 (A)
for A = %. The rest is the same as in Theorem 6.19.

The case Fy = +o0.

We follow the line of F,, = +00. The sequences {px}, {p;} are defined as
above; they converge to 0. Let u > 0 be as in (6.45), replacing S by Bo. Instead of
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Claim 2’, we may prove that § = liminf, o+ o(p) < %. Now, we are in the position to

apply Theorem 2.31 (B) with A = %. Since Fy = 400, for an arbitrarily large number
M > 0, we may choose pj with |gy| < £ such that
F(py
~(pk) oM
|k |P

Define wy, € era’g(RN) by means of pj as above. It is clear that {wy} strongly
converges to 0 in WE(RY) while

- 1 1
&) < i (LK. N0 = M ) < 0= 8,0

Consequently, in spite of the fact that 0 is the unique global minimum of ¥ = || - ||2,
it is not a local minimum of &,; thus, (B1) can be excluded. The rest is the same as
in the proof of Theorem 6.19. This completes the proof of Theorem 6.21.

In the next we give some example. We suppose that 2 < N < p < +o0.

Example 6.22. Let F': R — R be defined by

2N+P+3
F(s) =

|s|P max{0,sinIn(In(|s| + 1) + 1)},

and a : RV — R by
1

Then (DI) has an unbounded sequence of radially symmetric solutions.
Proof. The functions F and « clearly fulfill (H). Moreover, F, = 2" Since

lla]| L = 1, we may fix Soo = 1/4 which verifies (6.28). For every k € N let

k=17 _q

2km
ap =¢€ —1 and b, =€ T

1.

If ar < |s| < by, then (2k — 1)m < In(In(|s| + 1) + 1) < 2k, thus F(s) = 0 for every
s € R complying with aj, < |s| < bg. So, F(s) = {0} for every |s| €]ag, bi[ and (6.29)

is verified. Thus, all the assumptions of Theorem 6.19 are satisfied. g

Example 6.23. Fix 0 € R. Let F: R — R be defined by

F(s) SNPH sP~% max{0,sinlnIn1}, s €]0,e7'[;
S) =
0, 5 ¢]0,e7 Y,
and let a : RN — R be as in (6.47). Then, for every o € [0, min{p — 1,p(1 —e~™)}],

(DI) admits a sequence of non-negative, radially symmetric solutions which strongly
converges to 0 in W1HP(RY).
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Proof. Since 0 < p — 1, (H) is verified. We distinguish two cases: ¢ = 0, and
o €]0,min{p — 1,p(1 —e™™)}].

Case 1. 0 = 0. We have Fj = % If we choose 3y = (1+2%)~2, this clearly
verifies (6.28). For every k € N set

o2k _e(@k—Dm

ap =€~ and by =¢e (6.48)

For every s € [ay, bg], one has (2k — 1)m < InIn £ < 2km; thus F(s) = 0. So, OF(s) =
{0} for every s €]ay, bi[ and (6.29) is verified. Now, we apply Theorem 6.19.

Case 2. o €]0,min{p — 1,p(1 —e~™)}[. We have Fy = +00. In order to verify
(6.43), we fix for instance By = (1 +2V)72 and pu = 2. Take {ax} and {by} in the

same way as in (6.48). The inequality in (6.44) becomes obvious since

maxj_ F 8N+l p—c
fim sup : aIfk7ak] < lim sup i — =
k—+o00 bk D s b
N+1
- 5 lim e[P—e”(p_g)]e(%—mw _o.
p  k—+oo
Therefore, we may apply Theorem 6.21. .

Example 6.24. Let {ax} and {b;} be two sequences such that a; = 1, b; = 2 and
ap = k¥, by, = EF*1 for every k > 2. Define, for every s € R the function

b£+1_b£ :
{ AL ki g € [br, apt1;

ap+1—bg
0, otherwise.

Then the problem

Al € e (@), Fu(@))], @ € RY,
u € WHP(RY),

possesses an unbounded sequence of non-negative, radially symmetric solutions when-

P
ever 0 < o< ¥ (%) (AreaSN-1)~1,

Proof. Let F(s fo t)dt. Since the function f is locally (essentially) bounded, F'
is locally Llpschltz. A more explicit expression of F' is

by —bh

bi - b%l) alliill—bk (S a bk) if s € [bk’ ak+1[;
F(s) = by — b, if s € [ak, by[;
0, otherwise.

An easy calculation shows, as we expect, that OF(s) = [f(s), f(s)] for every s € R.

Taking a(z) = EESFIRaEE (H) is verified, and ||a|[,: = & AreaSYN . Moreover,
F F by — b
F, = limsup (s) > lim (Zk) = lim * -2+ =+400
|s]|—+oc0 |S|p k—+oo ay k—too ay

72



VARIATIONAL-HEMIVARIATIONAL INEQUALITIES ON UNBOUNDED DOMAINS

Choosing ¢t = 1 and (. = /4, (6.43) is verified, while (6.29) becomes trivial. Since
max[_,, o, F = F(ax) = by — b}, relation (6.44) reduces to pcf ||| < 1 which is
fulfilled due to the choice of ¢ and to Remark 6.10. It remains to apply Theorem
6.21. U

6.4. An application to variational-hemivariational inequalities. In this sub-
section we give two applications of the Principle of Symmetric Criticality for
Motreanu-Panagiotopulos functionals. These results appear in the paper of Lisei
and Varga [36].

First we formulate the problem. For this let F : RE x RM x R — R be
a Carathéodory function, which is locally Lipschitz in the second variable (the real
variable) and satisfies the following conditions:
(F1) F(2,0) =0 for all z € RL x RM and there exist ¢; > 0 and 7 €]p, p*[ such that

€] < er(]sP~r 4 |s|"7Y), VE € OF(z,5), (2,5) € RE x RM x R.

We denoted by 0F(z,s) the generalized gradient of F'(z,-) at the point s € R and
p* = % is the critical Sobolev exponent.

Let a : RExRM — R (L > 2) be a nonnegative continuous function satisfying
the following assumptions:

(A1) a(z,y) > ap > 0if |(x,y)| > R for a large R > 0;

(As) a(x,y) — 400, when |y| — +oo uniformly for z € R¥;

(A3) a(x,y) = a(z',y) for all x,z' € RL with |z| = |2/| and all y € RM.
Consider the following subspaces of WP(RL x RM)

E={ueW"RL x RM) : u(z,y) = u(z',y) ¥V z,2’ € RE, |z| = ||, Vy € RM},

E = {uecW"(RE x RM): / a(z)|u(z)Pdz < 0o},

RL+M
E,=ENE={uckE: / a(2)|u(z)Pdz < oo},

endowed with the norm
Jull? = / Vu(z)Pdz + / a(2)u(z)|Pdz
]RL+1W RL+IVI

and the closed convex cone K ={v € E : v >0 a.e. in RE x RM}.
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The aim of this subsection is to study the following eigenvalue problem (P ):
For A > 0 find u € K such that

/ |Vu(2)[P2Vu(z)(Vo(z) — Vu(z))dz + / a(2)uP 1 (2)(v(z) — u(z))dz
RL+M

RL+M

+A FO(z,u(2);v(2) — u(2))dz > 0

RL+M

for all v € K, where F°(z,s;t) is the generalized directional derivative of F(z,-) at
the point s in the direction t.
Let Z) : E —] — 00, +0o0] be defined by

Ty (u) = %Hull” () + (),

where ¥ (u) denotes the indicator function of the closed convex cone K.i.e.

{ 0, ifazek

400, otherwise.

Yrc(u) =
Clearly ¥ is convex and lower-semicontinuous on F.

Now we rewrite problem (Py) by using the duality map. By Theorem 3.5
from [1] it follows that E is a separable, reflexive and uniform convex Banach space.
We denote by E* its dual. Let A : E — E* the duality mapping corresponding to
the weight function ¢ : [0, +oo[— [0, +oo[ defined by ¢(t) = tP~1, where p €]1,+o0].
It is well known that the duality mapping J satisfies the following conditions:

[|Aul|« = @(|u|]) and (Au,u) = ||Au||«||u]| for all u e E.

Moreover, the functional x : E — R defined by x(u) = %Hu”p is convex and Gateaux
differentiable on E, and dy = A. The problem (P)) can be reformulated in the
following way: For A > 0 find u € IKC such that
(Au,v —u) + /\/ FOz,u(2);v(2) — u(z))dz >0
RL+M
for every v € K.

Lemma 6.25. Fiz A > 0 arbitrary. Fvery critical point uw € E of the functional T
is a solution of the problem (Py).

Proof. Since u € E is a critical point of the functional Zy, one has
(Au,v —u) + M=F)°(u;v — u) + i (v) — e (u) >0

for every v € E. From Proposition 4.5 we obtain

(Au,v —u) + )\/ FOz,u(2);u(z) — v(2))dz + ¢xc(v) — txe(u) >0

RL+M
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for every v € E.

Therefore u € K and for every v € K we have

(Au,v —u) + A FO>z,u(2);u(z) —v(2))dz > 0. O

RL+M
Let a : Rl x RM — R (L > 2) be a function, which satisfy the assumptions
(A1), (Az), (A3). We consider the following subspaces of W1P(RE x RM)

E={ueW"RL x RM) : u(z,y) = u(z',y) V z, 2’ € R, |z| = |2/|,Vy € RM},

E={ueWh (R x RM) ., / a(z)|u(z)[Pdz < oo},

RL+M

Ea—FENE={uck: / a(2)[u(z)[Pdz < oo}

endowed with the norm
e = [ vu@pa+ [ a@uer
RL+M RL+M

The next result is proved by de Morais Filho, Souto, Marcos Do [42] and is a very
useful tool in our investigations.

Theorem 6.26. If (A1), (A2) and (As) hold, then the Banach space E, is continu-
ously embedded in LS(RL XRM), if p < s <p*, and compactly embedded if p < s < p*.

We have,
llulls < C(s)|Jul| for each u € E,,

where || - ||s is the norm in L*(R* x R™) and C(s) > 0 is the embedding constant.

Let
Gz{g:E—»E:g(v):vO<OR ?d]RAI ),REO(RL)},

where O(RY) is the set of all rotations on RY and Idga denotes the M x M identity
matrix. The elements of G leave RETM invariant, i.e. g(RFHM) = RIHM for all
g €aq.

The action of G over E is defined by

(gu)(2) =u(g™'2), g€G, ueEE, ae zcRM

As usual we shall write gu in place of 7(g)u.

A function v defined on RETM is said to be G-invariant, if
u(gz) = u(z), V g€G, ae zeRETM,
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Then u € E is G-invariant if and only if u € 3, where
Y:=E,=FnE.

We observe that the norm

ol ={ [, (vur +a<z>u<z>|p>dz};’

is G-invariant.
In order to study our problem we give the assumptions on the nonlinear
function F. We assume that F : R x RM xR — R is a Carathéodory function, which

is locally Lipschitz in the second variable, satisfying condition (F1) and moreover:

— .. max{|{]|: £ € IF(z,5)}
(Fz) iLr% |S|p_1

(F'3)There exists v > p such that

=0 uniformly for every z € RETM,

VF(z,8) + F%(z,5;,—s) <0, ¥(z,5) € REFM x R.
(F'4) There exists r > 0 such that
inf{F(z,8): (z,]s]) € RETM x [r,00)} > 0.

Remark 6.27. a) If I : REFM x R — R satisfies (F1) and (F2), then for every
€ > 0, there exists ¢(g) > 0 such that

i) [£] <els|P~ +c(e)|s|"L, V&€ DF(2,5), (z,8) € REFM x R;

i) |F(z,8)| <els|P +c(e)|s|", ¥ (z,8) € REFM x R.

b) If F : REFM x R — R satisfies (F1), (F3) and (F4), then there exist cz,c3 > 0
and v €]p, p*[ such that
F(z,s) > ca|s]” — cs|s|P.

To study the existence of the solutions of problem (P)), it is sufficient to
prove the existence of critical points of the functional 7 (see Lemma 6.25).

We have the following result, which appear in the paper of Lisei-Varga [36].
Theorem 6.28. (Lisei-Varga [36]) Let F': Rl x RM x R — R be a function, which
satisfies (F1)-(F4) and F(, s) is G-invariant for every s € R. Then for every A > 0
problem (P\) has a nontrivial positive solution.

Before to prove this result we introduce some notations and we prove some
auxiliary results. We have that the cone K is G-invariant, it follows that ¥ is G-
invariant. Taking into account that the action of G is linear and isometric on E, we
deduce that the function x(u) = ]lj||u||p is G-invariant. The function F is also G-
invariant, because F'(-, s) is G-invariant for every s € R. If we apply Theorem 3.8, it

is sufficient to prove that the functional Zy; := Z,| has critical points, which implies
b
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that the functional Ty has critical points, which are solutions for problem (Py). We

introduce the following notations:

s =11l

, Fe=F
x

5 Yy = wic‘z

and the restricted duality map Ay, : ¥ — ¥* with Ay, = A‘E. Therefore we have

1
Is(u) = 5||u||§ — AFz(u) + ¢s(u).
In the next we verify that the conditions of Theorem 3.4 are satisfied by the functional
Is.
Proposition 6.29. If F : Rl x RM x R — R verifies the conditions (F1)-(F3) and
F(-,s),s € R is G- invariant, then Is, satisfies the (PS) condition, for every \ > 0.

Proof. Let A > 0 and ¢ € R be some fixed numbers and let (u,) C ¥ be a sequence
such that

1
Zs(un) = Z;||un||]§ — AFs(un) + s (un) — ¢ (6.49)
and for every v € ¥ we have
(Asttn, v=u)+X [ Oz 10(2); wn(2)=0(2)) dz+bs(0) = (n) > —enllv—tn s,
RL+M
(6.50)

for a sequence (g,,) in [0, +oo[ with &, — 0.
By (6.49) one concludes that (u,) C K NX. Setting v = 2u,, in (6.50), we
obtain
(Astn, un) + A FO(2,un(2); —un(2))dz > —ep|un||s. (6.51)

RL+M

By (6.49) one has for large n € N that

1
c+1> EHuan — A\Fs(un)- (6.52)
We multiply inequality (6.51) with v~ and use Proposition 4.5 to obtain
A A
o funlls o (Astn tn) f/ FO(2, un(2); —un(2))dz. (6.53)
14 14 V JrRL+M
Adding the inequalities (6.52) and (6.53), and using (F3) we get
En 1 1
e+ 1+ Zunlls > (- 7 )l

— Z, Unl 2 lOZ’LL Z); —UnplZ z
AP + Pz —un ()l
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From this, we get that the sequence (u,) C NX is bounded. Because F is reflexive,
it follows that X is reflexive too and there exists an element u € ¥ such that u, — u
weakly. Since K N3 is closed and convex, we get v € K NX. Moreover, from (6.50)
with v = u we obtain
(Astn, u — uy) + A FO2,un(2);un(2) — u(2))dz > —en||un —ulls.  (6.54)
RL+M
From this we get

(Astn, u, —u) < A FO(2, 0 (2); un (2) — w(2))dz + e ||un — ul|s
RL+M

<A max{&n(2)(un(2) —u(2)) : &n(2) € OF (2,un(2))}dz + enlfun — ullx

RL+M
<A / (elun ()P~ + @)l ) fun(2) = u(=)ldz + el — ulls.
RL+M

Hence, by Hélder’s inequality and the fact that the inclusion ¥ «— LP(RLTM) is

continuous (see Theorem 6.26), we obtain
(Astin, un — 1) < AeCP)lJun —ulls|lun|[f ™" +Ac(e)|un =l [Jun][77 +enllun —ulls.

Moreover, the inclusion ¥ «— L"(RE+M) is compact for r €]p, p*[ (see Theorem 6.26),
therefore ||u, — u|l, — 0 as n — +oo. For ¢ — 0" and n — 400 we obtain that
lim sup{Asu,,u, —u) < 0. Finally, since the duality operator Js has the (S4)

n—-+oo
property we obtain u,, — u in I, because I is closed. O

Proposition 6.30. If F : RE x RM x R — R verifies (F1)-(F4) and F(-,s) is
G-invariant for every s € R, then for every A > 0 the following assertions are true:
i) there exist constants ay > 0 and pyx > 0 such that Is(u) > ay for all
[lulls = pa;
ii) there exists ex € KC with ||ex]] > pa and Is(ex) < 0.
Proof. From Remark 6.27 and from the fact that the embedding ¥ — LI{(RE+M) is
continuous for I € [p, p*], it follows that

Fx(u) < eCP(p)lulls; + c(€)CT (1) lulls,

for every u € X. It is suffices to restrict our attention to elements u which belong to
KN X, otherwise Zs(u) will be 400, i.e. i) holds trivially.

Let A > 0 be arbitrary. We choose ¢ €0, %[ and for u € KNX we have

ACP(p)

Is(u) = %IIUII% - AFs(u) = (; - /\ECP(;D)> [lull; = Ae()CT (r)]|ull5-
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We denote by M = %9 — XeCP(p) and N = Ac(e)C"(r) and we consider the function
g: Ry — R given by g(t) = Mt? — Nt". The function g attains its global maximum
1

in the point ) = (%)m If we take py = ¢) and ay €]0, g(¢))[, the condition i)

is fulfilled.
To prove ii) from b) Remark 6.27 we observe that for every u € KN X we
have

1 v

Is(u) < 5”””1’5 + AcsCP (p)[[ulls; — Aca [ul];.
If we fix an element v € (K N X) \ {0} and in place of u we put tv, then we

have
1
Isn(tv) < <p +/\63Cp(p)> [|Jv]|5%tP — Aeal|v][1t"”.

From this we see that if ¢ is large enough, then ||tv||s > px and Zxn(tv) < 0. If we
take e) = tv we obtain the desired results. Il

Proof of Theorem 6.28. Now we prove that the conditions of Theorem 3.4 are satisfied
by the functional Zy,. Because F(z,0) = 0, it follows that

I (0) = /RHM F(z,0)dz = 0.

From Proposition 6.29 we get that Ty, satisfies the (PS) condition. Proposition 6.30
implies that Zy, satisfies the conditions (i) and (ii) from Theorem 3.4, hence the

number
cy = inf sup Is(f(t)),
A Fel ¢efo,1] =(f(1))
where
Iy={feC([0,1],%) : f(0)=0, f(1) =ex },
is a critical value of Tsx; with ¢\ > a. O

In the next we replace (F3) and (F4) with the following two conditions
(F'3) There exist q €]0,p[,v € [p,p*],a € L7 (RETM), 5 e LY(RETM) such that
F(z,5) < af2)]s]" + B(2)
for all s € R and a.e. z € RLHM,
(F'4) There exists ug € K such that / F(z,uo(z))dz > 0.
RL+M

We have the following result.

Theorem 6.31. (Lisei-Varga [36]) Let F : RE x RM x R — R be a function which
satisfies (F1),(F2), (F/?)), (Flél) and F(-,8) is G-invariant for all s € R. Then
there exists an open interval Ag C A such that for each X € Ag problem (Py) has at

least three distinct solutions which are azially symmetric.
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To prove Theorem 6.31 we combine Theorem 3.5 with Theorem 3.8. First we
consider the functional f : E x A —] — 00, 4+00] given by f(u,\) = I1(u) + Ala2(u),

where
*1 p — u) = — Z,ulz z
I1(U) = HUH + ch(u), IQ(U) = F( ) /L+M F( , ( ))d .

As in Lemma 6.25 we have that every critical point of the function f = Iy + Als
is a solution of problem (Py). Using Theorem 3.8 it is sufficient to prove that the
functional fy, = (I 1+ )Jg) ‘2 satisfies conditions from Theorem 3.5, where we choose
hi1,¥1,hy: 32 — R
() = S|l B10) = vs(u), o) = ~Fs@ =~ [ Flu)ds ue s,
p RL+M
and take
I = hy + ¥y, Iy = ho.

First we prove that (aq) holds.
Proposition 6.32. If F : RE x RM xR — R verifies the conditions (F1) and (F2),
then hy is weakly sequentially lower semicontinuous and ho is weakly sequentially
continuous.
Proof. The weakly sequentially lower semicontinuity of h; = %H - 1% is standard
(every convex lower semicontinuous function is sequentially lower semicontinuous, see
e.g. [7]).

In order to prove the weakly sequentially continuity of he we assume that (u,,)
is a sequence in 3 such that u, — u (in ¥). We will prove that Fx(u,) — Fx(u).

By Lebourg’s Mean Value Theorem (see [10]) it follows that there exist 6,, €
[0,1] and v,, € OFs(u + 0, (u, — u)) such that

Fs(un) — Fo(u) = (v, up — u).

We denote wy, = u+60,,(u, —u). Using the definition of F2, Proposition 4.5 it follows
that

Fown) = Folu) < (FP(wniun—0)< [ F(ewn(@im() - u(2)ds
RL+M
- / max{(v(z),un(z)fu(z»:vE@F(z,wn(z))}.
RL+M

Now we use Remark 6.27 to get
Fown) =A@ = [ (lun@l ™ +el@wn () lun(z) - u(a)|de
RL+M
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We use Hélder’s inequality and the fact that the inclusion ¥ — LP(RE+M) is contin-

uous (see Theorem 6.26) to obtain
Fs(un) = Fu(u) < eCp)llun — ulls|walj ™" + c(e)C(r) [un — ullwnll7~. (6.55)
Now we use the same ideas as before for —Fy; and find the existence of 7,, € [0, 1] and
Op, € O(—=Fx)(u + Tn(un, — u)) such that
Fs(u) = Fs(un) = (0n, un —u).

We denote W, = u + 7, (u, — u). Using the definition of —F2, and properties of the
generalized gradient (see [10]), it follows that

Fe(u) — Fe(up) < (=Fs)?(n;un —u) = (Fg)?(ln;u — uy).
Analogously to (6.55) we get
Fe(u) = Fs(un) < eC@)|un = ullslwnllb™ + c(€)C(r) [un — ullr[l@nlls ™. (6.56)
Using (6.55) and (6.56) we have
[Fe(up) = Fe(w)] < eC)llun — ulls(wally™ (6.57)
™) + e(e)C(r) lun — ully (lwalli ™ + a7

The inclusion ¥ < L"(RE+M) is compact for  €]p, p*[ (see Theorem 6.26), then we
get that ||u, — ul|, — 0 as n — 400, while the sequences (w,,) and (@, ) are bounded
in the || - ||, and || - ||, norms. Then in (6.57) we get Fx(u,) — Fx(u). Hence hq is
weakly sequentially continuous. 0
Proof of Theorem 6.31. For this let v € KX N X, from condition (FIS) and from the
fact that the embedding ¥ — L*(RE+M) is continuous and ¢ < p it follows that

falu,N) > %Hqu - )\/RHM a(2)|u(2)|%dz — )\/RHM B(z)dz

1
> ];Ilu\l’é = Mled| g [l lf = Al

1
> 5|IUH§ — Al

7 CU (@ lull = AllBI]1-

v—

Therefore, if ||ul|lz — 400, we have fs(u, A) — +00. Let (u,) C KNX be a
sequence such that

Je(un, A) — ¢ (6.58)

and for every v € ¥ we have
<Azumv*un>+/\/ FO(z,un(2); un(2) —v(2))dz+s (0) =Ps(un) > —en|[v—un|s,
RL+M
(6.59)
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for a sequence (g,,) in [0, +oo[ with €, — 0. From (6.58) follows that the sequence
(up) is bounded in N3 and as in Proposition 6.29 we get that there exists an element
u € K N XY such that u,, — u. Let us define the function

g(t) = sup {fz(u) Ll < t}.

Using ii) from Remark 6.27 and the fact that the inclusion ¥ — LY{(RE+HM) 1 € [p, p*]

is continuous, it follows that
g(t) < eCP(p)t + c(e)CT(r)tr. (6.60)
On the other hand g(¢) > 0 for each ¢ > 0, then from the above relation we get

lim @

=0. 6.61
t—0+ t ( )

By (F/4) it is clear that ug # 0 (since F(0) = 0). Therefore it is possible to choose a

number 7 such that

1 —1
0 < 1 < Fouo) [pnuoné] -

From lim @
t—0+t ¢

such that g(to) < nto. Thus

= 0 it follows the existence of a number ¢, € }O, %Huoﬂg[

glte) < Blluollé]_ F(uo)to.

Let pgp > 0 such that

~1
1
g(to) < po < [p|u0|§] fE(UO)tQ. (662)
Due to the choice of ¢y and (6.62) we have
po < Fx(ug). (6.63)

Define h : A = [0,400[— R by h(X) = ppA. We prove that the function h

satisfies the inequality

sup Suf (fs(w, ) +hA) < dnf sup(f(u, A) + ().

The function

. v B
A3 nf A fulls + Aeo — Fe(w)

1
p
is obviously upper semicontinuous on A.
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From (6.63) it follows that

. . . 1
it () + o] < i [2lluol + Mo ~ Fs(uo))| = —ox. (664

Thus we find an element A € A such that

. . 1w~
igguéggz(fz(uv A) + pod) = . [p||u|2 + A(po — fz(u))] : (6.65)

From g(tg) < po it follows that for all v € ¥ with %||u||p < tg, we have Fx(u) < po.
Hence

1
to < inf {p|u||g s Fu(u) > po}. (6.66)
On the other hand,
. R E T
s ) ) =it 4 sup o — )|

. 1
1nf{p||u|g : Fxu(u) > po }
Thus (6.66) is equivalent with

to < inf A 2. 6.67
o_uégmzigg[fz(w )+ po] (6.67)

There are two distinct cases:
(DHIfo<A< %, we have

N - -
it L}mn; T po - fz(u))} < 15(0,%) = Xpo < o

Combining the above inequality with (6.65) and (6.67) we obtain the inequal-
ity from (az) Theorem 3.5.
(II) If f}% <X, then from py < Fx(ug) and (6.62) it follows

. 1 — 1 _
b [l 4 R0 = Fsw)| < ol + Mo = F(uo)

1 t
< *HUOHQ"‘*O(Po—fZ(Uo)) < to.
p £o

Theorem 3.5 implies that there exists an open interval Ag C A, such that for
each A € Ag, the function fx (-, \) has at least three critical points in XNX. Therefore,
problem (P)) has at least three distinct solutions for every A € Ag. This ends the
proof. O

We conclude this subsection with two examples for which Theorem 6.28 and
6.31 can be applied.
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Example 6.33. Let k € R,k > 1. We define the sequence of real numbers (4,) by
Ap =0, and

1 1 1 1
An:ﬁ+27+37k+'“+ﬁ’ n=>1.

Let 7 > p > 2. We consider the functions f, F' : R — R given respectively by

f(s) =s|s|P72(|s|" P + A,) fors€]—n—1,—n]U[n,n+1[, n €N,

F(u):/f(s)ds forue]—-n—-1,-n]Un,n+1, neN.
0

Clearly F satisfies (F'1), (F'2), (F3) and (F'4), hence owing to Theorem 6.28 problem
(Py) has a nontrivial positive solution.

Example 6.34. Let A: R — R be a continuous, nonnegative, not identically zero,

axially symmetric function with compact support in R”. We consider F : R x RM x
R — R defined by

F((z,y),s) = A(z) min{s",|s|?}  for (z,y) € RE xRM scR,
(L+M)p

where r € }p, W[ is an odd number and ¢ €]0,p[. The function F' satisfies

the assumptions (F1), (F2), (F'3) and (F'4) and F (-, s) is G-invariant for all s € R.

Theorem 6.31 implies that there exists an open interval Ay C A such that for each

A € Ag problem (Py) has at least three distinct solutions which are axially symmetric.
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ON THE REGULARITY OF SOLUTIONS OF A BOUNDARY
VALUE PROBLEM USING DECOMPOSITION AND
LOCALIZATION TECHNIQUES IN A CORNER

HAMID BENSERIDI AND MOURAD DILMI

Abstract. The subject of this work is the study of the singular behaviour
of solutions for the Lamé system with Dirichlet, mixed and Neumann con-
ditions in a bounded domain. A technique of localization of the problem
in a corner is presented. The method is an adaptation of that of Kon-
dratiev [8] extended to the weighted Sobolev spaces. This method have
been considered by many authors.

1. Introduction

Questions of existence and uniqueness have been considered in Grisvard [6]
for the Lamé system in the classical framework of weighted Sobolev spaces with weight
in a polygon. The Sobolev spaces with double weight have been introduced in Dauge
[3] for the Stokes system in a polygon.

In [1], Benseridi and Dilmi have used the complex Fourier transform with
respect to the first variable in an infinite sector for a class of double weighted Sobolev
spaces, to study problems of existence, unicity, regularity, and singularity of solutions
of the Lamé system.

In their paper, Benseridi and Merouani [2], have studied some transmission
problems related to the Lamé system in a polyhedron for a class of double weighted
Sobolev spaces. They have given an explicit description of singularities of the vari-
ational solutions for the homogeneous case, by the same they have shown that the
singular behaviour of the solutions is governed by a sequence of transcendental equa-
tions.

Here, we give an extension for some results previously obtained by the above
mentioned authors. This paper is organized as follows: In section 1 we give some

Received by the editors: 16.02.2009.

2000 Mathematics Subject Classification. 35B40, 35B65, 35C20.

Key words and phrases. Corner, decomposition, eigenvalue, elasticity system, localization, singular
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basic tools and properties related to the weighted Sobolev spaces which will be useful
for the next. Section 2 is concerned with the notations and the formulation of our
problem (P;), while section 3, we study the regularity of the weak solution of the
mixed problem (P;) by using the technique of localization in a corner and this is done
by means of the weighted Sobolev spaces. The solution is expressed as a some of a
regular and a singular part. Finally, we state our main result by giving an explicit
calculus of the singular functions that appear in the singular part of the solutions
of the three problems (Dirichlet, Neumann and mixed). To do this, we compute the

eigenvalues and the corresponding eigenvectors.

2. Overview on the weighted Sobolev spaces

In this section we give some basic tools and properties related to the weighted
Sobolev spaces which will be useful in the next.

In what follows €2 is an infinite plane-sector of an opening w

0

Q={(z,y):x+iy=re?, r>0,0<6<w}

B is the strip defined by: B = Rx]0, w|, 0o, 0o are two reals: 6y < 0.

Definition 2.1. Let Q be an open bounded set of R™ with closure Q, and boundary
. Let pe C*(R™), p>00nQ, p=0 onT and gradiant(p) is nonnull on I". For
a positive integer 1, o and p two real numbers such that p > 1, WLP (Q) is the Banach
space of the distributions u on 0 such that p*DPu € LP(Q), for |B| < 1, equipped
with the norm

||UHW§P(Q) = Z HPQD%HZP(Q)
[8I1<i

Definition 2.2. Let s € N, we define the space V*(B) by

k
2

VE(B)={uc L*(B) / (1+&)2uec L*(R H*(0,w]) ), k=0,...,s}.

V#(B) is a Hilbert space for which the scalar product is given by
(u,v) = kzof S+ &) | Dy~ u| | Dy~ v| dodé.
=0 B

Lemma 2.3. ([5, 8]). Let n1,m2 € R such that, yy < no. If f € L} . (B), then

1)¥n € [m,m],e"'feL?(B), and ||6ntfHL2(B) < A fllze, 3y

mn1.M2

2) VU € }7717772[7 entf € Ll (B)a and ||6T,tfHL1(B) < CHf”L2 ’"2(3) :

n1
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Definition 2.4. We denote by T the partial Fourier transform with respect to the

first variable on B, then

T(f) (‘10’0) = T(entf) (§a9)7 with ¥ :f+i7],

where T (e"'f) denotes the real Fourier transform of e"'f with respect to the first

variable.

Clearly f admits a complex Fourier transform, if and only if, e”?f admits a
real Fourier transform.

For simplicity we write: T (f) (¢,0) = f(gp, 0).
Property 2.5. Let f € Hy . (B), then, for every k,j € N such that k +j < s, we

have

O N D L
T (Sage) = @9 5T (D (0). (= -1,

for every ¢ in C and Imp € [n1, n9].

3. Notations and formulation of the problem

Q) denotes an homogeneous body, elastic and isotrope, occupying a bounded
domain of R? with a polygonal rectilignal boundary I’ = -LGJJFj’ where I'; are open
piecewise lines. {Ji, Jo} is a partition of J, s; will be the ojrigin of T'j11, and s;41 its
extremity according to the usual orientation.

The opening of the angle formed by I'; and I'j; towards the interior of
will be denoted w;, with 0 < w; < 27 for all j € J. ) then defined is consequently
an open bounded domain with Lipschitz boundary. All results on this kind of domain
are valid here.

It is more convenient to work at the origin with polar coordinates. Therefore
by a translation first and then by a rotation, we can bring back s;, I';, I'j11 to O,
0X, O, (w is the angle formed by OX and O, towards the interior of ).

Our interest is to study the properties of regularity for a weak solution of the
following mixed problem (Dirichlet-Neumann)

pAu 4+ (A4 p) V (dive) = f in

u=20 on jeUJ1 Iy (Py)
T7=0 u Iy
o(u).7 on PR

where A and p are the elasticity coefficients with A > 0 and A + p > 0, (u),
(f) designate respectively the displacement vector and the density of external powers.
o denote the stress tensor with o = (oxk), h, k = 1,2. The oy elements are given by
the Hooke’s law
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ohk(u) = 2,u€hk(u) —+ /\div(u)éhk,

where epi(u) = %(akuh + Opuy) the symmetric deformation velocity tensor. 7 is the

normal vector.

Definition 3.1. We denote by V' the closure of the set
{v eC™ (ﬁ)z ,v/r; =0 for every j € Jl} in H' (Q)?.

In order to define a weak solution, we introduce a symmetric bilinear form on V2 by

considering the scalar product of system (Py). More explicitly
A

(u,v) — 1l(u,v) = /ZZUhk u) epg (V) dx.

o h=1k=1

Definition 3.2. The function uw €V is a weak solution for problem (Py) if

2
l(u,v) = /thvhdx, Yv e V.
o h=1

There is no particular problem to apply the variational method for the res-
olution of (P;) because the Korn inequality is still valid in a polygon, moreover it is
known that there exists a unique weak solution u € V if the bilinear form is bounded

in V2 and coercive. These conditions are verified if mes ( UJ I';) > 0. When it is the
NISDAY
Neumann problem (J; = (), we suppose that the necessary condition of existence is

2
verified, the orthogonality of the rigid displacements data, i.e. [ Y fpopdz = 0, for
Qh=1
every v of the form v(z,y) = (a + cy,b — cz), with a, b, ¢ arbitrary reals.

4. Localization of the problem in a corner

The analysis of the existence, the unicity and the regularity for the boundary
value problem (P;) is more developed when the domain {2 is sufficiently smooth. Many
results has been obtained by many authors. The principal regularity is in the interior

of the domain Q and on T'/ éJJ Vj, where Vj is a closed neighbourhood of a vertex s;.
J

(sj), j € J, are called singular points.
In the sequel, we only envisage the singular behaviour of the solution of (P;)

in a neighbourhood of a singular point, then we transpose the results to the weak
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solution; for this aim we consider the function p (r) such that

0 < p(r) <1, p(r)eC>(0,w])
) 1,if 0<r<s
P 0, if r>28

where § is the smallest positive real for which no singular point of I is in the circle
{z : || <3d§}. We denote by K an infinite plane sector.
We set w = pu, the problem (P;) will be

pAw~+ A+ p) v (divw) = Fin K (4.1),

w=0,on ToUT, (4.2),
or (P2)

w=0o0onTy ando (w).7=0, on T, (4.3),

oc(w). =0 on ToUT, (4.4),

where F' is depending on f, p and u.

Since we are interested with the solution in a neighbourhood of the vertex
(p =1), we can suppose for simplicity, that F' is an arbitrary given data (which does
not depend on the solution ). Under this hypothesis, we have F' = pf.

5. The regularity in the weighted Sobolev spaces

This section is concerned with the decomposition of the solution in a reg-
ular part and a singular part. We denote by A(D,) the differential operator for
system (4.1)

o 52 a2
A(D,) = ( A +2w) s +ugs A+ )5 )

2 2
(A + 1) 3255 A +20) 8 + 1
and B(D,) the boundary operator (4.2), (4.3), (4.4).
For (4.4) we have
9 ls] ls] o
B(Dm) _ (2/1, —g )\)7'1 %(;' /J/Tgafy )\7'1? + MTQ% )
Ut g, + AT gz pTigy + (20 + )72y,
Let a(D,) = [A(D,), B(D,)] be the operator defined by
2—m—13 2—-m—3
a(Dy) : Hj 5(K)*> — L3 5(K)? x Hy 5" *(To)® x Hy j" 2 (Tw)?,
where m represents the order of the trace operator, m = 0 for the Dirichlet condition
and m =1 for the Neumann condition.
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By passing to the polar coordinates, and we apply the complex Fourier trans-
form with respect to the first variable, the boundary value problem a (Dx)w = F
will be

a(z, Do) = F,
where
a(z, Dg) = [A(z, Dy), B(z,Dy)] : H?(]0,w])*> — L? (J0,w])* x C? x C?,

with A(z, Dg) = (Anr), i = —1 and

_ 52 _ .2
Ay = —uz2+(A+u)<(;_iz>m$29_22)+
LN d 1 1 d?
(/\+u)(1—zz)51n20d€+(u+()\+u)<2—200329)>daz.
-2\ . . d 1 d
As = A=A+ p) ((2—zz)sm29+(zz—1)cos29d0—le),
2 2 22
Az = —pz +(>\+u)<(2+iz>003202>+

(A +p) (iz — 1) si %j~HA+) L &
w) (1z Sin a0 W 5 2005 a0z

B(z, Dy) is the boundary operator.
For condition (4.2) and 6 = 0, we get

d .
— iz
B(Z’DG): d9 d 3
2v1 21 —v)—
viz ( V)d0
where
L A
S 2(MN+p)

Definition 5.1. The complex number z = zyis called an eigenvalue of a(z, Dy) if

there exists a nontrivial solution €° (z,0) € H2(|0,w[)? for the equation

a(z,Dg)e (2,0) | .=, =0.

€’ (20,0) is called the eigenvector of a(z,Dy) corresponding to zo. The function
el (z0,0) is an associated vector to zo if
.da(z, Dg
—l% o= €° (20,0) + a(z0, Dg)e' (20,60) = 0.

Theorem 5.2. The operator A(D,,) is an isomorphism if and only if a(z, Dy) has no

eigenvalue with imaginary part 3 — 1.
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Theorem 5.3. Let 0y, 0, two reals such that 0y < 0o, . We suppose that the operator
a(z, Dg) has no eigenvalue on the lines R +i(0y — 1), R+ (0o — 1), then for every
F e Lj o (K)? the solution w € Hj o (K)* of problem (Py) is written in the

following form

N I 65,
w(r,0) =3 3N Cowt) (r,0) + V(r,0),
l=10=1k=0

where V € Hgoﬁo (K)2, 21, 22, .., 2n are the eigenvalues of a(z, Dg) such that 6y — 1 <
Imz; <0 —1,
I, = dim (span {€} (z0,0), €3 (20,0),...}),
5 - 1, if an associated vector exists for zjand €° (zo,0),
ot 0, otherwise.

Cyr1 are constants,
k

ﬂ,(:l) (r,0) = rile(log r)*ek=% (2, 0)
s=0
are called singular functions.

Proof. See A. M. Sandig, U. Richter, R. Sandig [10]. O

We consider a weak solution v € V' of problem (P;).

Lemma 5.4. Let f € L7, _ 1, .(Q)?, where ¢ is a small positive real, then
pu € H12+a,1+a(K)2'

Proof. We consider a sequence of domains Qj, h = 1,2, ... where 0, = QN Ry, with

) 5
Rh:{x T §|x§2h}.
For & = 26, we consider the function p(r) such that

plr) € C%(]0,00[),0 <p(r) <1

N 1 if 0<r<3g
p(r) . ~
0 if r>26

we have
%Qh =Ky C K.
The standard theorems of regularity give, for |y| = 2

//|D"’u|2dx <c // |fI? dz + // r uPd| . (5.0)
Qp

Qp_1U QpU Qppa Qp_1U QrU Qpya
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5
Multiplying by (2—h)2(1+5) , we obtain

//r2(1+s) \D7u|2 dz < ¢ // F2(142) \f|2 do +

Qp Qp—1U QpU Qpqa

+// p2(=14e) \u|2 dx)

Qp_1U QpU Qppa

and by summing with respect to h, from 0to oo, the inequality (5.1) becomes

//7“2(1“) |DYu|? dx < ¢ //7’2(1“) \fI? da + //rz(*lﬁ) lu|? da
Ko Ko Ko
Clearly
//TQ(—1+5) |u|2 de — //TQ(—1+6) |pu|2 de.
Ko KO

Now, passing to polar coordinates and using Hardy inequality, we get

/'f s =) /'f Fee

for ¢/ > 1 and hm f(t) = 0. We get for u(r,0) = u(x,y)

/ / “2R2 L Gu? drdf < / / =224 5u)? drdf
w 2 o0

< “\2 2¢e

- /<25) /T 0
0 0

%ﬁﬂ rdrdf < ¢ // % |ul® d

QN supp N

e // r?(|gradiantus |* + |gradiantus|*)dz < c HUHHl(Q)2

QN supp 7
For |y| = 2 we have

ffr2(1+5 IDYpufPde <c Y [[r20+e)
v 1< 2Ko

)| DY pu‘ dx,

therefore, pu € Hy _ 1, (K)?.
We can now give the following theorem.
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Theorem 5.5. ([10]) Let u € V' a weak solution of problem (Py). Let € a real positive
small number such that the operator a(z, Dg) has no eigenvalue with imaginary part
e or (—1). We suppose that pf € L2 (K)*, then

N I 65y

pra(r,0) = p3 32 3. Conti) (r.0) + pV (r,0),

I=16=1k=0
where pV € H?(K)2.

6. Computation of the singular functions

Our goal is to compute the functions ﬂ,(:l) (r,0) for the three problems (Dirich-

let, Neumann, and mixed). To do this, we have to know the eigenvalues z; of a(z, Dy),
the corresponding eigenvectors, and the associated vectors.

6.1. Dirichlet problem.

Lemma 6.1. If z; is an eigenvalue of a(z, Dy), for the angle w, w ¢ {m,27}, we get
I; =1 and

eV(21,0) = C3(2)Y3(21,0) + Ca(2)Ya(2,0),

where

Ya(21,0) — cosh(z;0) 4 cosh(z; + 2i)0
21,0) = Y :
S (1- M)z sinh(z;0) — isinh(z; + 2i)0

1z

Yi(1,6) -1+ (3 4V))z sinh(z0) + isinh(z; + 24)6
z1,0) = :
o - cosh(zle) + cosh(z + 2i)60

C3(z) = — cosh(zw) + cosh(z + 2i)w.

2(3 — 4v)
’iZl

Cu(z) = — (1 -

For w = mor w = 2w we have

)i sinh(zw) + isinh(z; + 2i)w.

z1=—tlor z; = f%, 1=1,2,..

For the two cases I; = 2 and €9(2;,0) = Y3(z,0), €9(21,0) = Yi(z,0) are two eigen-
vectors linearly independent.

Proof. Note that the eigenvectors of a(z,Dg) are the zeros of the transcendental
function D4 (z) defined by

2
Dy (2) = 4sin®w + (W) sinh? (zw).
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The general solution for the equation A(z, Dy)e (z,0) = 0 is given by

_ cosh(z6) isinh(z0)
e(z,0) = Ci(2) ( i sinh(20) ) + C2(2) ( cosh(z0) ) +

Cs(2) cosh(z + 21)0 n
’ —isinh(z 4 21)6 — Mz sinh(z6)
isinh(z + 2i)6
C .
() ( cosh(z + 2i)0 + 2(3 4V) cosh(z0) )
The condition B(z;, Dg)e (z;,0) = 0 for § = 0 shows that Cy(z;) = —C3(z;) and

Co(z) = —Cyu(z)(1+ 2(3 4")) From the condition B(z;, Dg)e(z;,6) =0 for 6 = w, it
comes that M (z,w)C(z ) = 0, where

— cosh(zjw) —(1+ 2= 4”))2 sinh(zw)
M(z,w) = ( _ 2(3—4v) +

=, isinh(zw) - cosh(zlw)

0 icosh(z + 2i)w

B Cs(z1)
C(z) = ( Cal=1) >

The determinant of the matrix M (z;,w) is equal to D1(z;) which is null, we can then
choose C3(z;), Ca(z) such that

( cosh(z; + 2é)w  isinh(z; + 2i)w )

2(3 —4v)
iZg

Ca(z) =—(1- )isinh(zw) + isinh(z; + 2i)w,

C3(7) = — cosh(zw) + cosh(z + 2i)w.
Replacing Cs(z;), C4(2;) by their values in the expression of solution e (z, 8), we obtain
e9(z1,0) = C3(21)Ys(21,0) + Calz1)Ya(21,0).

Now if w = m or w = 2m, the rank of the matrix of the system which results
from the boundary condition B(z;, Dg)e (z;,0) = 0 for § = 0, § = w, is equal to 2,
consequently I; = 2 |, we can choose C3(z;) = 0,Cy(z) =1 or C3(2;) = 1,C4(2) =0,
which proves that €9(z;,0),e3(z;,0) are the linearly independant eigenvectors. O
Remark 6.2. For z = 0 we have Dy (0) = 2 — 2cos 2w — 4 (3 — 4v)> w2, then Dy (0)
is null if and only if w = 0, consequently z = 0 is not an eigenvalue of a(z, Dy).

In the sequel, we are going to study the correlation between the order of mul-
tiplicity of an eigenvalue z; of the operator a(z, Dy) and the existence of an associated
vector. For this, we denote by m(z;) the order of multiplicity of z;.

The two following propositions are similar to [10].
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Proposition 6.3. Denote by m(z;) the order of multiplicity of (z;), then

I
m(z1) = > (01 +1) > 1.
o=1

Proposition 6.4. If m(z;) = 2 and I; = 1, then there exists an associated unique

vector and if w = or w = 2w if there is any associated vector.

Lemma 6.5. Suppose that

tanh(zjw) = wz,

(H) (Si“”)Q = [(3 — 4v) cosh(zw)],

w
sinh(zw) cosh(zw) is nonnull.

Then m(z;) = 2 and moreover the associated vector to the eigenvalue z; is

ded(z,0
e%(zh 6) =1 1dZ ) Z=Zl,

el (21,0) is the eigenvector as defined in Lemma 6.1 by substituting z; by z.
Proof. The hypothesis (H) is verified if and only if

D1(z;) =0 and D(z) =0.
Then m(z;) = 2; which insures the existence of an associated vector.

We know that the associated vectors are the solutions of the equation

_i%’f@) () +az Da)el (1,6) =0 (6.1)
ie., for z = z
—i%e? (,0) + Az, Dy)el (2,60) = 0 (6.2)
and
_iw + B(z,Dg)el (2,0) =0 for 6 =0, 6 = w.

A(z,Dg)ed (2,0) = 0, for all z in a neighbourhood of z;, then
d
— [A(z, Dy)él (z, 0)] =0.

dz
Bue d ded (2,0)  dA(z, Do)
€1 (%, z, g
= [A(z, Do)el (2,0)] = A(z, Dy) ldz + 7 el (2,0). (6.3)
We multiply (6.2) by 4, and then we compare it with (6.3), we find
def(z,0)
6%(2’179) - _Zldiz z:zl'
In a similar way we prove that 8 =0
dB(z,D
—i% + B(21, Dg)e} (21,0) = 0.
zZ=Z]

For 6 = w, we have
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Bz Do)ed(,0) = ( Pt )

then
dB(z, Dg)e! (2, 6) [ Di(=)
dZ z=2z o O ’
On the other hand
dB(z,Dg)el(z,0) dB(z, Dy) 0 del (2, 0)
= 7Y 0) + B(z;, Dg)————
dZ z=2z dZ z:zlel(Zl’ ) + (Zh 6) dZ z=2z]
dB(z,D
= 1 |:—Z(z70) + B(Zl,De)e% (Zl, 9):| =0.
dZ z=z]

The proof is complete. O

The following theorem gives a summary for the results concerning the singular

functions.
Theorem 6.6. The singular functions of the weak solution uw € V of the Dirichlet
problem are given as follows:
(1) If w ¢ {m, 2w }and z is a simple nonnull zero of D1(2), then there exists a unique
singular function

ﬂgl) (r,0) = r#el (2,0).
(2) If w ¢ {m, 27} and z; is a nonnull double zero of Di(z), then there exist two

singular functions

ag)(r,0) = e (2,0),
@) (r,0) = [ el(2,0) + (logr)el (,0)] .
3) Ifw=m, then z; = —il, | =1,2,...
o) (r,0) = e} (z1,6),
Ay (r,0) = r'ed(x,0)
(4) If w = 2m, then z; = —%, 1=1,2,
@ (r,0) = r3ed (2,0),
ﬂgl)(r, 0) = réeg (21,0).

Remark 6.7. Notice that in (1) and (2)
€Y (z1,0) = C3(21)Y3(21,0) + Ca(21)Ya(21,0),
and in (3) and (4)
eV (21,0) = Ys(21,0), €3 (21,0) = Ya(z1,0).
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6.2. The mixed problem. We have previously found the expression for the general
solution of equation A(z, Dy)e (z,0) =
The Dirichlet-Neumann condition B(z, Dg)e (z,0) = 0 for § =0 and § = w

gives a system of Cramer of order 4 with determinant
Dy(z) = —16p |22sin®w 44 (1 — v)* + (3 — 4v) sinh® (2w) |, ¥ 2, 2 # 0.

Therefore the eigenvalues of the operator a(z, Dy) are the zeros of the tran-

scendental equation
22sinw +4(1 — v)* 4 (3 — 4v) sinh? (2w) = 0.

Remark 6.8. If z =0, then the determinant D (0) is given by
D5 (0) = 4(1 — (3 — 40)*) (A + 2p).
In this case there is no eigenvalue.
Lemma 6.9. If z; is a zero of Do (2) then I; =1 and
ef(21,0) = C3(21)Y3(21,0) + Ca(21)Ya (2, 0)

s an eigenvector, where

—ad-y) _ ) cosh(zw) + cosh(z; + 2i)w
zzl
Ya(z,0) = 2(1 2u) ) )

+ 1) isinh(zw) — isinh(z; + 2i)w

72(1 2v) _ 1) isinh(zw) + isinh(z + 2i)w

Y;} 21y 0 = i )
(2,0) 4(;”) ) cosh(zjw) + cosh(z; + 2i)w
4(1
Cs(z) = < ) cosh(zw) + cosh(z; + 2i)w,
Cy(z) = 2(11212”) 1) isinh(z;w) + isinh(z; + 29)w.

Proof. The rank of the matrix of D5 (2) is equal to 3, consequently [;=1. We use the
same idea for the proof as in Lemma 6.1. We consider the general solution e(z;, 6) of
equation A(z;, Dg)e (z;,6) = 0, and we determine the constants C1(z;), Ca(2;), Cs(z1)
and Cy(z;) such that they verify the boundary condition B(z;, Dg)e (z,60) = 0 for
f=0and § =w.

Finally, we obtain the result €9 (z;,6) = Cs(21)Y3(z1,0) + Cya(21)Ya(21,0).

Now we seek for the associated vectors.

Lemma 6.10. Let z; be a zero of Ds (2).
(1) If m (z) = 2, then the associated vectors exist.
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(2) The equalities

(4v — 3) sinh(zw) cosh(zjw) _ siniw7
2w w
4(1 —v)?
(zw) sinh(zw)cosh(zw) = sinh?(zw) + ((3_4:)),
are necessary and sufficient so that m (z) = 2.
(3) The associated vectors are given by
def(z,0)
Ly ) = — 127/
el(Zl’ ) ’ dz z:zl7

where €9(z,0) is the eigenvector defined in the previous lemma by replacing z, by z.
Proof. (1) From proposition (1).

(2) The two equations are verified if and only if Ds (2;) = D4 () = 0.

(3) The proof is similar to that of Lemma 6.5.

The following theorem is similar to Theorem 6.6 for the mixed problem.

Theorem 6.11. The singular functions of the weak solution u € V for the mized
problem have the following forms
(1) If z; is a simple zero of Do (2), then there exists only one singular function

ﬂgll) (r,0) = ri#el (,0) .
(2) If z; is a double zero of Do (2), then there exist two singular functions
11) (r,0) = 7% (2,0),
[(r.6) = 1 [ef(a.0) + (logr)ef (2, 6)]

where €Y (z1,0) is the eigenvector defined in Lemma 6.9 and ei(z,0) is the associated

vector defined in Lemma 6.10.

6.3. Neumann problem. In this case we consider the boundary conditions of Neu-
mann B(z, Dg)e(z,0) = 0. These conditions give a system of four equations with

determinant is

Dy(z) = —32p%2% [—22sinw + sinhZ(zw)}, Yz, z#0.
Therefore the boundary problem have a nontrivial solution, if and only if D3(z) =0,
consequently the eigenvalues of the operator a(z, Dg) are the zeros of D3(z).
Remark 6.12. For z =0, we have D3(0) =0 for all w.

Lemma 6.13. (1) We suppose that z; is a zero of D3(z), z1 ¢ {0,—i}, w & {m, 27},
then I; =1 and

e¥(z1,0) = C3(21)Ya3(21,0) + Ca(2)Yy(21,0)
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s an eigenvector, where

Yl 6) = (%l—’f) - 1) cosh(zw) + cosh(z; + 2i)w
3\<l» (72(1721/)

iz]

+ 1) isinh(zw) — i sinh(z; + 2i)w

izl

(M — 1> isinh(zw) + ¢ sinh(z; + 2i)w
Yi(z,0) = (M 1

T ) cosh(zjw) + cosh(z; + 2i)w
C3(z) = p(z + 20)sinh(zjw) — 2z sinh(z; + 2i)w,
Ca(z)) = iz [cosh(zjw) — cosh(z; + 2)w] .

(2) The number z = (—1) is an eigenvalue of a(z,Dy) for all w € 10,27 and its

. sin 6
6(1)(—2,0) = ( —COSQ > .

(8) If w =7 (resp. w = 2w), then z = —il (resp. z = %”), 1=1,2,..., and I; = 2.
The eigenvectors are

(a) If zp = —i
0(—i,0) = ( sinf ) , €9(—i,0) = Y3 (—i,0).

etgenvector s

—cosf
(b) If z is different from —i
e (21,0) = Yi(21,0) , €5(21,0) = Y3(z,0).
Proof. (1) We consider the general solution e(z, ) for the equation

A(z,Dg)e(z,0) =0,

then using conditions B(z;, Dg)e(z;,0) = 0, for § = 0 and 6 = w, we obtain (1).
(2) It is easy to check that z; = (—i) is a zero of D3(z) for all w € ]0,27].
The boundary conditions B(z;, Dg)e(z;,0) = 0 for § = 0, § = w give the

following system
_4si
sinw 0 Cs _ 0 . (6.4)
0 0 Cy 0

We choose C3 =0,Cy = ﬁ7 we obtain

) sin ¢
A-i.0) = < —cosf >
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(3) When w = 7 or w = 2w, the matrix in (6.4) will be null, we can then choose
C3 =1,C4 =0 or C3 =0,C4 =1 thus (a). The proof of part (b) is similar to the
last part in Lemma 6.1.

The following lemma illustrates the correlation between the order of multi-

plicity of an eigenvalue and the existence of an associated vector.
Lemma 6.14. (1) If z is different from —i, I; = 1 and m(z) = 2, then there exists

an associated vector.
(2) The conditions

tanh(zjw) = tanh(zw),

51112 w

cosh?(zw) = , 2 FE —

are necessary and sufficient to m(z;) = 2, and in this case the associated vectors are
given by
del(z 0)

)
dz z=2z

ei(z,0) =
where €9(z,0) is the eigenvector defined in part (1) of the previous lemma by replacing
21 by z.

To prove this lemma, it suffices to compare with Lemma 6.5 and Lemma 6.10.
To close this section, we give a similar theorem as in 6.11 which corresponds
to the Neumann case.

Theorem 6.15. The singular functions of the weak solution u € V/Im of the Neu-
mann problem are
(1) If w ¢ {m, 27} and z is a simple zero of D3(z), then there exists a unique singular

function
ﬂ((Jll) (r,0) = rizied (,0) .
(2) If w ¢ {m,27} and z is a double zero of Ds(z), then there exist two singular

functions

w0 = e (z,0),
al)(r,0) = 7 [ el(z,0) + (logr)el (21,6)] .

(3) If w =, then z; = —il, | = 1,2,..., and
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Remark 6.16. Note that

o In (1) and (2), €9 (21,0) = C5(21)Y3(21,0) + Cu(21)Ya(21,0).
e In (3) and (4), €} (21,0) = Ya(21,0) , €3 (21,0) = Y3(z,0).
o Im = span {(0, 1), (0, 1), (—x9, =1)}.
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SIMPLE CRITERIA FOR STARLIKENESS OF ORDER g

DENISA FERICEAN

Abstract. In this paper we obtain a new criterion for starlikeness of order
[ for an analytic function f € A,. This criterion involves only the second
derivative of the given function and generalizes a well-known result due to
P. T. Mocanu.

1. Introduction
Let H = H(U) denote the class of functions analytic in the unit disc
U={z€C:|z| < 1}.
For n a positive integer and a € C let
Hla,n]={feH: f(z) =a+az"+..}.
Let A,, denote the class of functions
f(2) =24 ap1 2"+ n>1

that are analytic on the unit disc and let A4; = A.

Let D be a domain in C. A function f : D — C is called univalent on D if
f € H(D) and f is injective on D.

The analytic function f, with f(0) = 0 and f'(O) # 0 is starlike on U (i.e. fis
univalent on U and f(U) is starlike with respect to origin) if and only if %[Z;;S)} >0,
for z € U.

An analytic function f with f(0) = 0 and f/(O) # 0 is starlike of order (3,

B > 0 if and only if E}?{Z;(S)] >0, for z€e U, 3>0.
Let denote S* and S*(f) the subclasses of A consisting of functions f which
are starlike and starlike of order f3.

Let D be a domain in C. A function f : D — is convex on D if f is univalent

on D and f(D) is a convex domain in C.

Received by the editors: 01.07.2009.
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If f and ¢ are analytic functions in U, then we say that f is subordinate to
g, written f < g,or f(z) < g(2), if there is a function w analytic in U with w(0) = 0,
|w(z)| < 1, for all z € U such that f(z) = glw(z)], for z € U. If g is univalent, then
f < g if and only if f(0) = g(0) and f(U) C g(U).

We shall use the following results to prove our main results.
Lemma 1.1. [8] Let h be a starlike function with h(0) = 0. If the function p € Hla,n]

satisfies the differential subordination
2p'(2) < h(z) (1.1)
then

t
Function q is the best (a,n)-dominant of subordination.

Lemma 1.2. [3] Let h be a convex function with h(0) = a and let v € C* with Ry > 0.
If the function p € Hla,n] and

p(z) <q(z) =a+ 711/02 @dt.

p(z) + %prz) < h(z) (1.2)
then
p(z) < q(z) < h(z)
where .
7 21
o) = /0 h(t)E—1dt, (1.3)

Lemma 1.3. [4] Let be a function p € H|a,n].
1. If v e 9,{Q,a} then

U(p(2), 2p'(2), 2p"(2);2) € Q= R p(2) > 0,2 €U
2. If U e 0,{Q,a} then
R U(p(2), 20 (2), 22" (2);2) > 0,2 € U =R p(z) >0,2€U

Lemma 1.4. [7] Let n be a positive integer and

n+2
oy = cn (1.4)
where _
On=2[1+”:21n2—/0 %dt]. (1.5)
If fe A, and
R[2f"(2)] > —an,z €U (1.6)
then f € 5*.
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In this paper we obtain a new criterion for starlikeness of order 3 for an
analytic function f € A,. This criterion involves only the second derivative of the

given function and generalizes a well-known result due to P.T. Mocanu.
2. Main results
Theorem 2.1. Let n be a positive integer, 8 € |0, %] and

(n+2)—(n+4)p8

. .
Q[nTHIHQ— 2 Bin2 — (1 - ) 01 tredt + 1}

O‘n(ﬁ) =

If fe A, and
R[zf (2)] > —an(B),z € UneN
then f € S*(5).

Proof. We will show first that f is univalent on U. From the definition of o, = ,(5)
we have that a,(8) > 0. If @ € [0, ;] the inequality R[zf"(z)] > —«, z € U is
equivalent with the following subordination

20z

2f"(2) < “Txs= h(z).

Since the function f is starlike and f’ € H[1,n] by applying Lemma 1.1 we
obtain that

*h
f//(z) <14+ %/0 %dt =1- 2;0{[0‘9(1 + Z) = q(z)

where the function ¢ is convex.

Due to the fact that the function ¢ is convex and has real coefficients we get

that: )
Rf'(2) >y =7(a) =q(1) = 1_§1n2,zeU. (2.1)
We prove the following inequality:
n
< —. 2.2
=g 22)
We have:
(n+2)—(n+4)8
n o n+2 n+4 1 tl
2219 — ntiging (1 g) [ mdt—i—l}
n+2 _ n _ n
2222 2In2  Ind4’
as desired.
Since o, < 17 then
Rf'(2) > v(a) >0,z € U. (2.3)
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So f is univalent on U.
Next, we prove that f € S*(3). If

then P satisfies the differential subordination
2P'(2) + P(2) = f'(2) < q(2).

From the previous relation, by using Lemma 1.2 for v = 1 we obtain the

exact subordination P(z) < Q(z), where the function @ is convex and is defined by

nzn n2tn

1 # 1 2 Ly
Q(z) = — / Q(t)trldtzl——al/ tn " Yog(1 + t)dt. (2.5)
0 0

Because the function @ is convex, from differential subordination P < @ we
have that

%P(2)>(5:5(a):Q(1)—1——12—/ I—Hdt (2.6)
If we denote by
v
p(z) = 1-3 (2.7)

then
2f'(z) = (1 = B)p(2)f(2) + Bf (2).
By differentiating the previous equality we get that:
2f"(2) + (1= B)f(2) = (1 = B (2) f(2) + (1 = B)p(2) ' (=)

and hence
() + (1= ) () = 2iah)

f(z2)

@ (1-83)zp'(2) + (1 — B)p(2)

The previous equality can also be written as

2f"(2) + (1= B)f'(2) = P(2)[(1 = B)zp'(2) + (1 = B)*p*(2) + B(1 = B)p(2)]  (2.8)

where by P we denoted the function P(z) = 1)

z

Since
B(1 = B)p(2)P(2) = Bf'(2) — B*P(2) (2.9)
the equality (2.8) becomes
2f"(2) + (1= 26)f'(2) = P(2)[(1 = B)zp'(2) + (1 = B)*p*(2) — B°]. (2.10)
110



SIMPLE CRITERIA FOR STARLIKENESS OF ORDER f3

It is obvious that
Rlzf"(2) + (1 =20)f"(2)] = R[f"(2)]+ (1= 28)Rf'(2)
> —a+ (1-20)y(«w). (2.11)
By using the first part of Lemma 1.3 and the inequality (2.11) we will show
that R p(z) >0, z € U.
In order to do that it is sufficient to show that the function
U(r,s,2) = P(2)[(1 — B)s + (1 - B)*r? — #]

is an admissible function.
We have that

R U(5i,0,2) = R{P(2)[(1 - P)o — (1-p)*2 - 3%} =
[(1—B)o — (1 —B)%0% — B*R P(2)

< —a+(1-28)7(2) (2.12)
By using Lemma 1.3 we want to show that ® P(z) > 0,z € U.
Since,
1467
og—ﬁLg—l@aeR. (2.13)

Next, we will verify that 0 < a < a,, R P(2) > 0,z € U. By using the relation
(2.13) we obtain that

(1—p)n
2

(1= B)o— (1= §)°6* - B P(2) < | - (1+62) — (1-B)%52 — 32

(1 *25)” ”(1;5) 524 (1 ﬂ)zéz i 52]

1-—- 1- 1-
R P(z) < _%% P(z) = M[_g}g P(z)] < _M
In order that the relation (2.12) to be satisfied it is sufficient that the following
inequality to be true:

R P(z) = — %P(z)—[

0(a).

05 < —a+ (1- 28)3(a).

If @ < ag then the previous inequality is satisfied.

By using Lemma 1.3 and the relation (2.11) we obtain that  p(z) > 0,z € U.

Hence, applying the analytical characterization for starlike functions of order
0 we proved that f € S*(3).

If we take 8 = 0 in Lemma 2.1 we obtain a well-known result, due to P.T.
Mocanu [7].

Next, for n = 1, we obtain the following particular result.
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Corolarry 2.2, Let 3 € [0,1] and ov(B) := Wm. If f € Ay and
R[2f"(2)] > —a1(B),z € U then f € S*(B).
Proof. We put n = 1 in the previous result and obtain:
§(1) =1-2a[ln2 — fo THdt] =1 —-2a[2In2 - 1]
v(1) =1-2aln2
We have that:

5(1) =1—2a[2In2 — 1]
7(1)=1-2aln2

By using the following equality: —528(1) = —a + (1 — 28)7(1) we obtain

1
—Tﬂ—&—Qa(l—ﬁ)an—a(l—ﬁ):—a+1—2a1n2—2,@+4o¢ﬂ1n2

and hence

a= 350 a=a1(f)

T 24In2-68m2+4 "
where 353 .
= — < .

a1(8) 242 —66In2+ ] ~ 2In2
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THE ORDER OF CONVEXITY OF TWO INTEGRAL OPERATORS

BASEM A. FRASIN AND ABU-SALEEM AHMAD

Abstract. In this paper, we obtain the order of convexity of the integral
n v % ¥

operators [ [] (fZT(t)) i dt and IN (te“”) dt , where f; and f satisfy
i=1

') (%)

m
the condition

—1‘<1—a.

1. Introduction

Let A denote the class of functions of the form :
f2) =2+ anz", (1.1)
n=2

which are analytic in the open unit disk & = {z : |z| < 1}. Further, by S we shall
denote the class of all functions in A which are univalent in ¢ . A function f(z)
belonging to S is said to be starlike of order « if it satisfies
Zf’(Z))
Re ( > o zelU 1.2
e (= ) (12)

for some (0 < o < 1). We denote by §*(«) the subclass of A consisting of functions

which are starlike of order « in U. Also, a function f(z) belonging to S is said to be
convex of order « if it satisfies

zf"(2)
f'(2)

for some a(0 < o < 1). We denote by IC(«) the subclass of A consisting of functions

Re (1 + ) >a  (zel) (1.3)

which are convex of order « in U. A function f € A is said to be in the class R(«)
iff

Re (f'(2)) > «, (z €U). (1.4)
It is well known that K(a) C $*(a) C S.
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Very recently, Frasin and Jahangiri [4] define the family B(u,«), p >0, 0 <

a < 1 so that it consists of functions f € A satisfying the condition

n

f'(2) (ffz)) ~1

The family B(u,«) is a comprehensive class of analytic functions which in-

<l—-a (z€lU). (1.5)

cludes various new classes of analytic univalent functions as well as some very well-
known ones. For example, B(1,«)=8*(«), and B(0,a)=R(«). Another interesting
subclass is the special case B(2,«) = B(«) which has been introduced by Frasin and
Darus [3](see also [1, 2]).

In this paper, we will obtain the order of convexity of the following integral

[(20)" L (R0)* 16)

/(tef(t))wdt (1.7)

0
where the functions f1(t), fa(t), ..., fn(t) and f(t) are in B(u, o).
In order to prove our main results, we recall the following lemma:

operators:

and

Lemma 1.1. (Schwarz Lemma). Let the analytic function f(z) be reqular in the unit
disc U, with f(0) =0. If |f(2)| <1, for all z €U, then

[f(2)] < 7|, forallzel

and equality holds only if f(z) = ez, where |e| = 1.

2. Main results

) € A be in the class B(u,a), p > 1, 0 < a < 1 for all
<M (M >1;z€U) then the integral operator

Jae)’s

172% 2—a) MPt 1) (2.2)

Theorem 2.1. Let f;(z
i=1,2,-- ,n If|fi(2)]

is in KC(9), where

and 3 (2 - ) MP +1) <1, §; € C— {0} for alli=1,2,+ ,n.

i=1
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Proof. Define the function F(z) by

for fi(z) € B(u, «). Since

F(z) = _ (f()) &
o T2 <Zf{(z) ~ 1) . (2.3)
I R

zF"(z)
F(2)

Z \514 < fi(2) (sz))u (fiiz)>ﬂ—l

Since | fi(2)] < M (z € U), applying the Schwarz lemma, we have

+ 1) . (2.4)

(z e l).

Therefore, from (2.4), we obtain

LS (i) e e

"1
S;Wz‘(

From (2.5) and (1.5), we see that

Tl < Bm((ro () -1+
7o | = 2 [ Rm) )M
< > Iﬂl-l ((2—a)M* ! +1)
i=1 """
= 1-4.
This completes the proof. Il

Corollary 2.2. Let fi(z) € A be in the class B(p,a), p > 1, 0 < a < 1
for all i = 1,2, ~,n. Iffiz)] < M (M > 1;z € U) then the integral

operator f H (fl(t ) "dt is convex function in U, where
0 =1

Zlﬁlil =1/(2-a)M* ' +1), BeC-—{0}
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foralli=1,2,---,n

Letting ;x = 1 in Theorem 2.1, we have
Corollary 2.3. Let fi(z) € A be in the class S*(a)), 0 < a < 1 for alli=1,2,---,n
If |fi(2)] < M (M > 1; z € U) then the integral opemtorfo [l (f’( )> dt € K(9),

where
1
§=1-Y —(3B-a (2.6)
= 15l
wher@Z|5|( a)<1,B,€C—{0} foralli=1,2,---,n

Letting n = 1 and o = 6 = 0 in Corollary 2.3, we have
Corollary 2.4. Let f(z) € A be starlike function inU. If |f(z)| <M (M >1;z¢€

1
U) then the integral opemtorfoz (@) * dt is conver in U where |8l =3, g eC.

Theorem 2.5. Let f € A be in the class B(p,a), p >0, 0 < a < 1. If |f(2)] <
M (M >1; z €U) then the integral operator

Gz) = [ (5 at (2.7)
[
is in K(9), where
§=1=P(2-a)M"+1) (2.8)

and "'}/| < m, v E C.
Proof. Let f € A be in the class B(u,«), p >0, 0 < o < 1. It follows from (2.7)

h
that a(2) . /
e = (3+79)
and hence
T2 = Rl o)
o (2N (F@Y
< (1+ e (75) | 1(22) ‘|z|>. (29)
Applying the Schwarz lemma once again, we have
‘fiz) <M (z€lU).
Therefore, from (2.9), we obtain
2G| |<1+ £(2) <z>“ M“) (zel) (2.10)
@@ =" i) | |
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From (2.5) and (2.10), we see that
2G"(2)

G| < Pl@-aur

1-46.

O
Letting 4 = 0, in Theorem 2.5, we have

Corollary 2.6. Let f € A be in the class R(a), 0 < « < 1. Then the integral
operator [ (te’®)" dt € K(6), where

d=1—|v|3—«) (2.11)

and |y| < 32—, v € C.
Letting ;= 1, in Theorem 2.5, we have
Corollary 2.7. Let f € A be in the class S*(a), 0 < a < 1. If |f(z)| < M (M >
1; z € U) then the integral opemtorfz (tef(t))y dt € K(0), where
0

§=1-|7((2—a)M+1) (2.12)

and "}/| < m, vy e C.
Letting a = 6 = 0 in Corollary2.7, we have
Corollary 2.8. Let f(z) € A be starlike function inU. If |f(z)]| < M (M >1; z € U)

v e C.

z
then the integral operator [ (tef(t))7 dt is convex in U where |y| = ﬁ,
0

References

[1] B. A. Frasin, A note on certain analytic and univalent functions, Southeast Asian J.
Math., 28(2004), 829-836.

[2] B. A. Frasin, Some properties of certain analytic and univalent functions, Tamsui Oxford
J. Math. Sci., 23(1)(2007), 67-77.

[3] B. A. Frasin, M. Darus, On certain analytic univalent functions, Internat. J. Math. and
Math. Sci., 25(5)(2001), 305-310.

[4] B. A. Frasin, J. Jahangiri, A new and comprehensive class of analytic functions, Anal.
Univ. Ordea Fasc. Math., X'V(2008), 59-62.

DEPARTMENT OF MATHEMATICS, AL AL-BAYT UNIVERSITY
P. O. Box 130095 MAFRAQ, JORDAN
E-mail address: bafrasin@yahoo.com

DEPARTMENT OF MATHEMATICS, AL AL-BAYT UNIVERSITY
P. O. Box 130095 MAFRAQ, JORDAN
E-mail address: abusaleem2@yahoo.com

117



STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume LV, Number 2, June 2010

AN INVERSION OF ONE CLASS OF INTEGRAL OPERATOR
BY L. A. SAKHNOVICH’S OPERATOR IDENTITY METHOD

RAED HATAMLEH, AHMAD QAZZA, AND MOHAMMAD AL-HAWARI

Abstract. An inversion problem of integral operator in the form

under the condition that the kernel S(z,t) satisfies the equation
(82 + 07)S(x,1) = 0
is investigated. It was proved that the operator ApS — SAg is finite if

Aog = J?, where Jf = z/ f(t)dt. Presentation for the inverse operator
0

T = S~ is obtained and it’s structure is studied.

1. Introduction

An inversion of some classes of the integral operators S is based on use of
operator identities in the form AgS—SA{ or S—TpST;; . The main idea of the operator
identity method lies in the fact, that, if the operator B = A¢S—SA{ is a projector on a
finite-dimensional subspace, then the inversion of the integral operator reduced to the
inversion on a finite number of specific functions, the number of function is equal to
the dimension of the finite-dimensional subspace, mentioned above. Thus, in general
case the inversion of the integral operator is reduced to the selection of the operator Ay
and is determined by the finite number of partial solutions of corresponding integral
equation.

The concept, first, was realized by V. A. Ambartzumyan. However, as the
operator Ay, for the integral equation with kernel, depending on the difference, he
used the operator of differentiation that leads to some difficulties in verification of

Received by the editors: 07.01.2009.
2000 Mathematics Subject Classification. 47G10.
Key words and phrases. Linear bounded operator, operator identity, inverse operator, operator

representation.

119



RAED HATAMLEH, AHMAD QAZZA, AND MOHAMMAD AL-HAWARI

the operator identity method. For the kernel, depending on the difference, L. A.
Sakhnovich [3] proposed to use

Ao :z'/f(t)dt,
0

the integral operator acting in L?[0,w] space.
The significant point here is the fact that the integral equation kernel, depending on
the difference, satisfies the equation

0 7]
%S(Z‘)t) - —&S(l‘,t),

that allows to use the operator identity method effectively and to find the structure
of the inverse integral operator.
Later Sakhnovich’s idea was generalized in different directions [4]-]2].

The problem, concerning the inversion of the integral operator in the form

w

d3
51 =45 [ Stesw
0
is investigated in this article under the condition that the kernel S(z,t) satisfies the
equation
ok ok

It was proved that if the operator Ag is in the form

x

Aof = ijijf(t)dtdzdy f%’/(a:ft)Qf(t)dt,
0 0 O

0
then the operator
ApS — SAG,
is finite-dimensional.

The representation of the inverse operator is obtained and it is structure is
investigated.

2. The operator identity

The general idea of this method can be summarized as follows. Consider an
operator kernel S such that, S(z,t) € L?([0,w] x [0,w]) and satisfying the equation
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(D, + Dy)S(x,t) = 0, where D, is differential or integro-differential operator. Then,

if

Sf = Dw/S(a:,t)f(t)dt

and the corresponding form of the operator A is chosen (often the operator D! may

be used as operator A) so that ApS — SAy is finite-dimensional. Then the evaluation

of the inverse operator S~! is reduced to the inversion of the operator S on the finite

numbers of functions.
Currently, we suppose that,

and that

is absolutely continuous on the segment [0, w] .

Let
Jf=1i | f(t)dt
/

Jf = —Z/f JAf = j(t—x) f(t) dt,

JVf = /x—t dt, J3f——i/(a:—t)2 f(t) dt, and

0

then

= %‘/<x—t>2 £(t) de.

x

Lemma 2.1. (On representation of a linear bounded operator in L?2[0,

bounded operator S € [L?[0,w] x L2[0,w]] is representable in the form

-
Sf= %/S(m,t)f(t)dt
0

where S(x,t) € L?[0,w] at any fived x.

w] ) Any
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Proof. Consider the function
@t when t < zx
L=1 2 =
0, when t > .

Then for the scalar product we have

T

($1.6) = [0 = (1,50,
0
Let us denote S(x,t) by S*/, at any fixed x.
Then

(f. S*C,) /Sxt

On the other hand, denoting g(x) by Sf, we get

T

(Sflz) =(9,0z) = %/(x —t)%g(t)dt.

0

%/(Jﬁ—t t)dt = /Sxt

And differentiating by x three times we get the representation

So that,

3
ﬂ@Zszgg/E@Jme. 0
0

Let Df = %f(x), Ao f = J3f. Consider the operator

mﬁ/Sxt (2.1)

Then the next theorem holds.
Theorem 2.2. For a bounded operator of the form (2.1) with the kernel S(z,t),

satisfying the equation
(D3 + D7) S(x,t) =0, (2:2)
there holds an equality (operator identity)

(A0S — SAZ) f /f 2 N gM%w+Mwm
fﬁW%@AkN()—AﬂzDﬁ, (2.3)
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where,

N =5(0,1),
(z,0), N'(t)=S,(0,1),
M/(z) = ¢ (2,0), N"(t) = 5/(0,t).

Proof. Integrating by parts and using the equation for the kernel we obtain

.x t
ApSf = z/(zt— )dt3/5ty y)dydt
0

w

= i/f(t) (J;SQI(O,t) +x50.(0,t) + S(0,t) — S(a:,t)) dt.

0

Similarly,

w w

43 2 2
SAsf = l@/ /<y2+t2—ty> fy)dy | S(x,t)dt

_ /f ( S (2, 0) + tSl(x, 0) — S(x,t)) dt.

And subtracting the equalities obtained above and using (2.3) we get the
assertion of the Theorem 2.2. O
From the above Theorem it follows that the operator AgS—SAf maps L?[0,w]

onto six-dimensional space, stretched on the functions

2
L, o M(@), M (2), M"(2).

Really,
(as—sapf = i (fﬁ)% (75) 37+ (157
)+ (L N) 1= (£,1) M(x)}.

Corollary 2.3. If there exists a bounded operator T, which is the inverse to the

operator S, then the following equality holds

w

[}

(TAg— A3T) f =i
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where,
2

S*My(t) = N7(z), SNi(t) =%
S, SNy(t) = M" ()

S*Ms(t) = N'(z),  SNs(t) ==
S*My(t) = —z,  SNi(t) = M'(z)

S*Ms(t) = N(z),  SNs(t)=1
S*Mg(t) = —1,  SNg(t) = M(x).

Proof.
(TAg — AiT) f =T (AgS — SAY) TS

w

T / T[N ) - %M”(w) T+ aN'(t) — M (x) + N(t) — M(x)|di
0

2

2
:z'T{ (Tf,W)%—(Tf,

SIM 4 (Tf, N — (T, )M (2)

+(Tf,N) = (Tf,1)M(2) |

.732

2
- iT{ (£.TN") 5~ (. T*%)M”(m) 4 (f, TNz

—(f, T )M (@) + (f, T°N) = (£, T )M (x)}

w

2 T2
— T / £(t) [TW% - T*%M”(m) +T*N'z — T*z M’ (z)

0

+T*N — T*1M (z) |dt

[ i 2 —
—i / £(0) [T?T*N” — TM" (@) T* % + T2l N

0

—TM'(2)T"z + TIT*N — TM(x)ﬁ} dt

w

6
:i/f(t)ZMi(t) Ni(t) dt. O
0 =1
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3. Representation for the inverse operator

Let Ni(z), My (z) (k =1,6) be functions in L?[0,w].
Let us introduce the function

Il
o
I M@
[
=
—
[O%)
J—
N~—

then

w

af = [ 1. vy
0
Theorem 3.1. If a bounded operator T, acting in L?[0,w], satisfies the operator
equation T Ay — AT =iQ), then

de/f @éxt)d (3.2)

holds, where g—;@(:c,t) is the solution of the equation

O3F(x,t) B O¥F(x,t)  0%(x,t)
oz o ot30x3

Proof. The operator T' may be represented in the form

dx3/f

The operator equation T'Ay — A§T = i() means, that

W ow w w

////f “deZdydtH////f F(x, t)dtdsdzdy

i / F(t)q(a, Bt
0

Consequently,

O3F (x,t) B OPF(z,t)  0%(x,t)
3 o ot30x3

Then the solution is
3

Fa,t) = H(t,w,q(x, 1) = 55

O(z,t). O
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4. Relation between Ni(z) and My(x)

Let us define the involution operator U f by

Uf = flw—u).
Lemma 4.1. USU = S*.
Proof. Let
g(z) € C*(0w),
9(0) = g(w)=0,
J0) = gw) =0,
g'0) = g¢"w)=0,
since

126

=//f )S;(t,y)dyg” (t)dt =

() St (t, y)d

(y)Sti(t,y)dy

/
o

w

70 =", /ﬂmxww@:v

0
70 =U, /f@%@m@:w
0

00 ) = U, /f@ﬁ@yﬂsz

[ [ o
—!ﬂw/swwwwmm%

0

70 =U, /ﬂm%ww@:w

7//f (y) Sy (t,y)dyg' (t)dt = 0.
0 0

‘/t/

=V



AN INVERSION OF ONE CLASS OF INTEGRAL OPERATOR

it follows that

S*g = —/S(t,x)g'"(t)dt: [
0

Spt,x)=U, 4@t)=V

—_ S t, "(£)dt = —_
/ it(t 2)g'(1) [s;;ss(t,x):w’, 9 =V
0

w w

- 3
= [SEE g0 =~ [ g5t

0 0

Then it is easy to see, that

w

3
USUg = —% / oS a)dt. 0
0

In what follows, for simplicity, we restrict our study to those solution of
equation for the kernel S(z,t) which depends only on the difference = — ¢t. More
general case, require cumbersome computations while the reasoning is the same as for

the case when the kernel depends only on the difference.

Theorem 4.2. Suppose that there exists such N; (i = 1,6) from L*[0,w] such that

2

SNi(t) =%,
SNo(t) = M" (),
SNs3(t) ==z,
SNy(t) = M'(x),
SNs(t) =1,
SNe(t) = M(z),
holds, then
S*My(t) = N"(t),
S M(t) =-%,
S*Ms(t) = N'(t),
S*My(t) —x,
S*Ms(t) = N(z),
S*Mg(t) = -1,
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are valid, where
M(z) = S5(x), N(t)  =S(-1),
M'(z) = 5i(z),  N'(t) =S.(-1),
M"(z) =5Sh(x),  N'(t) =S5 (=),

and
Mi(z) = Na(w-—z)-1,
Msy(z) = Ni(w—2)+wN3(w—12)+ ;Ng(w—x),
Ms(z) = wNa(w —x)+N4( —z) 4z,
My(z) = wN5(w—x) — N3(w — z),
Ms(z) = No(w—2) — @52 1 (22 4 0)(wNy(w — 2) + Na(w — 2) + ),
Mg(z) = —Ns(w — ).

Proof. By direct integration by parts we verify, that

S1 = de/S (z —t)dt = —wSi(z — w) + Sz — w) — Si(x)

= —wUN"(z) —UN'(x) — M'(z).

Similarly,
t2 d® [t t2
55 = o3 / §S(x —t)dt = —/ — Sy (xz —t)dt
0 0
w2
= —7UN”(J?) —wUN'(z) —UN(x) + M(z).
That is
S1 = SN,—UN"(z),
St = —SNy—wUN"(z)— UN'(),
t2 w? —
§ = - (2 + w) UN'(z) — UN(z) + SNe.
Consequently,
UN"(z) = S[N,—1],
"
UN'(z) = —S[t+Ny-w (UN(x)) = Slw—wNy — Ny — 1],

UN@) = S[Ng— g] - (“;2 +w> (vF@)

2 w?
R TR
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AN INVERSION OF ONE CLASS OF INTEGRAL OPERATOR

My(z) =DNp(w—z)—1,
Mi(z) =U][Na(z)—-1],
US*M;, =US*U[Ny—1],
US*M; =S[N,—1],
US*M, =UN"(z),

S*M; = N"(z).

Msy(z) = [Nl(w—a:)—|—wN3(w—x)—|—“’;N5(w—a:)}
My(z) =U [Nl (z) + wiNs(z) + w;NE;(x)}

US"My =US™U [Ny +wNs+ 4 Ns |

US My, =8 LNl + wNs + % Ns]

2

US*MQ _ -z +22xw—w

US My =—Ltes2)’

S My =%
Ms(x) =wNa(w—12)+ Ny(w—2)+x
Mz(z) =Ulw—wNsy(x)— Ny(z) — x]

US*Ms =US*UJw—wNy — Ny — 1]
US*Mg :S[w—ng —N4—t}
US*Ms =UN'(z)

S*Ml ZN/(JJ)

My(x) =wNs(w—2)— N3(w—1x)
My(z)  =U[wNs(z) — N3(z)]
US*My; =US*U[wNs — N3]
US*My; = S[wN5— Nj)

US*My =w-—=x

S*M4 =x.
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5)
Ms () :Nﬁ(w,t)—%—i— (“’72 +w) (ng(w—x)+N4(w—x)+ac)
Ms(z) =U [N6(x) —2 (% +w> (w—wNy — Ny — t)]
US*Ms =US*U {Nﬁ*%* %2+w> (W7WN27N4*?5):|
US'M; =S [No— 5 = (% +w) (w—wNa = Ny — 1)
US*Ms =UN(z)
6)
Mg(z) = —Ns(w—1x)
Mg(z) = —-UNs(z)
US*Mg = —-US*UN5
US*Mg = —SNs
S* M =-1

If the operator S is invertible then from formula (3.1) it follows that

6
Qz,t) = ZmNi(f)
= [Na(w—1t) =1 Ny(z) + [N1(w — t) + wN3(w — ¥)
—I—%Ng(w — )] Na(z) + [wN2(w — t) + Ny(w — t) + t] N3(z)

(w—1)?

+ [wNs(w — 1) = N3(w — )] Na(z) + [No(w — t) — 5

+ (u; + w) (WN2(w —t) + Ny(w — t) + )| N5 ()
— [N5(w — )] No().

Using Q(x,t) one may construct the operator T.

Thus to construct operator T' = S~! it is sufficiently to know it’s action upon

2

T
1axa7a
2

Thus, a method, proposed by L. A. Sakhnovich, and it’s generalizations are

M(z), M'(x), M" (z).

analogs of construction of the general solution for the linear differential equation by it’s
particular solutions.However, in the theory of differential equations there exist general
methods for solutions representation by partial solutions for any linear differential
equation with variable coefficients of any finite order, while it was not possible to

extend Sakhnovich’s method for linear integral equations with any arbitrary kernel,
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i.e, it was not possible to prove that the operator AyS — SA{ is finite dimensional,
where Sf = DI/S(x,t)f(t)dt, and Ag = (D,)”", such that f(z) € L2[0,w], D, is
0

a linear integro-differential operator, and the kernel S(z,t) satisfies the equation
(D + Dy) S(z,t) = 0.

As it is obvious from the results obtained, Sakhnovich’s method can be ex-

tended to include a case where D, is a general linear differential operator of the order

3 dk
Dw = ;akﬂ.

Sakhnovich’s method may be also applied when D, =

3 as in the form

4
dxt "
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THE RATE OF APPROXIMATION OF FUNCTIONS
IN AN INFINITE INTERVAL BY POSITIVE LINEAR OPERATORS

ADRIAN HOLHOS

Abstract. We obtain an estimation, in the uniform norm, of the rate of
the approximation by positive linear operators of functions defined on the
positive half line that have a finite limit at the infinity.

1. Introduction

Let us denote by C*[0,00), the Banach space of all real-valued continuous
functions on [0, c0) with the property that lim, . f(z) exists and is finite, endowed

with the uniform norm. In [2], it is proved the following theorem:

Theorem 1.1. If the sequence A,, : C*[0,00) — C*[0,00) of positive linear operators

satisfies the conditions

lim A,(e ™, z)=e % k=0,1,2,

n—oo
uniformly in [0,00), then

lim A, f(x) = f(2),
uniformly in [0,00), for every f € C*[0,00).

In [1], it is proved the above theorem in a more general setting. In the same
book, the authors give the results for the particular operators of Szasz-Mirakjan, of
Baskakov and of Bernstein-Chlodovsky.

In the following, we obtain an estimation of the rate of convergence of op-
erators satisfying the conditions from the above theorem, first, in the general form
and then, for the particular cases presented above. For this estimation, we use the
following modulus of continuity:

w*(f,6) = sup  [f(z)— f(t)],

x,t>0
e —et|<6

Received by the editors: 11.05.2009.
2000 Mathematics Subject Classification. 41A36, 41A25.
Key words and phrases. Positive linear operators, rate of approximation, modulus of continuity.
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defined for every § > 0 and every function f € C*[0,00). This modulus can be

expressed in terms of the usual modulus of continuity, by the relation:

w(f,9) = w(f*,9),

where f* is the continuous function defined on [0, 1] by

« v _ ) f(=Inz), z € (0,1]
) = { lim¢ o f(t), z=0.

Remark 1.2. Because [e”! — e 7| < [t — x|, for every ¢,z > 0, we have for § > 0
w(f,6) <w*(f,9),
and because |e™t — e | = et — 2| > e M|t — x|, for every t,x € [0, M], we have

W (f.0) Sw(f,eMd) < (1 +eM) - w(f,d).

2. Main result

Theorem 2.1. If A,, : C*[0,00) — C*[0,00) is a sequence of positive linear operators
with

[Anl —1f| = an,
[An(e™ ) el = bn,
HAn(eimaI) - 672IHOO = Cpn,

where an, by, and ¢, tend to zero as n goes to the infinity, then

HAnf_f”oo S ||f|‘ooan+(2+an)w>k (f7 \/an+2bn+cn)7

for every function f € C*[0,00).
Proof. Using the property of the usual modulus of continuity

(u—wv

Pl - o) < (14 8570 ) wira),

for the function F' = f* and for u = ¢~* and v = ¢~ and using the relation f*(e~*) =
f(t), we obtain
e—t —e % 2 .
10 -1 < (1+ S50 w6

Because

An((e™? 767‘%’)2, x) = [An(efzt, x) 767230] —2e *[An (et x)—e ] 42 [A,(1,z)—1]
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we obtain

Au((e™ = )2, 2)

A0 = fla) < () + 2UEZEI) )

an + 2b, + ¢, .

Choosing § = Va,, + 2b,, + ¢, and using the inequality
[Anf(z) = f(@)] < [f(2)] - [An (L, 2) = 1]+ An([f(t) = f(2)],2),

we obtain, in the uniform norm, the estimation stated in the theorem. O

Remark 2.2. Because all positive linear operators L can be modified to preserve

constant functions, Lf = ﬁL f, we can take a,, = 0 in the theorem above and obtain:

NARf = flloo < 2w (f,V/2by + cn).

Remark 2.3. If we restrict ourselves on a compact interval [0, M] and if we use the
Remark 1.2, we obtain an estimation using the usual modulus of continuity:

Hmj—mmgcw(ﬁd%wmg.

We have used the Korovkin subset { l,e %, e 2@ } for C*[0, 00), but as sug-
gested in the article [3], we can use any other Korovkin subset for this space, such as
for example { 1, ﬁ, ﬁ } In this case we can introduce

WH(f,8) = sup  [f(z) = f(D)],

z,t>0
| — e | <9
defined for every § > 0 and every function f € C*[0,00). This modulus can be
expressed in terms of the usual modulus of continuity, by the relation:

w*(£,0) = w(f*,0),
where f# is the continuous function defined on [0, 1] by
@ 0.1
o= {1 (=), zel)
lim; o f(t), z=1.

T

¢
Because of Tt — T

< |z — t|, where z,t > 0, we have

w(f,0) <w(f,4),

T %H‘ > %, for z,t € [0, M], we obtain

and because

W (£,0) Sw(f,(1+M)%0) < (1+M)* - w(f,9),
where M > 0, is an integer. We have the following
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Theorem 2.4. If A, : C[0,00) — C0,00) is a sequence of positive linear operators

which preserves linear functions and

|A, (82, 2) — 22|
sSup ———————— = d,
oo (1Lfa)? "

18 a sequence which tends to zero as n goes to the infinity, then

A4S = flloe <2+ (f.V/dn)

for every function f € C*[0,00).
Proof. Using the property of the usual modulus of continuity
(u—v)

P - Pl < (14 L5 Yo

for the function F' = f# and for u = t/(1+t) and v = x/(1+x) and using the relation
f#(t/(1+1t)) = f(t), we obtain

1 t z \’ (t —x)?
10 -1 < |14 5 (T~ 1) [#00 < (14 sy ) «#(00)
Because
At —x)% 2) = A, (2, 2) — 22
we obtain

40f(@) = 1@ < A150) = F) ) < (14 5 ) oH(7.0)

Choosing § = 1/d,, we obtain, in the uniform norm, the estimation stated in the
theorem. g

3. Applications

In order to obtain particular results, we use the following

Lemma 3.1. For every x > 0 we have

x
e e < 2 for everyn > 1,
2e
where o, = 17;:” and x, > 0, for every n > 1.
Proof. First, let us notice that
1
maxxze ¥ = —, for every ¢ > 0. (3.1)
>0 ec

Indeed, the point ¢ = 1/c is a maximum point for f(t) = te™“, t > 0.
Secondly, let us notice that 0 < a,, < 1, for every n > 1. This is true, because

of the inequality 1 — e™% < z, for x # 0.
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Next, using the inequalities between geometric, logarithmic and arithmetic

means
U —v u+v

\/uv<lnu—lnv 5 for 0 < v < u,

for the values u = e7** > v = e~% > 0, we obtain
e Tn 7" 1—a,

—e” <f~m(1—an): 5 (e ™ +ze™™).

—xay,

e

Using (3.1), we obtain

e—xan_e—x<1_an( 1 +1>:1—0é721.

- 2 ex, € 2ea,
— 2 . . .
It remain to prove that % < x,, which is a particular case of
1—e—\?
—€

1= (=)

— = <z, for z > 0.
-

x

This is equivalent with 22e™® +2e™® — 1 — e™2* < 0, for 2 > 0, which is true by an

elementary calculus argument. O
Corollary 3.2. For the Szdsz-Mirakjan operators M, : C*[0,00) — C*[0,00) defined
by
e = (nz)E (ke
Mn = e R
f(z)=e ,; et

we have for f € C*[0,00), the estimations

n>1

)

and

1
Mn - [e’e} <2 # v - | > 1.
4.5 = fll < 200% (£.57=) o 2
Proof. We have M,,(1,z) =1, so a,, = 0. We, also, have

At _ 7)@1_';\7:/”
M,(e " x)=¢ 7

which gives, by Lemma 3.1

A
M — At —Az < .
Mo, 2) — e < =
It follows that
b, < — and ¢, < —, forn > 1,

and because

1
2en en n
we obtain the estimation stated in the theorem.

2 1
On +2bp +cp < — + —
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Because M, (t,z) = x and M, (t*,z) = 2? + £, we obtain

4 —sup Me@0) 2?0 @ 1
" w;g (1+z)2 N w;é) n(l+x)2  4n’
Corollary 3.3. For the Baskakov operators V,, : C*[0,00) — C*[0,00) defined by
/n+k—1 z* k
we have for f € C*[0,00), the estimations
5
— <2.w* — >2
W = fllw <200 (£i55)  m22
and
1
- <2-wh | f,—= > 1.

Proof. From the identity V,,(1,z) = 1, we deduce a,, = 0. Computing

V(e M, z) = Z <kn> (—zeM™F(1 4 )"k = (—xe*)‘/” 14 x) —n7
k=0
we obtain
Va(e ™) —e ™| = |[l4az(l—e ™))" —e

e—)\z

e—nln(l—i—x(l—e*””))+}\x _ 1‘

IN

[—nln (1 + (1l — e”‘/”)> + )x:c} . e‘”1“(1"”3(1_57”"))7
where, we have used the inequality e! — 1 < te? for
t=-nln (1 +z(1 - e_’\/”)) +xz > —nz(l—e M)+ x> —nzx - % + Az =0.
Because In(1 +t) > t/(1 +t), for every t > 0, we obtain
—nz(l —e M) + Az + Ax?(1 — e M)
(14201 - e—A/n))n+1

—nz(l —e M) 4+ Az + Ax?(1 — e ")
L+ (n+ Dl — e=Mn) 4 M0 32(1 — g=A/n)2

|Vn(€7)\t,$) 767)\I| S

Because 1 — e~ " > \/n — A\2/(2n?), we get from the above inequality

2\
. V — At _ — Az < .
I e
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Using the same inequality, we obtain

2 2
by, =sup|Vn(e b z) —e @ < <—, forn>1
xZO‘ ™ 2) | n(n+1) (5 —5m=)
and using 1 — e=2/" > 2/n — 2/n? + 4/(3n°) — 2/(3n*), we have
4 h
Cn = sup |V, (e 2, z) —e 27| < = (n),
x>0 n(n+1) (2 =% + 55 — 501) "

where h(t) = 6t*/((t + 1)(3t3 — 3t + 2t — 1)). Because

6t3
(t+1)2(3t3 = 3t2 + 2t — 1)
we obtain h(n) < h(2) = 32/15, for n > 2. Finally, we obtain
Vot 2, e € i < 5o
Because V,,(t,z) = x and V,,(t?,x) = 22 + z(1 + x) /n, we obtain
V. (t2, z) — 22| x 1

dp =SUp —————— =sup —— = —.
" mzlg (14 x)? x>%n(1+x) n

B (t) = (=2t +3t—4) <0, t>1,

O
Corollary 3.4. For the Bernstein-Chlodovsky operators C,, : C*[0,00) — C*[0,00)

R T N

for 0 <z < G, and Cyf(x) = f(x), for x > B,, where B, is a sequence of positive
numbers such that

lim B, = o0 and lim % =0,
n—oo n—oo N

we have for f € C*[0,00), the estimations

1Cnf = flloo <2-w¥ (fﬁ) n>1.

Proof. From the identity C,,(1,x) = 1, we deduce a,, = 0. Computing

n k n—Fk n
Cnle™™, 2) = (n> ( - Wl/") (1 - w) = ( “Mn/n 2 41— I) 7
2 () (5 B G, B

and
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we obtain
|Cple ™ 2) —e™ | = |(1 - )\xlewn/n>n —e M
)\ﬂn
_ enln(l—ﬁ(l—fi*)‘ﬁ”/")) o ef)\w
< 67)@% o e—Ax

b

because In(1 —t) < —t, for every ¢t € (0,1). Using Lemma 3.1, we obtain

AB
Cple M z) — e M) < 222
Cule™,2) — e < 22
This gives the estimations
b, < 6—" and ¢, < &, SO ap + 2b, + ¢, < &
2en en n

Because C,(t,z) = = and C,(t?,7) = 22 + W, we obtain

i - |Ch(t?,2) —2?| w (B — ) B2 < DB
"I (42 ey n(ta)?  dn(l+B,) C An

O

Corollary 3.5. For the Bleimann-Butzer-Hahn operators Ly : C*[0,00) — C*[0, c0)
defined by

Lo(f.z) = Xn: (Z)xk(l +a) T f <n_,k;+1>

k=0
we have
2
L,f— <2-wh (f,——), n>1, feC*0,).
ILaf =l 200® (£ o2 ), 021 SeC)

Proof. For the proof, we use the argument from Theorem 2.1 for the test functions
2% /(x + 1)* instead of e~** and the modulus w# (f,d) instead of w* (f,d).

Because L, (1,2) = 1 we have a, = ||[L,1 —1]|,, = 0. From the equalities
(see [5))

o n2f172 T nx
T W2 +2)2 | 1+ n)2(1+ )2

we obtain
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w((5) ) - ()

After some computations ¢, = (7211%)12, which gives

and

Inz — 2%(2n + 1)|
= sup

Cp = Su .
5 z>0 (1+n)*(1+ )2

x>0

4
an +2b, +cp < ——,
n+1

and so the corollary is proved. O
Remark 3.6. In the papers [5] and [4], it is defined the space H,,: for a function w
of the type of modulus of continuity, having the properties:

(i) w is non-negative increasing function on [0, co),

(ii) lims—ow(d) =0,
the space H,, consists of all real-valued functions f defined on the semiaxis [0, c0),
satisfying the following condition:

If(x)—f(y)|<w(‘ ro_ Y ) for all 2,y > 0.

1+ 1+y
It is proved that H,, C C[0,00) N B[0,00) and ||L,f — f||., — O, for f € H,. But,
let us notice that H,, C C*[0,00). Indeed, considering ¢(z) = z/(1 — z), x € [0,1),
the inverse of the function ¢t — ¢/(1 +t) and considering f € H,,, we have

’f( u )_f<1iv)‘§w(|u—v|), for all u,v € [0,1).

1—wu

Using the property (i7) of w, we deduce that f o ¢ is uniformly continuous on [0, 1).
From this, it follows that f o has finite limit at = 1, which proves that f has finite
limit at infinity.

So, the result obtained in Corollary 3.5 for the space C*[0, c0) is more general
than the results obtained in the papers mentioned above.
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ON A NEW SEQUENCE SPACE DEFINED
BY MUSIELAK-ORLICZ FUNCTIONS

VAKEEL A. KHAN

Abstract. In this paper we define a new sequence space m(M, ¢, p), which
is a generalization of m(¢, p) (B. C. Tripathy and M. Sen [12]) by Musielak-
Orlicz functions. We study some of the properties of this space.

1. Introduction

An Orlicz function is a function M : [0,00) — [0, 00), which is continuous,
non-decreasing and convex with M(0) = 0, M(z) > 0, for z > 0 and M(z) —

00 as x — oo. If convexity of Orlicz function M is replaced by
M(z +y) < M(z) + M(y)

then this function is called a modular function, defined and discussed by Nakano [10]
and Musielak [7] and others. It is well known that if M is a convex functions and
M(0) =0, then M(Az) < AM(x) for all A with 0 < A < 1 (see [1], [2], [9]).

Lindendstrauss and Tzafriri [5] used the idea of Orlicz function to construct
the sequence space

EM:{m:(xk):ZM(W)<ooforsomep>0}.

k=1 P

The space £3; with the norm

[|z|]| = inf{p > 0 : ZM (T) <1}

k=1
becomes a Banach space which is called an Orlicz sequence space. For M(z) = xP,
1 < p < oo, the space ;s coincides with the classical sequence space ,,.

Received by the editors: 05.01.2009.
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A sequence M = (M) of Orlicz functions is called a Musielak-Orlicz function
[See [3], [4], [6], [7]). In addition, a Musielak-Orlicz function N = (Ny) is called a
complementary function of a Musielak-Orlicz function M if

Ni(v) = sup{|vju — Mi(u) :u >0}, k=1,2,---

For a given Musielak-Orlicz function M, the Musielak-Orlicz sequence space

Iam and its subspace hay are defined as follows:
Imi={x €s:Ipm(cx) < oo for some ¢ > 0},

ha i={z € s: Ipm(cx) < oo for all ¢ > 0},

where Iy is a convex modular defined by

Im(w) =Y My(ax), = = (zx) € In
k=1

We consider [ equipped with the Luxemburg norm

||| = inf{k > 0 : IM(%) <1},

or equipped with the Orlicz norm
1
[l2]]” = inf{z- (1 + L (k) : k > 0}

If = (z,,) is a sequence, then S(x) denotes the set of all permutation of the
elements of (z,). A sequence space E is said to be symmetric if S(z) C E for all
x € E. A sequence space F is said to be solid if (y,) € E whenever (z,) € E and
|yn| < |z,| for all n € N.

A BK-space is a Banach sequence space E in which the coordinate maps are

continuous, i.e. if (x,(cn))k € E, then
(@) = (2x)]| = 0 as n — oo

= |(x,(€n)) — (zr)] — 0asn— oo, for each fixed k.

Let C denote the space whose elements are finite sets of distinct positive
integers. Given any element o of C, we denote by ¢(o) the sequence {¢, (o)} which is
such that ¢, (0) =1if n € 0,¢,(0) = 0 otherwise. Further, let

Cs = {O‘ eC: ch(a) < S} (cf.[8]),

be the set of those o whose support has cardinality at most s. Throughout the paper
¢n denotes a non-decreasing sequence of positive numbers such that n¢,+1 < (n+1)¢,
for all n € N.
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The space m(¢) is defined as follows (Sargent [11]):

m(p) = {x = (x) € w : sup sup iz |zk] < oo}.

s>1 o€eCs (bs keo

The space m(¢,p) is defined as follows (B.C. Tripathy and M. Sen [12]):
For 1 <p < o0,

1/p
1
m(¢,p) = ¢z = (z) €w:sup sup{Z|xk|p} < 00
keo

s>1 o€Cyq ¢s

In this paper we introduce the space m(M, ¢, p) as follows:
Let M = (M) be a Musielak-Orlicz function. We define the following se-
quence space

1/p
m(M,qu,p):—{m = (zx) € w:sup sup S {Z {Mk (@)}P} <00, for some p > 0}.

s>1 0€Cs ¢s keo
It is clear that if My(x) = = then m(M, ¢, p) = m(¢, p).
Throughout w, P, I', I denote the spaces of all p-absolutely summable,
absolutely summable and bounded sequences respectively. N and C denotes the set
of all natural numbers and complex numbers, respectively.

2. Main results

Theorem 2.1. The space m(M, ¢, p) is complete.
Proof. Let {z(™} be a Cauchy sequence in m(M, ¢,p). Then

| AR
sup sup — M; ( . )] < 00,
s>1 oeC, Ps {IEZU [ p

for some p > 0 and for allnn=1,2,3,---).

For each € > 0, there exists a positive integer ng such that
2™ — 2™ mpp) < € for all myn > ng.
This implies that
py 1/p
1 |x(m) — z(n)\

sup sup — M; | +—— <€, 2.1

s>1 o€Cq b5 {; l ’ ( P ( )
for some p > 0 and for all m,n > ny.

Hence
2™ — 2{™| < ey for all m,n > ng and for all i € N,
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showing that for each fixed i (1 <14 < o0), the sequence {xgn)} is a Cauchy sequence
in C.

Let xgn) — x; as n — 0o. We define x = (z1, 22,23, -+ ). We need to show
that z € m(M, ¢,p) and z(™) — .

From (2.1) we get, for each fixed s
_ (x(m)_x(n)|>‘P
Z M; | +—2— < eP¢,P , for some p > 0, for all m,n > ng and o € C,.
i€o L P A
Taking n — oo we get

(m) _ (m)\1?
Z M; (W) < ¢ P, for some p > 0, for all m,n > ng and o € Cs.
P

i€o L

This implies that
1 | (m) | py 1/p
X — X
sup sup — M, | &— <€, 2.2
for some p > 0 and for all m,n > ng.
=z gz ¢ m(M, ¢, p), for all n > ng.

Hence z = z("0) + 2 — 2("0) € m(M, ¢,p) as m(M, ¢,p) is a linear space.
From (2.2)

||z — [, g,p) <€ forall n>ng,
which implies that
Hx(") — 2|, p,p) — 0, as n — 00.
Hence m(M, ¢,p) (1 < p < c0) is a Banach space.
Theorem 2.2. The space m(M, ¢, p) is a BK-space.
Proof. Suppose that
||x(") — ||mM,pp) — 0 as n — oo.
For each € > 0 there exists ng € N such that
||z — z|| < € for all n > n.
This implies that
(n) py 1/p
1 |2y, — @i
sup sup — Z My | 44— < €, for some p > 0 and for all n > ng.
s>1 o€Cy d)s keo P
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Consequently
12\ — 2| < ey, for all n>ng and for all k.
So |x§€") — x| — 0 as n — oo and the proof is complete. O

Proposition 2.3. 1. The space m(M, é,p) is a symmetric space. If x € m(M, ¢, p)

and v € S(z), then [|v||lmr,¢,p) = |[Z[lmM,6.p)-
2. The space m(M, ¢,p) is a normal space.

Proposition 2.4. m(¢) C m(M, ¢,p).
Proof. Suppose that x € m(¢). Then

[[2llm(s) = sup sup o {Z Ixnl} = K < o0.

neo

Hence for each fixed s,

Z |$n| < K¢s, 0 €Cs.

neo

This implies that

2\ 171
Z |:Mn <n>} < K¢, o € Cs, for some p > 0,
neo

P
so that
1 |\ 17 1/p
sup sup |— Z [Mn <n>} < K, for some p > 0.
s>1 ocC. | s | i p
Thus 2 € m(M, ¢, p) and this completes the proof. O
Proposition 2.5. m(M, ¢,p) C m(M,,p) if and only if sup(i—) 0.
Proof.Let sup(%) = K < 00. Then ¢ < K1ps. Now if (x) € m(M, ¢, p), then
s>1 7°
1 e\ 17 1/p
sup sup |— Z [Mn (nﬂ < 00, for some p >0 .
s>1 0eC, | Os | i p

This implies that

1/p

1 |xn|)]p
sup sup E M, ( < 00, for some p > 0,
s>1 o€Cy K% {nEU [ p g

so that

2l (A,p) < 00
Hence m(M, ¢,p) € m(M, ¢, p).
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Conversely, suppose that m(M, ¢, p) C m(M,,p). We need to show that

Os
sup(—) = sup(ns) < 0.
s>1 Vs s>1

Let sup(ns) = co. Then there exists a subsequence (7s,) of (7s) such that
s>1

lim (n;,) = oo.

Then for (xj) € m(M, ¢, p) we have

s {5 [ (2]

e (51} ]~

neo

1/p

s;>1 0€Cs, ¢Si

1
> sup sup |, {

for some p > 0.
This implies that (z) ¢ m(M,v,p), a contradiction which completes the
proof. O

Theorem 2.6. [ C m(M,¢,p) C 1.

Proof. Since m(M, ¢, p) = IP for My (xz) = z and ¢, = 1, for all n € N, it follows that
P € m(M, ¢, p).
Next, let € m(M, ¢, p). Then

1/p

P
sup sup ;{Z [Mn (w)] } = K < o0, for some p > 0.

s>1 0€Cy nee P

This implies that
|xn| < K¢y, for all n € N,

so that x € [°°. Thus m(M, ¢,p) C I*.
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ALEXANDER TRANSFORM OF CLOSE-TO-CONVEX FUNCTIONS

PAL AUREL KUPAN AND ROBERT SZASZ

Abstract. In this paper a result concerning the starlikeness of the im-
age of the Alexander Operator is deduced. The technique of differential
subordinations is used.

1. Introduction

Let U = {z € C:|z| <1 be the open unit disc of the complex plane.

We denote by A the class of analytic functions defined on the unit disc U
and having the form f(2) = 2z + a22® + az2® +... .

The subclass of A consisting of functions for which the domain f(U) is starlike
with respect to 0, is called the class of starlike functions, and is denoted by S*. An

analytic description of S* is

f(z)
Let o € [0,1). The class of starlike functions of order « denoted by S*(«), is defined
by the equality:

S*:{feA:Rer/(Z) >0, (V)zeU}.

S*(a)z{feA:Rezf/(z) > a, (V)ZGU}.

f(z)
Another subclass of A which we deal with, is defined by
!
C:{f€A|(3)g€S*:ReZ§(S) >0, ZGU}.

This is the class of close-to-convex functions.
We mention that C, S* and S*(«) contain univalent functions.
The Operator of Alexander is defined by

F(z) = A(f)(z) = /0 @dt. (1.1)

Received by the editors: 11.10.2009.
2000 Mathematics Subject Classification. 30C45.
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In [3] it has been proved that A(C) ¢ S*.

This result put the problem to determine suitable conditions which ensure
that subclasses of C' are mapped by the Alexander operator to S*.

In [2] (pg. 310-311), the authors proved the following theorem concerning
this question:

Theorem 1.1. Let A be the operator of Alexander defined by (1.1) and let g € A
satisfy

, z€U. (1.2)

If f € A satisfies

then F = A(f) € S*.
We will prove another result regarding this problem. We will need the fol-

lowing definitions and lemmas in our work.
2. Preliminaries
The class P is defined by the equality:
P = {f|f analytic in U, f(0) =1, and Ref(z) >0, z € U}.

Lemma 2.1. [1](The Herglotz formula) For every f € P there exists a measure i on
the interval [0,27] so that u([0,27]) =1 (a probability measure) and

or in developed form

The converse of the theorem is also valid.

Lemma 2.2. [2] p.26 Let p(z) = a+ Y arz*, p(z) Za andn > 1. If 20 € U and
k=n

Rep(z0) = min{Rep(z) : |z| < |20},

then

and
(i1) Re 259" (20)] + 20p' (20) < 0.
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Lemma 2.3. Iff,g € A and

1 + uvze

uvze

then the inequality Ref (z) 5 0, z € U implies that

g'(z)
. F(2)
a zg'(2)

>0, zeU,

where F' is defined by (1.1).
Proof. The developments

z)=z+ i anz"
07;:2
(z) =2+ Z bp2"
n=2

hold for zeU.

(uvz) ddv}EO,zEU,teR,

(2.1)

The conditions of the lemma 1mp1y E P and from the Herglotz formula it

follows that:

fI(Z) /27r ( 0 . >
=1+2 2% )du(t), z€ U
9'(z) 0 nz::l
for a suitable probability measure pu.
Denoting ¢, = 2 fo% e~ "du(t), we get:

P =g+ )
n=1
=1+ i nbp 2" M) (1 + i cp2") =1+ i dn2",
n=2 = n=1

and

) — dn
=1+ 7,2::1 nt 1) z
Thus we have
F(z) _
zg'(z)

and according to (2.3), this is equlvalent to

) /%/ / (uvz) 1—|—uvze th dvdu(t),
zg'( 1 —uvze~ a

1+Zd uv" 2" dudv

(2.3)
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and the proof is finished. O
Lemma 2.4. The following inequality holds:

4u2p2(1 — u2)? sin® o
1= w2221t u2)? cos(20 +v) >

1+ — 214 6u2 +ut, p,uc|0,1];0,a €R.

14 rtu?p? — r2p2\/(1 +u?)? +

Proof. 1t is easily seen that:

4u2p?(1 — u2)? sin® a

—u2p2)2 373 Co8(20 +7) =
1— w221+ )

1+ rtu?p? — T2p2\/(1 +u2)?2 4+

4u2p?(1 — u?)?
(1= 2?2 (1 +2)?

14 ru2p? _T2p2\/(1 T u2)2
Since
1> p?

and

du202(1 — u2)2
—rtu® +r® 1+6u2+u42r4u2+7"2\/(1+u2)2+( u?p?(1 — u?)

>0
1— u2p)2(1+u2)2 =
ryu, p € [0,1]

it follows that

4u2p2(1 — u2)2
—r4u2+r2 /1+6u2+u4>—r4u2p2+r2p2\/(1+u2)2+ U P( u)

(1 _ u2p2)2(1 + U2)2

r,u, p € 10,1].
Thus
Au2p2(1 — u2)?
1420202 — 1202 (1 + u2)2
+riutp® —r7p7y [ (14 u?) +(1—u2p2)2(1+u2)2_
1+ 7%u? — 72/ 14 6u2 +ut ru,p € [0,1]. (2.5)
The desiderated inequality follows by (2.4) and (2.5). O

3. Main result

Theorem 3.1. Let g € A be a function having the property:

Reg’(uz) 1+ ww

>0, for all we (0,1) and z,w € U,|z| = |w|. (3.1)
g (z) 1—uw
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Provided that f € A, and the function h defined by h(z) = zg'(z) satisfies the inequal-
ity
2f'(2)
R
“h(z)

>0 zeU, (3.2)

then F' = A(f) € S*.
Proof. We differentiate twice the equality F(z) = [~ IO and we get: 2F "(z) +

0t
F'(z) = f'(2). If we set p(z) = Zg(g), then this equality can be rewritten as follows:
F) 20y _ 2'(2)

The conditions of the theorem imply:
F

Re [ (Z)

zg'(2)

If the inequality Rep(z) > 0 does not hold for all z € U, then according to Lemma 2

(2p/(2) + p*(2))] >0, for all z € U. (3.3)

(in case of a = 1) there is a point zp € U and there are two real numbers z,y € R

having the property:

p(z0) = ix
2+1
2op(20) =y < =5 5
Thus it follows that:
F(20) / 2 F(20) 2
Re + = Re — . 3.4
[209'(20) (Z()p (ZO) p (ZO))] ZOg/(ZO) (y € ) ( )

Since Reglgg = Rezf;(‘j) > 0,2 € U, Lemma 3 and condition (3.1) lead to the
inequality Re (z)) > 0, z € U. This inequality and (3.4) imply

zg'(z
z0f"(20) —R [ F(z0)

R - \<0) / 2 <0
€ h(Zo) € ZOg,(ZO) (Zop (ZO) +p (ZO))] =
which contradicts (3.3). The contradiction shows that Rep(z) > 0 for all z € U, and
this is equivalent to F' € S*. O

Corollary 3.2. If Re% > 0 for all z € U, then A(f) € S*.
Proof. We apply Theorem 2 to prove this assertion. In case of g(z) = e* — 1, z = re®?

and w = re’®, r € (0,1) the following equality holds:
g/(’LLZ) 1+ uw r(ufl) c050(1

= 1 o
fe ¢(z) 1—uw 1+ u?r? — 2urcosa { cos[r u)sin 6] +
2
17{721;13 sin[r(1 — u)sinf]} (3.5)



PAL AUREL KUPAN AND ROBERT SZASZ

There is a real number v € (—7, §) having the property tanv = 21” 5;“3 Therefore

the equality (3.5) can be rewritten in the following way:

er(u—l)cosé)(l u27“2)

g (uz) 1+ uw .

t - 1- 0 —vl.
’ g (z) 1—uw (14 u?r? —2urcosa)cosv os[r(1 - u)sind —v]

This means that in order to prove condition (3.1) of Theorem 2, we have to prove the

inequality: cos[r(l —u)sind —v] >0, r,u € (0,1), a,0 € R.

Since |r(1 — u)sin® — v| = |r(1 — u)sing — arctan 24750 < (1 —u) +
arctan 24 5 < 1—u+arctan12“uz, and ¢'(u) = };—Zi > 0 where ¢ : (0,1) —
R, ¢(u) = 1—wu + arctan ;%%5, the inequality follows |r(1 — u)sing — v| <
limy, 1 (u) = 3.

Thus condition (3.1) also holds, and applying Theorem 2 the proof is done. O

Remark 3.3. In case of g¢(z) = e — 1, it is easily seen that g € A and h(z) =

2g'(z) = ze* and Re(Zh((i)) = Re(l +z) > 0, z € U, consequently h € S* holds.

Thus the differential inequality Re Z}{((i) Rel ;(f) > 0, z € U, defines a subclass of

C' and this subclass is mapped by the Operator of Alexander in S*.
1
Corollary 3.4. If 0<r < (3—82)% =0,643... and

Re(1 —r?23)f'(2) >0, z€U, (3.6)

then A(f) € S*.

Proof. 'We apply again Theorem 2 to prove this assertion. Let g : U — C be the
mapping defined by the equality: g(z) = i —log krz = ¢ (0,1], and h(z) = z¢'(2) =

1-rz’

1—23z- We have to prove condition (3. 1) in case of z = pe’® and w = pe’®. The

following equalities hold:
Reg’(uz) 1+uw o 1—r2p%e?® 14 upe'™
g(z) 1—uw 1 —r2u2p2e2if 1 —ypeic

(1 —u?p?)[1 + r*u?p? — r2p%(1 + u?) cos 20 + Q%urgp?’ sin 26 sin ¢
11— r2u2e2i0)2[1 — yeio|2 :

According to (3.7) condition (3.1) holds if and only if:

(3.7)

2

1—
1+ 7r*u?p? — r?p?(1 4 u?) cos 20 + 2 ur?p? sin 20 sin o« > 0,

U

1— u2p2
p,u €10,1];0, € R,

and this is equivalent to

1 —u?

01— +2)

p,u€0,1];0, € R.

1+ rtu?p? —r?p (1+u2)[0082972 upsin20sina| > 0,
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2up(1—u?)sina

Using the notation tany = G5y 7 € (=%, %) it can be rewritten as follows:

4u2p2(1 — u2)2 sin? o
(= w221 + a2
u,p €[0,1];0, € R. (3.8)

1+ rtu?p? — 7"2,02\/(1 +u?)2 4+ cos(260 +~) > 0,

According to Lemma 4 we have:

4u2p?(1 — u2)? sin® o
(1 —u?p?)2(1 + u?)? cos(26+7) 2

1+ rtu? — 721 4+ 6u? +ut, p,u € [0,1];0,a € R.

1+ rtu?p? — 7"2p2\/(1 +u2)2 4+

Inequality (3.8) holds provided that:
L+ — 21+ 6u2 +ut >0, ueo,1].
The last inequality is equivalent to
-7t —ar*u® — (1 =M >0, u € [0,1],
which holds for all u € [0, 1] if and only if:
1—6r*+7 >0, rec(0,1]

and this leads to 0 < r < (378%)%. O
Remark 3.5. 1. Since g,h € A and

2l (z) 147222
Re h(z) Rel — 1222

>0,z€U, rel0,1],

follows that h € S*. Thus condition (3.6) defines a subclass of C.
2. Tt remains an interesting open question to determine the biggest r € [0, 1]
for which the class of analytic functions defined by the conditions

feA Re(l-r223)f'(2) >0, z€ U

is mapped in S*, by the Alexander Operator.

3. Since Corollary 1 and Corollary 2 can not be proved using Theorem 1, we
may assert that Theorem 2 is independent from Theorem 1, in spite of the fact, that
the ideas of their proofs are analogous.
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DATA DEPENDENCE FOR SOME INTEGRAL EQUATIONS

ION MARIAN OLARU

Abstract. In the paper Integral equations, periodicity and fixed points,
published in Fixed Point Theory, 9(2008), No 1, 47-65 the author T.A.
Burton considered the equation

z(t) = g(t) + / K(t,s,z(s))ds.

In this paper we shall study the data dependence for this integral equations.

1. Introduction

Let (Pr,||-]|) denote the Banach space of continuous scalar T'—periodic func-
tions with the supremum norm.

We consider the equation
t

x(t) = g(t) + / K(t,s,z(s))ds, t e R (1.1)
under the conditions:

(C1) there exists T > 0 such that
gt +T)=9gt), Kt+T,s+T,u)=K(t,s,u)
for all ¢,s,u € R;
(Cq) for all z € Pr we have that (f) K((-),s,x(s))ds € Pr

— 00

Now we define the operator

AZPT—>PT,

Alz)(t) = g(t) + / K(t,s,z(s))ds.

Received by the editors: 02.03.2009.
2000 Mathematics Subject Classification. 34K05, 47H10.
Key words and phrases. Picard operators, integral equations, fixed points, data dependence.
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In [1], T.A. Burton was considered the following conditions
¢
(C5) there exists a function B(t,s) with [ B(t, s) defined such that
|K(t,s,u) — K(t,s,v)| < B(t, s)|u—vl,

forall —co < s <t < oo, u,v €R;
t

(Cy) there exists 0 < o < 1 such that [ B(t,s) < a.

—o0
Under conditions (C7) — (C4) we have that the operator A has a unique fixed point
2%, and A™(z) — x% for n — oo and for all x € Pr, so the operator A is Picard(I.A.
Rus [3])

The purpose of this article is to establish a Gronwall type lemma correspond-
ing to the equation (1.1) and also data dependence theorems, comparison theorems
for the solutions of the equation (1.1). More results about nonlinear integral equations
we find in [2].

2. A Gronwall type inequalities
We consider the following integral inequalities:

t

z(t) < g(t) + / K(t,s,z(s))ds, t e R (2.1)
z(t) > g(t) + / K(t,s,z(s))ds t € R. (2.2)

Throughout this section we use the following

Lemma 2.1. I.A. Rus [5] Let (X,d) be an ordered metric space and A : X — X be
such that:

(i) the operator A is Picard, with the set of fized points Fa = {x%};

(ii) the operator A is monotone increasing.
Then
(a) = < A(z) implies © < x7;
(b) = > A(x) implies x > x%;
We have
Theorem 2.2. We suppose that:
(i) the conditions (C1) — (C4) hold;

(ii) the operator K(t,s,-) is monotone increasing, for all —oo < s <t < co.
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Then

(a) the equation (1.1) has a unique solution x*;

(b) for all solutions x € Pr of the inequality (2.1) we have that x < x*;

¢) for all solutions x € Pr of the inequality (2.2) we have that x > x*,
)

(
Proof. (a) We consider the operator
A: PT — PT,

Ax)(t) = g(t) +/_ K(t,s,x(s))ds.

T.A Burton [1] proves that the operator A is Picard operator, Fq = {a*}.
(b)+(c) From the condition (ii) we obtain that A is an increasing operator.
Then, by Lemma 2.1 we have the conclusions.

3. A comparison result
Now we shall give a comparison result for the solution of the equation (1.1).
For this study we need the following abstract result ([5]).

Lemma 3.1. Let (X,d, <) be an ordered metric space and A,B,C : X — X be such
that:

(i) A<KB<C
(ii) A,B,C are Picard operators, Fa = {a%}, Fp = {a}}, Fo = {zt};
(iii) the operator B is increasing.

Then

oy <xp <zg.

We consider the equations

@: 5 =g+ [ K(t.s,a(s)ds, 1R i=T3

We have
Theorem 3.2. We consider the equation (4);. We suppose that:
(i) g; and K;, i = 1,3, satisfy the condition (i) in Theorem 2.2;
(i) g1(t) < ga(t) < g3(t) and Ki(t,s,-) < Ko(t,s,-) < Ks(t,s,-) for all
—00 < 5 <t < oo
(i) Ka(t,s,-) is monotone increasing for all —co < s <t < 0.

Then
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(a) the equations (4); have a unique solution x} € Pr, i=1,3
(b) 21 < a3 < aj3.
Proof. (a) We consider the operator
A;: Pr — Pr,

Ai(z)(t) = gi(¢) +/_ K;(t,s,z(s))ds, i =1,3.

The condition (7) from Theorem 2.2 implies that the operators A; are Picard
with Fa, = {a7},i=1,3.

(b) From the condition (i7) we have that A; < As < Az and from (i)
we obtain that As is an increasing operator. Then, from Lemma 2.1 we have the

conclusion.
4. Data dependence: Continuity
Now we consider the equations

t

x(t) = g1(t) + / Ki(t,s,z(s))ds, t e R (4.1)
z(t) = go(t) + / Ks(t,s,2(s))ds, t € R. (4.2)

We have
Theorem 4.1. We suppose that
(1) 91,92, K1, Ko satisfy the conditions (i) in Theorem 2.2;
(2) there exists m1 > such that
l91(8) — g2(O)] <y,

for allt € R;
(ii) there exists a function na(t,s) and n3 > 0 such that

t
/ 772(t78)d8 S 3,
|K1(t757u) - K2(t757u)| < 772(t’$)7
for all —o0o < s <t < oo, u€eR.
Then

(a) the equations (4.1), (4.2) have a unique solution x respectively x};
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(b) llat — 3] < B2

Proof. (a) We define the operators

The condition (¢) from Theorem 2.2 implies that the operators A; are Picard with
Fy, ={a7}i= 1,2.
(b) Because

[A1(2)(1) = Az (2) (@) < |g1(t) — g2(8)] + / (K1 (t,5,2(s)) — Kot 5,2(s))|ds <

t
<m+ / n2(t, s)ds < mi + 13

— 0o

for all x € Pr and t € R, we obtain that
[A1(z) = A2 (@) ]| < m + ns.

Now the proof follows from a well known abstract result( [3], [4]).

5. Smooth dependence on parameter

Next we consider the following integral equation

xz(t) = g(t,\) + /Kts:v ANds,t e R, A e J=[c,d CR. (5.1)

Let (Pr,||-||) be the Banach space of continuous scalar T—periodic functions,
defined on R x J, with the supremum norm.
We assume that
(Hy) g, K € C*(R x J) and it verify the conditions (C4), (Ca);
(H2) there exists a function B(t, s) such that

oK
forall—oo<s<t<oo quR)\EJ

f B(t, s)ds is defined and f B(t,s)ds < a < 1.

t7s7u,)\)| < B(t,s),
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We define the operator

B:]DT—>PT7

B(z)(t,\) = g(t,\) + / K(t,s,z(s,\), \)ds.

It is clear that, in the conditions (H;) — (Hs) the operator B is Picard oper-
ator. Let *(-, A) be the unique fixed point of the operator B. Then

t
PN =gt N + [ K5 (5,0 0ds (5:2)
We suppose that there exists %L;. Then from (5.2) we have that
t
ox* g 0K ox*(s,\) 0K
— () = =(t, A —(t, 8,27 (8, \); ) ——=—= 4+ —(t, 8,27 (s, A\); \)]d
) = 2N+ [ 1t 600 Z ) SR (5, 0) Vs
—00
This relation suggest us to consider the following operator
C: PT X PT — PT7
¢
dg oK oK
C(l'7y)(t,)\) - a(tv)‘) + / [%(t,s,x(s,)\), A)y(&)‘) + a(t,S,.’E(S,A), )‘)]ds

— 00

In this way we have the triangular operator

AZPTXPTHPTXPT,

A(z,y) = (B(z),C(z,y))
where B is a Picard operator and C(z,-) : Pp — Pr is an a—contraction.

From the theorem of fiber contraction (see I.A. Rus [5],[6]) we have that the
operator A is Picard operator. So, the sequences

Tn+1 = B(xn)an eN

Yn+1 = C(xnyyn)vn eN

converges uniformly to (x*,y*) € Fa, for all zg,yo € Pr.
If we take xg = 0, yg = %if =0 then y; = % and by induction we prove
that y, = 8;;, for all n € N*.

Thus

Tp — xF, uniform as by n — oo

164



DATA DEPENDENCE FOR SOME INTEGRAL EQUATIONS

oz,
o\
These imply that there exists % and %’—T; =y*

— ", uniform as by n — oo

From the above considerations, we have the following result

Theorem 5.1. We consider the integral equation (5.1) in the hypothesis (Hy)— (Hs).
Then

(i) the equation (5.1) has a unique solution x*(t,-) € Pr;
(ii) z*(¢,-) € CY(J), for allt € R.
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MIXED CONVECTION IN A VERTICAL CHANNEL SUBJECT
TO ROBIN BOUNDARY CONDITION

FLAVIUS PATRULESCU, TEODOR GROSAN, AND ADRIAN VASILE LAR

Abstract. The steady mixed convection flow in a vertical channel is in-
vestigated for laminar and fully developed flow regime. In the modelling of
the heat transfer the viscous dissipation term was also considered. Tem-
perature on the right wall is assumed constant while a mixed boundary
condition (Robin boundary condition) is considered on the left wall. The
governing equations are expressed in non-dimensional form and then solved
both analytically and numerically. It was found that there is a decrease in
reversal flow with an increase in the mixed convection parameter.

1. Introduction

Heat transfer in channels occurs in many industrial processes and natural
phenomena. It has been, therefore, the subject of many detailed, mostly numerical
studies for different flow configurations. Most of the interest in this subject is due to
its practical applications, for example, in the design of cooling systems for electronic
devices and in the field of solar energy collection. Some of the published papers, such
as by Aung [1], Aung et al. [2], Aung and Worku [3, 4], Barletta [5, 6], and Boulama
and Galanis [7], are concerned with the evaluation of the temperature and velocity
profiles for the vertical parallel-flow fully developed regime. As is well known, heat
exchangers technology involves convective flows in vertical channels. In most cases,
these flows imply conditions of uniform heating of a channel, which can be modelled
either by uniform wall temperature (UWT) or uniform wall heat flux (UHF) thermal
boundary conditions. In the present paper, new types of boundary conditions are
considered. The right wall is kept at constant temperature while a convective heat

flux is considered on the left wall (see, Bejan[8]):
8T>
k) 4 he (Ta—T), =0 (1.1)
( 9y ) o v=0

Received by the editors: 24.06.2009.
2000 Mathematics Subject Classification. 76D05,80A20.
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Xou
lg
—
y=0 yp=L
53 7,
e

FIGURE 1. Geometry of the problem and the co-ordinate system

where k is the thermal conductivity, h, is the external heat transfer coefficient and
T, is the external temperature (see Figure 1). This kind of boundary condition
is appropriate to express mathematically heat loosing in insullation problems. In
addition we have taken in account in this paper the effect of viscous dissipation, see
Barletta [9].

2. Basic equations

Consider a viscous and incompressible fluid, which steadily flows between two
infinite vertical and parallel plane walls. At the entrance of the channel the fluid has
an entrance velocity Uy parallel to the vertical axis of the channel. The geometry of
the problem, the boundary conditions, and the coordinate system are shown in Fig. 1.
The variation of density with temperature is given by the Boussinesq approximation
and the fluid rises in the duct driven by buoyancy forces and initial velocity. Hence,
the flow is due to difference in temperature and in the pressure gradient. The flow
being fully developed the following relations apply here v = 0, dv/dy = 0, Op/dy = 0,
where v is the velocity in the transversal direction and p is the pressure. Thus, from
the continuity equation, we get du/dz = 0 so that the velocity component along z-
axis depends only by y, u = u(y). Based on the fact that the flow is fully developed we
can assume that the temperature T' = T'(y). Under these assumptions the momentum
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and energy equations for the flow and heat transfer have the following form:

d®>u  1dp
cu @ T—Tp) =0 2.1
de2 pdx+gﬁ( 0) (2.1)
3T v [(du\®
LN A T 2.2
ady2+cp (dy) (2.2)

subject to the boundary condition given by Eq. (1.1), noslip condition for for velocity
at the walls and constant temperature at the left wall:

w(0) = 0,u(L) = 0,T(L) =T, (2.3)

where o is the thermal diffusivity of the viscous fluid, p is the fluid density and c,
is the specific heat at constant pressure. In the system (2.1) and (2.2) there is an
additional unknown, the gradient of pressure, dp/dz. In order to close the above
system subject to the boundary conditions (1.1) and (2.3) it is necessary to consider
the equation of the mass flux conservation:

L
Up = %/O u(y)dy (2.4)

where L is the channel width. Further, we introduce the following dimensionless
variables (see Pop and Ingham[10] or Kohr and Pop[11]):

u zRe y T-Tp L?
U=—,X=—Y=20=——+— P=— 2.5
Uy’ L’ L’ Tw—To’ pl/2p (2:5)
where Re = UyL/v is the Reynolds number and Ty = (Ty, + Ty,)/2 is a characteristic
temperature. Using (2.5) in the equations (2.1)-(2.2), in the boundary conditions

(1.1) and (2.3) and in the mass flux conservation (2.4) we obtain:

d2U
gyz tA -7 =0 (2.6)
20 du
gyz TBr5y) =0 (2.7)
U(0)=0,U(1) =0, (;—i) = k(1 +0)y—0,0(1) =1 (2.8)
Y=0
/1 UY)dy =1; (2.9)
0

In Egs. (2.6)-(2.9) ~ is the pressure gradient in X direction, Br is the Brinkman
number, A is the mixed convection parameter and x is the convection heat transfer

parameter given by

dpP pUg Gr  gB(T, — Ty)L? hoL
Y B —prEe=—FY% S _9PTw Z T 2.10
T ax T T T R (Tw - To) " T Re Tor "k (210
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and Pr, Ec, Gr and Re are the Prandtl number, Eckert number, Grashoff number

and Reynolds number,respectively, defined as:

2 _ 3
PT‘:K,EC:L,GT:M,RGZE (2.11)
o ep(Tw — To) v? v

The physical quantity of interest in this problem are the skin friction coeffi-

cient C'y and the Nusselt number Nu, which are defined as:

d heL
;=L (_U) Nu= <L> (2.12)
PUs \dy /) y—o 1 k' Jy=oL

In Eq. (2.12) hy is the internal heat transfer coefficient which can be calculated from

the heat transfer balance at the wall:

oT
k— =ht (Twarr — Triui
( an)wall s ! Stuia)

where n is the normal to the wall. Using dimensionless variables (2.5) we obtain:
dU 0(0) + 1 (% )y -
C:Re = | 2= Nuly—g =k | —21 =)  Nu|y_g = — ¥ /¥=1 2.13
pie= (55, Vot == (7)Mo =R e
3. Results and discussions

Equations (2.6) to (2.9) admit an analytical solution in two particular cases:

i) Case Br =0
In this case the system (2.6) and (2.7) becomes:
d*U  dP
d*0
i 0 (3.2)

subject to the boundary conditions (2.8). Further, from Eq. (3.1), (3.2) and condition
(2.9) we obtain

2K 11—k

9(Y) =

() 1+k 1+ k&

kKA Y3 1—k_ Y2 KA 1—&
V)= — = = v+ —)Y
V) =13 O+ .93 (3(1+) Lt ) (3.3)
A
v Jrl—l—/e
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it) Case A =0
For A = 0 the forced convection only is considered. The system (2.6) and (2.7) takes
the following form:

d*U
20 du

Taking in account that ~y is constant, using the boundary conditions (2.8) and mass

flux conservation (2.9) we have:

U(Y)=—-6Y?+6Y
14+6Br —k

2
0(Y) = —12BrY" + 24BrY® — 18BrY2 + —— (1 + 3Br)Y +
1+x 1+k

(3.6)
v=-12

Equations (2.6) and (2.7) subject to (2.8) and (2.9) were solved numerically
for different values of the parameters, A\, x and Br (A = 0, 100, 250, 500; x = 0.01,
0.1, 1, 10; Br = 0, 0.001, 0.01, 0.025) using an implicit finite-difference method for
velocity and a Gauss-Seidel iteration for temperature. Dimensionless velocity profiles,
U(Y), and temperature profiles, 6(Y), are presented in Figs. 2 to 7 for different values
of the above parameters. Analytical solutions ( A= 0, Br = 0) are also presented on
figures with a circle marker.

The variation of the velocity U(Y) and temperature 0(Y) with the mixed
convection parameter A is presented in Figs. 2 and 5.
Acknowledgements. The work of the second author was supported from UE-
FISCSU - CNCSIS Grant PN-II-ID-PCE-2007-1/525.
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A K Br=0 Br=0.001 Br=0.01
0 |0.1 5.940594 5.940594 5.940594
1 5.940594 5.940594 5.940594

10 5.940594 5.940594 5.940594

100 | 0.1 4.470594 4.501963 4.799567
1 -2.144405 -2.134825  -2.047795

10 | -8.759405 -8.784130  -9.001301

500 | 0.1 | -1.409405 -1.27279  -0.125966
1 | -34.484405 -32.905781 -25.265381

10 | -67.559405 -68.912398 -68.791864

TABLE 1. Friction coefficient Cf Re|y—o

A K Br=0 Br=0.001 Br=0.01
0 |0.1]| -5.940594  -5.940594 -5.940594
1 -5.940594  -5.940594  -5.940594

10 | -5.940594  -5.940594 -5.940594

100 | 0.1 | -7.410594  -7.370828 -6.999151
1 |-14.025594 -13.992628 -13.700667

10 | -20.640594 -20.606004 -20.288425

500 | 0.1 | -13.290594 -13.053063 -11.199059
1 |-46.365594 -43.025955 -27.986534

10 | -79.440594 -74.606586 -42.694129

TABLE 2. Friction coefficient C'y Re|y =1
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4
Br=0.01
k=1

3 ooo analytic solution

A =0, 100, 250, 500

%)
=

0 0.2 0.4 0.6 0.8 1

FIGURE 2. Velocity profiles for different values of A
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FIGURE 3. Velocity profiles for different values of Br
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k=10, 1, 0.1, 0.01

0 0.2 0.4 0.6 0.8 1

FIGURE 4. Velocity profiles for different values of x
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FIGURE 5. Temperature profiles for different values of A
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FIGURE 6. Temperature profiles for different values of Br
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FiGUure 7. Temperature profiles for different values of x
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A K Br=0 Br=0.001 Br=0.01
0 |0.1]-0.999999  -1.032983 -1.451739
1 |-1.000000  -1.005839 -1.059969
10 | -1.000000  -1.003203 -1.032116
100 | 0.1 | -0.999999  -1.027827 -1.377468
1 |-1.000000 -1.006256 -1.063425
10 | -1.000000  -1.009053 -1.092552
500 | 0.1 |-0.999999  -1.031473 -1.360956
1 |-1.000000  -1.133834 -2.040945

10 | -1.000000  -1.276971 -3.552673
TABLE 3. Nusselt number on the left wall Nu|y—g

A K Br=0 Br=0.001 Br=0.01
0 | 0.1 1.000000 0.967016  0.548260
1 | 1.000000 0.994160  0.940030
10 | 1.000000 0.996796  0.967883
100 | 0.1 | 1.000000 0.959813  0.498805
1 | 1.000000 0.981394  0.813917
10 | 0.999999 0.978624  0.787469
500 | 0.1 | 1.000000 0.906917  0.033431
1 | 1.000000 0.810584 -0.328300
10 | 0.999999 0.683490 -0.854004
TABLE 4. Nusselt number on the right wall Nuly—1
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A COLLOCATION METHOD USING CUBIC B-SPLINES

FUNCTIONS FOR SOLVING SECOND ORDER LINEAR VALUE
PROBLEMS WITH CONDITIONS INSIDE THE INTERVAL [0, 1]

DANIEL N. POP

Abstract. Consider the problem:
y//(x) - Q({E)y(l‘) = R(IE), T e [07 1]
y(a) =a
y(b)=p5,  a,be(0,1).

where Q(x), R(z) € C[0,1];y € C?[0,1]. The aim of this paper is to present
an approximate solution of this problem based on cubic B-splines. The
approximate solution uses a mesh based on Legendre points.A numerical
solution is also given.

1. Introduction
Consider the problem(PVP):
y' () — Qx)y(x)
y(a)
y(b)

R(z), x €10,1]

(0%

B, a,b e (0,1).

(1.1)

where Q(z), R(z) € C[0,1];y € C?[0,1],a,b,a, 3 € R.This is not a two point bound-

ary value problem (BVP), since a,b € (0,1).
If the solution of the two-point boundary value problem (BVP):

y'(z) = Q(@)y(z) =r(x), =€ lab
y(a) = «a
y(b) = B,

(1.2)

exists and it is unique, then the requirement y € C2[0,1] assures the existence and

the uniqueness of (1.1).

Received by the editors: 10.11.2009.
2000 Mathematics Subject Classification. 65D07,65D110.
Key words and phrases. B-splines,Collocation methods.
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T have two initial value problems on [0, a] and [b, 1], respectively, and the exis-
tence and the uniqueness for (1.2) assure existence and uniqueness of these problems.
It is possible to solve this problem by dividing it into the three above-mentioned prob-
lems and to solve each of these problem separately, but I am interested to a unitary

approach that solve it as a whole.

Remark 1.1. e If a = 0 and b = 1 the problem (PVP) becomes a classical (BVP).
e If a = 0 or b =1 the problem (PVP) may be decomposed into an (BVP)

and one initial value problem(IVP).

Historical Note
In 1966, two researchers from Tiberiu Popoviciu Institute of Romanian Aca-

demy Cluj Napoca, D. Ripianu and O. Arama published a paper on polylocal problem
(see [10]).

2. Preliminaries
Consider a partition of [0, 1] like:
m:0=xp<x1<-- <Ny <TNn41=1, (2.1)
and the step sizes:
H,‘ = Ti41 — Ty, Z:O77N (22)
In each subinterval [z;,2;41] we construct the collocation points as follows
fij =x; + HZ,DJ, 1= O7 1, ceey N, ] == O7 1, 27 ceey k, (23)
where
0<po<p1<pa<..<pp<l (2.4)
are the roots of k-th Legendre polynomial on each subintervals:[x;, z;41],7 = 0,1, ..., N
with the stepsize given by (2.2) (see [1] for more details). I insert the points a,b so I
obtained N (k+1)+2 points. One renumbers the collocation points such that the first
is & 1= xo+ Hopo = 0, and the last is &, 12 := xnx + Hypr, = 1, where n = N(K +1).
Therefore the partition of [0, 1] becomes:
A::0§§o<§1<...<fn+2:1
We augment the above partition A to form:

A€ 90<é1<EH=0<E <. <Epyo=1<Eni3<Enga (2.5)

where: § 1= a; §4p =00 <l <n+1;1 <l4+p<n+2,{1—-8 2 =E &1 =& —&o,
En+a — Ent3 = &nt3 — Ent2 = Snt2 — Ent1.
Remark 2.1. Ifa=& orb=¢§15,1 <i<n—-2,1<p<n+1-—1iwe increment k.
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Notation 2.2.

Qi =Q(&); hi:=¢&41 —&; H:= max

0< i< n+1(

&iv1—&); hi=

= min (
0< i<n+1

Sir1 —&i)-
Definition 2.3. Given the meshpoint (2.5) I define the vector space:
S (A) = {p(z) € C*[0,1] : p(z) is a cubic polynomial of each
subinterval [fi,Q 757;+2L 0 S ) S n —+ 2}

dim S (A) = n + 2 (numbers of subintervals, see [12, pp. 73])

Definition 2.4. For z € R ;0 < ¢ < n, the cubic B-splines with the five knots: &;_o,
&1, &, €, € are given by:

T—& i 2 §ita—w
B; = B; + ——B,; 2.6
3() hi—o 4+ hi—1 4+ Ry 2(@) Rig1 4 hi + Ry +1.2(7) 26)

where

1if Sifg <z< 52'71
Bio = ;
0 otherwise
(1751,72)2 .
s (ot &2 S @ <&
((L‘—fi7 )(51_1') (61 —(L‘)((L‘—fi7 ) .
) — hi—l(hi,21+hi72) + hz:tll(hi71+hi) Sif o S <&
’ (51' 1_75)2 .
Ty & <z <&

0 , otherwise .

e~

[V}

—~

]

N—
|

We need a bases from S(A) having (n+2) cubic B-splines.Our choice is based
on some special properties of cubic B-splines (see [11, pp.19-21] for details):

e The set
{B;}i=0,...,n+1 (2.7)

form a basis for S(A).

{B;} is positive on (&_2,&+2) and zero elsewhere. (2.8)

e {B;} has local support (§;_2,&;+2) so computations using B-splines lead
to linear system of equations with banded matrices.

n+1
8§ Buate) = 1 for vy 0 € .1 29
i =0

I recall some results from matrix theory ([7, pp. 359-361], [8, pp. 50-55]):
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|
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)

0.4

FIGURE 1. B-spline bases

Definition 2.5. A matrix A = [a; ;],i = 1,2,...,m,j = 1,2,...,n is called reducible

if there is a permutation that puts it into the form

C¢ D

where B and D are square matrices. Otherwise A is called irreducible.

Definition 2.6. A matrix A = [a; ;],i =1,2,...,m,j = 1,2,...,n is called monotone
if Az > 0 implies z > 0.
Theorem 2.7. A square tridiagonal matriz A = [a;;] 1,5 = 1,2,...,n is irreducible
iff:

aii—1 #0 (1=2,3,...,n) and a; ;41 #0 (i=1,2,...,n—1)
and is reducible iff:

aii—1 =0 ora;iy1 =0 for somei=2,3,..,n

Theorem 2.8. A monotone matriz is nonsingular.

3. Main Results

3.1. Consistency of the method. I wish to find a approximate solution of the
problem (1.1) in the following form:

n+1

ux(@) =Y ciBis(x). (3.1)
i= 0
where B; 3(x) is a cubic B-splines with knots {& 1 }7 _ _,.
Remark 3.1. My approximation method is inspired from ([3], chap. 2,5)
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I impose the conditions:
(c1) The approximate solution (3.1) verifies the differential equation (1.1) at
(c2) The solution verifies ux(&) = o, ux(&4p) = B (we recall that a =

&,0=E&4p).
Conditions (c1) and (c2) yield to a linear system:

A-c=7v (3.2)

with (n 4 2) equations and (n + 2) unknowns ¢;, i = 0,...,n + 1.The system matrix
A is tridiagonal with 3 nonzero elements on each row.
We denote by:

fi(z) == B";3(x) — Q(z)B; 3(x), i=0,1,...,n+1;

then
fi(¢);1€{0,1,2...,n+1}, je{l,2,...,n+2N\{l,i+p}
A= Bis(&);i=1-1,1,141
Biz(&qp)ii=1l+p—11+pl+p+1
The right hand side of (3.2) is:

v =[R(&), s R(&-1), 0, R(&41) s ooy R(Gp—1), By R(Gpt1)s s B(Ent2)]
Lemma 3.2. (see [11, p. 23]) For eachl > 0, and x € [0, 1], we have B; ;(z) € C[0,1]

and
B, — Bii1-
B =1 [ Pt Bt ]
’ Civi2 — &2 Sivic1 — &1
First I prove the next lemmas:

Lemma 3.3. For each z € [0,1], B;3(x) € C?[0,1] and

(3.3)

, Bia(x)
. ) ’ _ 3.4
i3(7) [(h, + hi—1 4+ hi—2)(hi—1 + hi—2) o

Bit11(x)(hi—a + 2hi—1 + 2h; + hit1)
- L (3.4D)
(hi +hi—1)(hi + hic1 4+ hi—2)(hig1 + hi + hiz1)
Bi+2,1(x)
(hig1 + hi + hiz1)(hi + higa) |’

+ (3.4c)

where
=& 5 <
o e S <&
Bia(x) = SLfG a<e<§

0, otherwise.
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Proof. For | = 3 we obtain from (3.3)

B; B;
)< [ Bsltl Bt |
’ hi+hio1+hia  (higr +hi+hiog
Then
. B! (z B! x
Biate) =8 [t el ] 5.5
' hi +hi—1 +hi—2 hiy1 4+ hi + hia
Using again (3.3) for [ = 2, it results:
B; 1(I) Bi+1 1(@}
Bl () =2 : _ 2L , 3.6
1,2(1‘) |:hi1 +hi—a  hi+hi (3:6)
Bit11(x)  Bita1(2)
B, =g | : : 3.7
Z+1,2(m) I:hz 4 hifl hi+1 4 hz ( )
By substituting (3.6) and (3.7) into (3.5), I obtain (3.4a), O
Lemma 3.4. For everyi=0,1,...,n+ 1, it holds
2 2
L Bia(g) < — 3.8
3H?2 < ,3(£ ) < 352 ( )
2 2
32 < Bl3(&) < ~I2 (3.9)
Proof. By substituting &; into (2.6) I obtain:
Bis(6) = 1 [ hi(hi—1 + hi—2) hi—1(hi1 + hi) }
B (hi—1 +hi) [ (hi + hi—1 +hi—2) ~ (hi + hi—1 + hit1)
But since
h<h; <H, foreveryi=0,1,....n (3.10)
we obtain (3.8). Also substituting &; into (3.4a) we have:
1 1 1
B!'s(&) = — + }
ws(&) (hi—1 + hy) |:(h7, +hi—1+hi—2)  (hi + hic1 + hig1)
Using again (3.10), it results (3.9). O

Lemma 3.5. If Q(z) < —1 for all x € [0,1], then the elements of the matriz A are

strictly positive.

Proof. From (2.8)

Bis(&) >05i=1—-1,1,1+1
Bis(&iap) > 05i=1+p—11+pl+p+1.
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Using (3.4a)

3!
Bl'y(&-1) = > 0,
(&) (hi 4+ hi—1 + hi—2)(hi—1 + hi—2)
3!
B/ i = >0
ia(8i1) (higr 4+ hi 4+ hi—1)(hs + hig1)
and:
Q(z) <0,B;3(&i-1) > 0, Bi 3(&+1) > 0 then fi(§i—1) >0, fi(&4+1) > 0.
Also since
fil&i) = Bi'3(&) — Qi - Biz(&)
it follows:
By’3(&) 2 3H* 1 :
IfQ; < Bis@) < g < 72 < —1;then for all i =0,1,2,...,n: f;(&) >0
O
Lemma 3.6. If A = [a;;] is a square tridiagonal matriz with all elements strict

positive then A is monotone.

Proof. By hypothesis a; ;-1 > 0;a;; > 0;a;,41 > 0 then, cf. Theorem 2.7, the

matrix A is irreducible, and moreover
ai i1+ @i+ aiip1 >0 (3.11)

Reductio ad absurdum.] assume that there exists a vector z with a negative
component z; < 0 but such Az > 0. This assumption is equivalent to assuming
that A is not monotone.I shall show that this contradicts the assumption that A is
irreducible. Denote by W := {1,2,...,n} and e the vector whose components are all
1. Then from (3.11) we have

A-e>0,A-e#0. (3.12)
Since the sum of two nonnegative vectors is nonnegative, it follows that for 0 < A <1
AMz+ (1 =NAe=AM z+ (1= N)e] >0 (3.13)

Consider the vector wy = Az + (1 — A)e as a function of A.For A = 0 all
components w)y are positive, namely +1. For A = 1 there is a least one negative
component, namely z,,q € W. The components of wy are continuous functions of A.
Since 0 < A <1, at least one component of wy must pass thought the value 0. Let ¢
the smallest value of A such that wy has a zero component (0 < § < 1). Now let S
be a set of indices of zero components of wy and let T'=W — S. (By construction,
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S # &, T #+ ®). For if all components of wy were zero, then the vectors z and e

would be proportional:

1)
e=-—7_5% (3.14)
and from Az > 0 it would followed that:
0
=" Az<
Ae T (5AZ <0
contradicting (3.12). By (3.13), Aws > 0, so in particular, if i € S :
(Aw(;)i = ZCL,‘ jws ;>0 (3.15)
JET

by construction ws ; > 0,if j € T. Inview of a; ; > 0if j € T, (3.15) is thus possible
if a;;-1 = a;; = a;;4+1 = 0.Then A is reducible, contradicting our assumption, that
implies A is monotone. O

Theorem 3.7. If Q(z) < —1 the system(3.2) has a unique solution.

Proof. Using above lemmas the system matrix A is monotone. By Theorem 2.8 A
is nonsingular and moreover det A # 0. O

To solve the system (3.2), T use Crout Reduction for Tridiagonal Linear Sys-
tems Algorithm (see [5, pp. 336-340]). This algorithm requires only (5n —4) mul-
tiplications/divisions and (3n — 3) addition/subtractions, and consequently it has
considerable computational advantages over the methods that do not consider the

tridiagonality of the matrix, especially for large values of n.

3.2. Error analysis. I recall ([2, pp. 58-62]):

Theorem 3.8. If the exact solution of (PVP) y(x) € C?[0,1], then there exists a
B-spline B(x) € S(A) determined locally as follows

. (3.16)

max |y(z) - Bi(2)| = |y — Bl <K-HE -y
[51'7275142]

§i—2<x<&it2 [§i—2:&it2) =

where Hy := max{h;_o,h;_1,h;,his1} and K is a real constant independent of A
and y(x).
Since the points of A, except & = a and &1+p = b are the roots of the kth

Legendre polynomial, the orthogonality relation

1 k
| 0TI =it =0

holds for all polynomials p(t) of degree ¢(2 < ¢ < k), and then the superconvergence

occurs at the meshpoints:

y (&) —u (&) = O(H):0<i<n+20<j<1 (3.17)
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(see [1], [4]). T use as collocation points the Gaussian points taking ¢ = k.Then the
superconvergence of my method at the meshpoints &;,47 € {0,1,2,....n+2}\ {I,1+ p}
is assured.

[y (&) —u (@) =00 <i<n+2,0< <1

Since Q(x) € C1[0,1], then there exists N = Jmax, |Q(z)| such that

< Ny(&) —uz(&)] = N-OH).

y" (&) — (&)
In fl = a,fler =0 Cf(316)

(&) = Bi(&)lig,_y.,,p < K1 H?- HZJ(Z)’

[&1-2,&142)

y(&+p) = BiGtp)l < Ky H? Hy(Z)

Eivp—2,814pra] — }[£l+p72)€l+p+2]

where K, Ko are constants, independent of A and y(z). It follows that my method

is superconvergent of order O(H?).

3.3. Numerical examples. I shall give one example. For this example, I plot the
approximate solution, error in semilogarithmic scale and I generate the execution
profile with the pair profile — showprofile, see ([6]).

I want to approximate the oscillating solution of the following problem:

Z"(t) =50 Z(t) =sin(t);0 <t <1 (3.18)

with conditions:

(1> 1 —sin(3¥2)sin 1 + sin & sin(5/2) (319)

6) 49 sin(5+/2)
(%) _ 1 - sin(%) sin1 -+ sin % sin(5\/§)
49 sin(5v/2)

4

The exact solution provided by dsolve is:
Z() = 1 — sin(5\/§t) sinl + sintsin(S\/i)
49 sin(5v/2)

Since .
| 10@)dr> 1
0

due to disconjugate criteria given by Lyapunov (1893), the problem (3.18) has an
oscillatory solution. I used Maple 8 to solve the problem exactly and to approximate
the solution, for n = 10 and k = 3. I obtained a very good approximation, but I must

increase the number of decimals with Maple command:
> Digits := 18;
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If T use a method based on orthogonal polynomials, for example first kind Chebyshev
polynomials, I observe that the B-spline method is faster and requires less memory.
The reason is that for the B-spline method the matrix of the system that provides
the coefficients is a band matrix with at most 3 nonzero elements per line, while
for Chebyshev method the matrix is dense. This example with oscillating solution
supports this conclusion (see for more details [9]).

Here are the profiles for the procedures genspline and genceb in the case of
oscillating solution to problem (3.18):

function depth calls time time bytes bytes
genspline 1 1 7.691 100.0 156424156 100.00
genceb 1 1 17115 100.0 156424156 100.00

The the graphs of approximate solution and the error in semilogarithmic scale

are given in Figure 2 and Figure 3, respectively.

o 02 4 06 08 1

FIGURE 2. Approximate solution n =10, k =3

FiGURE 3. Error plot, n =10, k=3
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THE SOLVABILITY AND PROPERTIES OF SOLUTIONS OF ONE
WIENER-HOPF TYPE EQUATION IN THE SINGULAR CASE

ALEXANDRA SCHERBAKOVA

Abstract. The work defines the conditions of solvability of one integral
convolutional equation with degreely difference kernels in a singular case.
This type of integral equations was not studied earlier, and it turned out
that all methods used for the investigation of such equations with the
help of Riemann boundary problem at the real axis are not applied there.
The investigation of such type equations is based on the investigation of
the equivalent singular integral equation with the Cauchy type kernel at
the real axis in a singular case. It is determined that the equation is
not a Noetherian one. Besides, there are shown the number of the linear
independent solutions of the homogeneous equation and the number of
conditions of solvability for the heterogeneous equation in the singular case.
The general form of these conditions is also shown and there are determined
the spaces of solutions of the equation. Thus the convolutional equation
that wasn’t studied earlier is presented in this work and the theory of its
solvability in the singular case is built here. So some new and interesting
theoretical results are got in this paper.

The present work is devoted to studying the next Wiener-Hopf type integral

equation such as

+o0
1
Pala)ola) + = O/ k(t,x — )p(t) dt = h(z),z € R, (1.1)

where R is the real axis;

3

k(t,o —t) =Y kj(z —t)t/,
j=0
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and

P, (x) = Z Agat
k=0

is the known polynomial of degree m and k;(x) € L, j = 1,n, h(z) € Ly are known
functions.

The theory of solvability of Wiener-Hopf equations with difference kernels
was constructed in [2] and there were made quite wide assumptions concerning their
kernels and right parts. This theory was based on the investigation of the Riemann
boundary-value problem on the real axis, that was obtained with the help of the
Fourier transformation. But we can’t use methods from [2] to study the equation
(1.1), because the investigation of it with the help of the Fourier transformation goes
to the investigation of the Riemann differential boundary-value problem on the real
axis. The ordinary Wiener-Hopf equation was studied in details in [6], where the
conditions of solvability and some properties of solutions in the normal and singular
cases were determined. The number of the linear independent solutions and the
number of conditions of solvability for the both cases were also established there.
Now we are studying the Wiener-Hopf type equation with more complicated kernel.

Let DT = {z € C:Imz > 0} be an upper half plane and D~ = {z €
C : Imz < 0} be a lower half plane of the complex plane C. According to the proper-
ties of the Fourier transformation [3], [2] the investigation of the equation (1.1) reduces

to the investigation of the following Riemann differential boundary-value problem

> A=) et ® (@) +
k=0 J

(-1 Kj(z)2tD(2)| — & (z) = H(z),z € R, (1.2)
=0
where K;(z), H(x) are accordingly the Fourier transforms of functions k;(x), h(z),
j =1,n. ®+®)(2) and &~ () are the boundary values at R of functions ®*)(2) and
&~ (z) accordingly, where ®*(z), &~ (z) are unknown functions, which are analytical
in the domains DT and D~ accordingly. As all the transformations of the Riemann
differential boundary-value problem (1.2) and the equation (1.1) are identical, then
the problem (1.2) and the equation (1.1) are equivalent in such a sense that they are
simultaneously solvable or are not, and there is one and only one solution ®*(z) of
the Riemann differential boundary-value problem (1.2) that corresponds to one and
only one solution () of the equation (1.1) and vice versa. The solutions of the

equation (1.1) are expressed over the solutions of the problem (1.2) by the formula
1 .
z) = —— [ @ (t)e " dt,x > 0. 1.3
Plo) = = IZ 0 (1.3
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We consider the functions K,;(x) € H r>00<a< 1, HY = H,, j=1,nand
the function H(z) € Lg), r >0, Lg)) = Ly. As functions k;j(z) € L, then accord-
ing to Riemann-Lebesgue theorem [3] lim K;(z) = 0, j = 1,n. The investigation
of the equation (1.1) we will do basingx 0?1O the investigation of the Riemann differ-
ential boundary-value problem (1.2). The investigation of the Riemann differential
boundary-value problem (1.2) reduces to the investigation of the singular integral
equation with Cauchy kernel at the real axis with the help of integral representations
for functions and derivatives of them built in [8]. Let construct functions ®*(z) and
&~ (z) such that they are analytic in the domains D¥, D~ respectively and decay at
infinity. Besides, the boundary values on R of functions ®*)(z) and &~ (z) satisfy
the following condition ®+®)(z), &~ (z) € L , r > 0,p > 0.These conditions satisfy
such functions as:

ot (2m)~ /PjE z,2)p(x) dr, 2 € DF, (1.4)

where

P (,2) = ety ” {(-’E — 2! ln(l e Z) =Y dp k(@) Tz )P,
k=0

(p—1)! z4+1

reR,zeDT;
1

r—z

P (x,2) =

reR,zeD7;
dpr—2 = (- k+120p k=17

+2

z+z
(In1 = 0) of the logarithmic function in the complex plane with the cut that connects

where C]" are binomial coefficients and the function In {1 — } is the main branch
such points as z = —i and z = oo, following the negative direction of the axis of
ordinate. It’s easy to verify, that defined by (1.4) functions ®*(2) and ®~(2) are the
unique analytic functions in domains DV, D~ respectively. It is easy to verify that
the function p(z) € Lo is defined uniquely by the functions ®*(z) and ®~(z) and
vice versa, so with the help of the given function p(x) € Ly both functions ®*(z) and
®~(z) are constructed uniquely. The following representations take place:

d+t®) () = (2m) ™" /(z +2)7P(x — 2) " p(x)dx,z € DT,
R
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d(2) = (2m) " /(x —2)"'p(x)de,z € D, (1.5)

R
We counsider the case, when m = n. Using the properties [8] of partial derivatives of
functions PT(z,z) with respect to z and Sohotski formulas for derivatives from [1],
with the help of the representations (1.4), (1.5), we transform the Riemann differential

boundary-value problem (1.2) into the following singular integral equation

A(@)p(x) + Bla)(m) " / (t—2)'p()dt + (Tp)(a) = Hz)x € R, (L6)

R

where

A(z) =0,5(-=1)" {[Am + Kpn(@)](x +2) " + 1},

B(z) =0,5(-=1)" {[Am + K (x)](x +2)"™ — 1}, (1.7)
/th t)dt,z € R, (1.8)
m—1 ] Jj D+ x
K(r0) = ge 3 (1) 14+ Ky () 207 (1.9
7=0
o7 P (t z)

and Lm(m) is a limiting value at R of the function

,j=0,m—1.
Lemma 1.1. If functions K;(z) € Hg), j=1,n, then the operator T : L(zr) — L(zr),
r > 0, defined by the formula (1.8) is a compact operator.

The proof of lemma follows from Frechet-Kolmogorov-Riesz criterion of com-
pactness of integral operators on the real axis in the space Ly, p > 1, the properties
of functions P*(x, z) follow from the results of the papers [8] and [9].

According to the work [4], the problem (1.2) and the singular integral equation
(1.6) are equivalent in such a sense that they are simultaneously solvable or are not,
and for the every solution p(z) of the equation (1.6) there exists may be an ununique
solution ®*(x) of the problem (1.2) and vice versa. In order to make this solution to
be the unique one, it is necessary to set initial conditions for the problem (1.2). As its
solutions ®* () are found in spaces of decaying at infinity functions, then according
to the properties of Cauchy type integral, solutions of the problem (1.2) are such
that ®*()(c0) = 0, j = 0,m — 1, thus we obtain trivial initial conditions of (1.2)
and they are set automatically. So it follows that the Riemann differential boundary-
value problem (1.2) and the singular integral equation (1.6) are equivalent in such a
sense that they are simultaneously solvable or are not, and there is one and only one
solution p(z) of the equation (1.6) for the every solution ®*(x) of the problem (1.2)
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and vice versa. By the force of formula (1.4), the solutions of the problem (1.2) are

expressed over solutions of the equation (1.6) according to the formula

ot (z) = \/% /P+(t,x)p(t) dt,z € R, (1.10)
R

where p = m; P*(t,z) is the boundary value at = € R of function P*(¢,z), and p(x)
is the solution of the equation (1.6). As the equation (1.1) and the problem (1.2) are
equivalent, the problem (1.2) and the singular integral equation (1.6) are equivalent,
too, it follows that the equation (1.1) and the equation (1.6) are equivalent in such a
sense that they are simultaneously solvable or are not, and there is one and only one
solution ¢(z) of the equation (1.1) for the every solution p(x) of the equation (1.6)
and vice versa. Thus the solutions of the equation (1.1) are expressed over solutions
of the equation (1.6) according to the formulas (1.10), (1.3). That is why the equation
(1.1) we will call Noetherian if the equation (1.6) is Noetherian.

Theorem 1.2. The equation (1.1) is not Noetherian.

Proof. According to the work [4] the equation (1.6) is Noetherian if and only if when
A(xz) + B(x) # 0, A(z) — B(z) # 0 on z € R. From the formula (1.7) it follows that

A(z) + B(z) = (=1)"[Am + K (2)](x +2)77,

A(z) — B(z) = 1.

So we have got that the function A(z)+ B(x) possesses a zero at infinity of at least the
order m. It means that the equation (1.6) is not Noetherian. Then as the equations
(1.1) and (1.6) are equivalent, the equation (1.1) is not Noetherian, too.

The theorem is proved.

Let determine y = —ind [A,, + K, (z)].

Here we don’t study the case when A(z) 4+ B(xz) # 0 on R as this is the
normal case and the results of [6] for it remain correct if in Theorems 1.3 and 1.4 in
[6] we will study the function A, + Ky, (x) instead of A,, + B, K(x).

Let’s study the singular case when the condition A,, + K,,(x) # 0 at R is
not executed. Then we suppose that the function A,, + K,,(z) goes to zero on the
real axis in such points as a1, as, ..., as with accordingly integer orders v;, 7o, ..., Vs-
Then in virtue of [5] the following representation takes place

Xr — ag

A@) + B(z) = (z +1) " M) [] ( > ) : (1.11)

T T1
k=1 +

where the function M(z) # 0 on R, M(z) € HY.
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Let

R

ro = max{y1, Y2, .-, Ys, M}, Y = Z'yk, X = —indM (z). (1.12)
k=1

Theorem 1.3. Let the functions kj(x) € L, h(x) € Ly; the functions K;(x) € H,

j=1,m, H(z) € Lér), r > 1o, where the number rq is defined by the formula (1.12)

and the representations (1.11) take place, where M (x) # 0 on R.

If x + m 4+~ < 0, where the numbers x,v are defined by formulas (1.12), then the

homogeneous equation (1.1) has not less than |x +m+-y| linear independent solutions;

the heterogeneous equation (1.1) is unconditionally solvable and its general solution

depends upon not less than |x +m + | arbitrary constants.

If x+m+~ > 0, then generally speaking the heterogeneous equation (1.1) is unsolvable.

It will be solvable when not less than m + v + x conditions of solvability

/H(l‘)wj(x)dx =0, (1.13)
R

will be executed. Here H(z) is a right part of the equation (1.6), and v;(x) are the

linear independent solutions of the homogeneous equation

Ao - @ [P gy [k =o,
R

R
allied to the equation (1.6), where A(x), B(x), K(x,t) are the coefficients and the
regular kernel of the singular integral equation (1.6).

Proof. According to [5], the index of the equation (1.6) is equal to —(x + m + 7).
Then due to [4], if x + m + v < 0, then the homogeneous equation (1.6) has not
less than |y +m+ | linear independent solutions; the heterogeneous equation (1.6) is
unconditionally solvable and its general solution depends upon not less than |y +m+-|
arbitrary constants. If x +m 4+ > 0, then due to [4], the heterogeneous equation
(1.6) is unsolvable. It will be solvable, when not less than m + v + x conditions of
solvability (1.13) will be executed. As the equations (1.1) and (1.6) are equivalent,
then the theorem is proved.

Theorem 1.4. Let the functions kj(x) € L, h(x) € Ly; the functions K;(x) € H,
j=1,m, H(x) € Lér), r > 1o, where the number rg is defined by the formula (1.12),
the representations (1.11) take place, where M(x) # 0 on R, and the equation (1.1)
is solvable. Then its solutions belong to the space La[—r — m + 1¢; 0], 7 > 7¢.

Proof. According to [5], the solutions of the equation (1.6) p(z) € Lgiro), r>T.
Then in virtue of the representations (1.5) and the properties of the Cauchy type

integral the limit values ®+(z) on R of the function ®*(z) belong to the space L")
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From the properties of Fourier transformation [2] we obtain that the solutions of the
equation (1.1) belong to the space Lao[—r — m + 79;0], 7 > 79, and the theorem is
proved.

If the function A,, + K,,(z) goes to zero on the real axis R in the points
ai,as,...,as with accordingly fractional orders 71,72, ..., s, then the representation
(1.11) where M(z) # 0 at R and M (z) € HY is also fulfilled. But for the numbers

Yk, k =1, s the following representation takes place:

Y =[]+ {w}, k=0,s.

There [a] means the integer part, and {a} - the fractional part of the number a.

So here we will note

ro = mar{ay’,...,as’,m}, a= Z ay',  »x=—indM(x), (1.14)
k=1
0 J< 1
(] + 1,5 <{wm}<l, k=0,s.

With such assumption the following theorem takes place.

Theorem 1.5. Let the functions kj(xz) € L, j = 1,m, h(z) € Ly and the functions
K;(z) € H&r), j=1,m, 0<a<1, Hx) € Lg’), r > 19, where the number rq is
defined by (1.14), (1.15) and the representation (1.11) takes place, where M(x) # 0
on R.

If x + m + «a < 0, where the numbers x,« are defined by formulas (1.14), then the
homogeneous equation (1.1) has not less than |x +m+«| linear independent solutions;
the heterogeneous equation (1.1) is unconditionally solvable and its general solution
depends upon not less than |x + m + «| arbitrary constants.

If x+m+a > 0, then generally speaking the heterogeneous equation (1.1) is unsolvable.
It will be a solvable one when not less than m + o+ x conditions of solvability (1.13)
will be ezecuted.

Proof. According to [5], [7] the index of the equation (1.6) is equal to —(x +m + «).
Then due to [4], if x +m + a < 0, then the homogeneous equation (1.6) has not less
than |x + m + | linear independent solutions; the heterogeneous equation (1.6) is
unconditionally solvable and its general solution depends upon not less than |x+m+a|
arbitrary constants. If x +m + « > 0, then due to [4], the heterogeneous equation
(1.6) is unsolvable. It will be solvable, when not less than m + « + x conditions of
solvability (1.13) will be executed. As the equations (1.1) and (1.6) are equivalent,
then the theorem is proved.

195



ALEXANDRA SCHERBAKOVA

Theorem 1.6. Let the functions k;j(x) € L, h(x) € La; the functions K;(z) € H((;),
j=1,m, H(x) € Lér), r > 1o, where the number rq is defined by the formula (1.14),
the representations (1.11) take place, where M(x) # 0 on R, and the equation (1.1)

is solvable. Then its solutions belong to the space Liao[—r —m + 1;0], 7 > 1q.

The proof of the Theorem 1.6 coincides with the proof of the theorem 3.
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ANALYSIS OF A BILATERAL CONTACT PROBLEM WITH
ADHESION AND FRICTION FOR ELASTIC MATERIALS

AREZKI TOUZALINE

Abstract. We consider a mathematical model which describes a contact
problem between a deformable body and a foundation. The contact is
bilateral and is modelled with Tresca’s friction law in which adhesion is
taken into account. The evolution of the bonding field is discribed by a
first order differential equation and the material’s behavior is modelled
with a nonlinear elastic constitutive law. We derive a variational formu-
lation of the mechanical problem and prove the existence and uniqueness
result of the weak solution. Moreover, we prove that the solution of the
contact problem can be obtained as the limit of the solution of a regular-
ized problem as the regularizaton parameter converges to 0. The proof is
based on arguments of time-dependent variational inequalities, differential
equations and Banach fixed point theorem.

1. Introduction

Contact problems involving deformable bodies are quite frequent in indus-
try as well as in daily life and play an important role in structural and mechanical
systems. Because of the importance of this process a considerable effort has been
made in its modelling and numerical simulations. A first study of frictional contact
problems within the framework of variational inequalities was made in [5]. Recently
a new book [18] was appeared such that the aim is to introduce the reader of the
theory of variational inequalities with analysis to the study of contact mechanics,
and, specifically, with study of antiplane contact problems with linearly elastic and
viscoelastic materials. The mathematical, mechanical and numerical state of the art
can be found in [15]. The frictional contact problem with normal compliance and
adhesion for elastic materials was studied in [11]. In this paper we study a model of
an elastic contact problem with Tresca’s friction law in which adhesion into contact
surfaces was taken into account. We recall that models for dynamic or quasistatic

Received by the editors: 15.01.2009.
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process of frictionless adhesive contact between a deformable body and a foundation
have been studied in [2, 3, 15, 16]. In [1] the unilateral quasistatic contact problem
with friction and adhesion was studied and an existence result for a friction coefficient
small enough was established. As in [7, 8] we use the bonding field as an additional
state variable 3, defined on the contact surface of the boundary. The variable is re-
stricted to values 0 < 6 < 1, when § = 0 all the bonds are severed and there are
no active bonds; when 3 = 1 all the bonds are active; when 0 < 8 < 1 it measures
the fraction of active bonds and partial adhesion takes place. We refer the reader
to the extensive bibliography on the subject in [9,12,13,14,15,16,17]. In this work
we derive a variational formulation of the mechanical problem for which we prove
the existence of a unique weak solution, and obtain a partial regularity result for the
solution. Moreover, we study the behavior of the solution of a regularized problem as
the regularization parameter converges to 0.

The paper is structured as follows. In Section 2 we present some notations and give
the variational formulation. In Section 3 we state and prove our main existence and
uniqueness result, Theorem 2.1. Finally, in Section 4, we show that the regularized
problem admits a unique solution, Theorem 4.1, and prove a convergence result of
this problem, Theorem 4.2.

2. Problem statement and variational formulation

Let © Cc R%; (d = 2,3), be the domain occupied by a nonlinear elastic elastic
body. € is supposed to be open, bounded, with a sufficiently regular boundary I". T is
partitioned into three measurable parts I' = Iy UT, UT3 where I'y, T's, 'y are disjoint
open sets and meas I'y > 0. The body is acted upon by a volume force of density 1
on {2 and a surface traction of density @2 on I';. On I's the body is in bilateral and
adhesive contact with Tresca’s friction law with a foundation.

Thus, the classical formulation of the mechanical problem is written as follows.
Problem P;. Find a displacement field u : Q x [0,7] — R? and a bonding field
B:T3 x [0,T] — [0, 1] such that

dive + @1 =01in Q x (0,7, (2.1)
o=Fe(u) in Q x (0,7), (2.2)
u=0 on Iy x(0,T), (2.3)
ov =y onlyx(0,T), (2.4)

198



ANALYSIS OF A BILATERAL CONTACT PROBLEM

u, =0
|07 + e 82 Ry (ur)] < g
‘0'-,— + e BPR, (ur)‘ <g=1u,=0 onT's x (0,7, (2.5)

|0—T + CT/B2RT (u‘r)| =g =

IN>0st. ur = —=X(or + R, (ur))
B = _(CTﬂ |RT (u‘r)‘2 - 5a)+ on I's x (OvT)a (26)

ﬁ (0) = 50 on Fg. (27)

We denote by u the displacement field, o the stress field and e (u) the strain
tensor. Equation (2.1) represents the equilibrium equation. Equation (2.2) represents
the elastic constitutive law of the material in which F' is a given nonlinear function.
Here and below a dot above a variable represents a time derivative. We recall that in

linear elasticity the stress tensor o = (0;;) is given by
045 = Qjjkh€kh (U) ,

where F' = (ajjkn,) is the linear elasticity tensor, for 4,j,k,h = 1,...,d; (2.3) and
(2.4) are the displacement and traction boundary conditions, respectively, in which
v denotes the unit outward normal vector on I' and ov represents the Cauchy stress
vector. Condition (2.5) represents the bilateral contact with Tresca’s friction law in
which adhesion is taken into account. Here g is a friction bound and the parameters
¢; and g, are adhesion coefficients which may depend on = € T's. As in [17], R, is a

truncation operator defined by

v if [v| <L
R, (v) = v )
L— if uy|>L
]
where L > 0 is a characteristic length of the bonds. Equation (2.6) represents the
ordinary differential equation which describes the evolution of the bonding field and
it was already used in [17] where [s], = max (s,0) Vs € R. Since B <0onTsx(0,7T),
once debonding occurs, bonding cannot be reestablished. Also we wish to make it
clear that from [11] it follows that the model does not allow for complete debonding
field in finite time. Finally, (2.7) represents the initial bonding field. We recall that
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the inner products and the corresponding norms on R? and Sy are given by

Yu,v € RY,
Vo, € Sq,

wv = wv;, vl = (v.v)

o Nl

0.T = 0y;Tij, |T| = (1.7)

where Sy is the space of second order symmetric tensors on R? (d = 2,3). Here and
below, the indices ¢ and j run between 1 and d and the summation convention over
repeated indices is adopted. Now, to proceed with the variational formulation, we

need the following function spaces:

H=(1*()?, Hy = (H' (2))*

, Q= {T:(Tij)§'rij :TjieLQ(Q)}v
Q1 ={0€Q;divc € H}.

Note that H and @ are real Hilbert spaces endowed with the respective canonical
inner products

(u,v) g = / uvidx, (o, T>Q = / 04 Tijde.

Q Q

The strain tensor is )
e (u) = (e55 () = 5 (uiy +uji);
dive = (04j,;) is the divergence of o. For every element v € H; we denote by v, and
v, the normal and the tangential components of v on the boundary I' given by
Vy = V.V, Uy =V — Uyl
Similarly, for a regular function o € @1, we define its normal and tangential compo-
nents by
o, = (ov).ww, or=0v—0,V

and we recall that the following Green’s formula holds:

(0,6 (v))g + (divo,v) y = / ov.wda Vv € Hy,
r

where da is the surface measure element. Let V be the closed subspace of H; defined
by
V={veH :v=0onTy,v,=00nTj }.
Since meas 'y > 0, the following Korn’s inequality holds [5],
le @llg = callvlly, YveV, (2.8)

where the constant cq > 0 depends only on Q and I';. We equip V with the inner
product
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and |.||;, is the associated norm. It follows from Korn’s inequality (2.8) that the
norms |||z and ||.|ly, are equivalent on V. Then (V,|.||;,) is a real Hilbert space.
Moreover by Sobolev’s trace theorem, there exists do > 0 which depends only on the
domain €2, I'y and I's such that

For p € [1,00], we use the standard norm of L (0,7;V). We also use the Sobolev
space W12 (0, T; V) equipped with the norm

ol e 0,75v) = 1Vl o 0,15 F 110l oo 0,31y -

For every real Banach space (X, ||.||y) and 7' > 0 we use the notation C ([0,77]; X)
for the space of continuous functions from [0,7] to X; recall that C ([0,7]; X) is a

real Banach space with the norm

1/l e o,1,x) = R () x -
We assume that the body forces and surface tractions have the regularity

o1 € WE=(0,T; H), o€ WL (O,T; % (FQ))d) (2.10)

and we denote by f (t) the element of V' defined by

(f(t),v), = /Qapl (t) vdx —&—/F w2 (t) .wda Yv eV, forte[0,T]. (2.11)

2

Using (2.10) and (2.11) yield
fewh>=(0,T;V).

Also we define the functional j : V' — R, by

i) = [ glorlda
I's
where g is assumed to satisfy

geL>*(T3),g>0a.e onls. (2.12)
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In the study of Problem P; we assume that the elasticity operator F' satisfies

(a) F:QxS4— Sg;

(b) there exists M > 0 such that
|F (z,e1) — F (z,82)] < M |e1 — €2,
for all £1,e9 in Sy, a.e. x in €;

(c) there exists m > 0 such that
(F (z,e1) — F (%,2)) . (1 — €2) > m ey — &3],
for all €1, in Sy, a.e. x in ;

(2.13)

(d) the mapping x — F (x,¢) is Lebesgue measurable on €2,

for any € in Sy;

(e) x — F (x,0) € Q.
As in [17] we assume that the adhesion coefficients ¢, and ¢, satisfy the conditions
Cry €a € L™ (T3), ¢ry €4 >0, a.c.on I's. (2.14)
Next, we define the functional r : L2 (I'3) x V x V — R by
r (8, u,v) = /F ¢ B3R, (uy) v-da.
3
Finally, we assume that the initial data satisfy
Bo € L?(T3); 0< By <1, a.e. on T, (2.15)
and we need the following set for the bonding field,
O={0:[0,7] — L*>(I'3); 0<0(t) <1Vte[0,T], ae.onT3}.

Now by assuming the solution to be sufficiently regular, we obtain by using Green’s
formula that the problem P; has the following variational formulation.

Problem P,. Find a displacement field u € W (0,T;Q) and a bonding field
B e W (0,T;L?(I's)) N O such that

(Fe(u(t)),e(v) —e(u(®))g +7 () —j(u(?))

(2.16)

+r (B@),ut),v—u(t) > (f{t),v—u(t), YveV, tel0,T],
B(t)=—(c:B(t)|Rr (ur (1)° —ca)4 acet €(0,T), (2.17)
B(0) = Bo on I's. (2.18)
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Our main result of this section, which will be established in the next is the following
theorem.
Theorem 2.1. Let T > 0 and assume (2.10), (2.12), (2.13), (2.14) and (2.15). Then

there exists a unique solution to Problem Ps.

3. Existence and uniqueness result

The proof of Theorem 2.1 will be carried out in several steps. In the first

step, let k > 0 and consider the space

X = {ﬁ € C([0,T];L*(T's)); sup [eXp( k) (18 (Ol gz } < +00}-

te(0,T]

X is a Banach space for the norm
18x = sup_[exp (=kt) 18 (1) ey -
t€[0,7)

which is equivalent for the standard norm |[|.||¢(( 75.22(ry))» and for a given 8 € X we
consider the following variational problem.
Problem Pi3. Find ug : [0,7] — V such that

(Fe (ug (1)), (v) —e(ug (1)) g + 7 (v) — j (ug (1))
(3.1)

+r (B (1) ,up (t),v —ug (t) > (f(t),v—ug(t), YveV,tel0,T].
Lemma 3.1. There exists a unique solution to Problem Pig and it satisfies ug €

([0, 1]; V).
Proof. Let t € [0,T] and let A; : V — V be the operator given by

(Ao, w)y = (Fe (v) e (W) +7(B(t),v,w) Vo,weV.
Using (2.13) and the properties of R, (3.2) (see [15]) such that

|R; (ur)| < L, Yu € V; |R; (a) — R, (b)| < |a—1b|, Ya,b € RY,
(3.2)
(R: (ur) — Ry (v7)) . (ur —v7) >0, a.e. on s, Yu,v €V,

it follows that A; is a strongly monotone and Lipschitz continuous operator. The
functional j is a continuous semi-norm on V, then by a classical argument of elliptic
variational inequalities [18], we deduce that there exists a unique element ug (t) € V
which satisfies (3.1). Let now, t1, t2 € [0,7]. In inequality (3.1) written for ¢t = ¢4,
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take w = ug (t2) and also in the same inequality written for ¢ = to, take w = ug (t1) .

We find after adding the resulting inequalities that

(Fe (ug (t1))) — Fe (ug (t2)) € (ug (t1)) — e(ug (t2))) g <
(3.3)

T (B (1), ug (t1) up (t2) —ug (t1)) + 7 (B (t2) ,ug (t2) ,up (t1) —ug (t2))
We have

(B (), up (t) ,up (t2) —ug (t2)) +7 (B (t2) s up (t2) ,up (t1) —up (t2)) =
Jry (e2B% (t1) = B2 (t2)) Ry (ur (t1)) - (ugr (t2) — ugr (t1)) da

+ Jr, 8% (t2) (R (ur (t2)) = Ry (ur (01))) - (up- (t1) — upr (t2)) da.

Using (3.2), (2.13) (¢) and, (2.9), it follows that exists a constant ¢; > 0 such that

llug (t1) —ug (t2)lly, <
(3.4)
c1 (Ilf (1) = F(t)lly + 18 (t) =8 (t2)|\L2(F3)) :

As f € C([0,T];V) and B € C([0,T];L*(I'3)), then (3.4) implies that ug €
C([0,7];V). O
Next, we consider the following problem.

Problem P,3. Find a bonding field 5* : [0,7] — L? (I's) such that

B* (t) = - (CTB* (t) |RT (uﬁ"T (t))|2 - 5a)_i_ ae. te (O’T) ) (35)

6* (0) = ﬂo on F3. (36)

We have the following result.

Lemma 3.2. There exists a unique solution to Problem P and it satisfies
B e Wh>(0,T;L*(I's)) N O.

Proof. We consider the mapping 7 : X — X given by

TH(t) = fo - / (crB(5) | Ry (upr ()2 — £a)4ds,

where ug is a solution of Problem Pjg. Using that |R; (ug,)| < L, it follows that

there exists a constant ¢ > 0 such that

1761 (t) = TB2 (8)l| 2y < €2 Jo 181 (5) = Ba (8)ll 2y ds.
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Since
o 181 (5) = B2 ()l 1oy ds = fy €% (e7** (181 (5) = Ba (5)l| 2y s

okt
<||B1 = B2l x R

this inequality implies
_ c
HNT B (1) = T8 (Dl gary) < 7161 = Ballx V€ [0,7],
and then,
C2
1761 = Thallx < 2 181 = Bellx - (3.7)

The inequality (3.7) shows that for k > ca, 7 is a contraction. Then we deduce, by
the Banach fixed point theorem that 7 has a unique fixed point * which satisfies
(3.5) and (3.6). The regularity 8* € O is a consequence of (3.6) and (2.15), see [15,
16] for details. O
Now, we provide the existence of the solution of Theorem 2.1. Indeed, let 3* be the
fixed point of 7 and let u* be the solution of Problem P;g for § = 8%, i-e., u* = ug-.
Take v = u* (f2) in inequality (3.1) written for ¢ = ¢;, and also take v = u* (1) in the
same inequality written for ¢ = t5 and adding the two inequalities, we obtain using
similar arguments to those in the proof of (3.4), that there exists a constant ¢z > 0
such that

[u* (t1) —u* (t2)]y <

es (15 (41) = 5 (#2)ll ooy + 11 (41) = £ () V1,12 € (0,77
(3.8)
Now, as T3* = * we deduce from Lemma 3.2 that 8* € Wh> (O,T; L? (Fg)) and
moreover as f € W1 (0, T;V), then (3.8) implies that u* € W (0,T;V). Thus,
we conclude by (3.1), (3.5) and (3.6) that (u*,3*) is a solution to Problem P,. To
prove the uniqueness of the solution, suppose that (u, 3) is a solution of Problem P»

which satisfies
(u, B) € WH> (0, T;V) x Wh> (0,75 L* (T'3)) N O,

it follows that 8 € O. Moreover, we deduce from (3.1) that u is a solution to Problem
Py, and as by Lemma 3.1, this problem has a unique solution denoted by ug, we get
u = wug. Take u = ug in (2.16) and use the initial condition (2.18), we deduce that (3
is a solution of Problem P,g. Therefore, we obtain from Lemma 3.2 that 8 = §* and

we deduce that (u*, 8*) is a unique solution to Problem P,. O
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4. The regularized problem

In this section we consider the frictional contact problem with adhesion in
the case when the contact condition (2.5) is replaced by the contact conditions
Usr

— % onTlsx(0,7), 4.1
o Lox (07). ()

us, =0, o5 = _CTB(?RT <u5‘r) -9

where § > 0 is a regularization parameter. The friction law (4.1) describes situation
when slip appears for a small shear, this is the case when the contact surfaces are
lubricated by a thin layer or non-Newtonian fluid. Thus the regularized problem is
defined as follows.

Problem Pjs. Find a displacement field us : Q x [0,7] — R? and a bonding field
Bs : T3 x [0,T] — [0,1] such that

divo (us) + 1 =01in Q x (0,T), (4.2)

o = Fe(us) in Qx (0,T), (4.3)

us =0 on Ty x(0,T), (4.4)

ov =g, onlyx(0,T), (4.5)

usy =0, 057 = —c- B3Ry (usr) — 9% }on T3 x (0,T),  (4.6)
Bs = —(¢rB5 | Rr (usr)|” — €a)4 on T's x (0,T), (4.7)

Bs (0) = Bo on I's. (4.8)

As in [18] let us define the functional js : V' — R by
js (v) = / g (\/vg o - 5) da,
s

then the problem (4.2) — (4.8) admits the following variational formulation.
Problem Pys. Find (us, 85) € WH(0,T; V) x Whoe (O,T; L? (F3))) N O such that

(Fe (us (1) & (v) =& (us () + Js (v) = Js (us (1))

(4.9)

+r (Bs (t) ,us (t) v —us (1) > (f (), v —us (t)y, YveV,te[0,T],
65 (t) = _(C‘rﬂé (t) |RT (uéT (t))|2 - Ea)-‘r a.e. on (O’T) ) (410)
B5(0) = Bo on I's. (4.11)

Now, our main is to study the behavior of the solution as § — 0 and to prove
that in the limit we obtain the solution of Problem Ps.
Theorem 4.1. Assume that (2.10), (2.12), (2.13), (2.14) and (2.15) hold. Then for

each § > 0, there exists a unique solution to Problem Pag.
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Proof. The proof of Theorem 4.1 is similar to the proof of Theorem 2.1 and it is
carried out in several steps. For this reason, we omit the details of the proof. The
steps are:
(1) For any 8 € X we prove that there exists a unique us € C ([0,7]; V) such that
(Fe (us ())& (v) —eus (1)) g + Js(v) — Js(us (£))
(4.12)
+r (B (t),us (t),v—us(t) > (f(t),v—us(t), YveV,tel0,T].
Indeed as the functional js is proper convex and lower semicontinous on V, (see [18]),
then using similar arguments to those in the proof of Lemma 3.1, we deduce (7).

(#4) There exists a unique s such that

Bs € Wh>(0,T;L*(T'3)) N O, (4.13)
Bs (1) = —(erB5 (1) |Bx (usr (1))° = €a)+ ae. t € (0,T), (4.14)
B35 (0) = fo- (4.15)

The proof of this step is based on Lemma 3.2.

(#i7) Let Bs defined in (i) and denote again by us the function obtained in step (%)
for = (5. Then, using (4.12) — (4.15) we see that (us, 3s) is the unique solution to
Problem P,5 and it satisfies

(us, Bs) € WH™ (0, T5V) x Wh> (0,75 L* (T'3)) N O.

We now study the convergence of the solution (us,3s) as 6 — 0.
Theorem 4.2. Assume that (2.10), (2.12), (2.13), (2.14) and (2.15) hold. Then we

have the following convergences:

girr%) lus (t) —u ()|, =0, for all t € [0,T7, (4.16)
B 185 (6) — B 1) ey = 0. Jor all 1€ 0.7, (@17

The proof is carried out in several steps. In the first step, we show the following
lemma.
Lemma 4.3. For each t € [0,T), there exists u (t) € V such that after passing to a

subsequence still denoted (us (t)) we have
us (t) — a(t) weakly in V as § — 0. (4.18)
Proof. 1t is well known (see [18] ) that the inequality (4.9) is equivalent to the equality

(Fe(us (t) e (v))g + (Vs (us (£) V) 2y
(4.19)
+r (85 (t) ,us (t),v) = (f(t),v),, YveV,tel0,T],
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where 0

. ugsr (t) vr

(Vi (0 () 0oy = | 97222
s Usr (t)Q + 42
Take v = ug (t) in (4.19), as
(Vis (us () 5 (us (8)) L2(ry) = 0, 7 (Bs () s us (), us (8) = 0,

then we get from (4.19) that

(Fe (us (1)), (us () g < (f (1) s us (1))
and keeping, in mind (2.13) (¢), it follows that there exists a constant C' > 0 such that

lus @)l < € (IF lly +IF ©)lg) -

The sequence (us (t)) is bounded in V, then there exists @ (t) € V and a subsequence
again denoted (us (t)) such that (4.18) holds. Let us now consider the auxiliary
problem.

Problem P,. Find 3:[0,7] — L? (T'3), such that

B(6) = (cB (1) |R- (i (1) — €a), ace. £ € (0,T).
8(0) = fo-

Using similar arguments to those in the proof of Lemma 3.2, we have the following
result.

Lemma 4.4. Problem P, has a unique solution which satisfies
Bewh>(0,T;L*(T'5)) NO.

Next, we have the convergence result.
Lemma 4.5. Let 3 be the solution to Problem P,, then we have

tim 185 () = 8 (D)l ey = 0, for all t € [0,7]. (4.20)

Proof. Using the properties of the operator R, (see [15] ), it follows that there exists
a constant C7 > 0 such that

t
185 () = B (D 2 (ry) < 01/0 [usr (s) = tr () (L2 (ry))2 ds- (4.21)

From (4.18) we deduce that us, (t) — @, (t) strongly in (L? (Fg))d, as 6 — 0. On the
other hand using (2.9), we have

lusr (t) = tr (B)ll z2(ry)ys < deflus () — @ @)y

<do (Ilf Oy + 2 @lly),
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which implies that there exists a constant Cy > 0 such that

us- (t) — @r (t)||(L2(r3))d < (.

Then it follows from Lebesgue convergence theorem that

t
tn sy (5) = i (5)] g0 5 = 0.
So we deduce from (4.21) that

185 (t) = B (D)l p2ry) — 0 as 6 — 0, forall t € [0,77,

and so (4.20) is proved.

Now it is necessary to show the following result.
Lemma 4.6. We have @ (t) = u (t) for all t € [0,T].
Proof. Let t € [0,T]. We have (see [18] ),

15(0) = ()] < 6 gl ry meas T,
s (6) — (@ ()] < 119l oy meas Ts
191l oo (rg) Nusr (£) = G (Ol p2(ry)ye -
It follows from (4.22), as § — 0, that
Jjs (v) — g (v), forallveV,

and
Js (us (¢) — j(u(t)).
On the other hand we have

T (Bs (1) us () ;v — us (t))
=7 (Bs (t),us (t),v—us (t)) —r(B(t),us (t),v—us(t))
+r (B() us (1), v —us () —r (B(t),u(t),v—us(t))

+r (B (1), u(t),ut) —us () +r (B (@), u(t),v—-u(t)).

(4.22)

(4.23)

(4.24)

(4.25)
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Using that 0 < 8 (t) < 1,0 < G5 (t) < 1, for all ¢ € [0,T], and the properties of the

operator R,, we have as § — 0,
r(Bs (t),us (t) 0 —us (¢)) —r (B(t),us (t) ,v—us (t)) — 0,
r(B(t),us (t),v—us(t)) —r(BE),a(t),v—us(t) —0, (4.26)

r(B@),u(t),u(t) —us(t) — 0.

So, we deduce from (4.25) and (4.26) that

r(Gs (t),us (t),v —us (t)) = r(B@),a(t),v—=au(t)),asd — 0. (4.27)

Therefore, using (4.23), (4.24), (4.27), and passing to the limit in (4.9) as 6 — 0, we
obtain

(Fe(u(t)),e (v) —e(u(t)))g +j(v) —j(u(t)
(4.28)
+r(B(t),a(t),v—u(t)) = (f({t),v—u(t), YweV.

Take now v = w (t) in (4.28) and v = @ (¢) in (2.16) and add them up, we obtain using
(2.13) (c) that

mlla () —u @)y <r(B(),a),ut)—a)+rBE),u),a)—u). (4.29)
So as
r(B@),ut),ut)—u®)+r@E),ut),u(t)—u(t) <0,
it follows from (4.29) that
u(t) =u(t). (4.30)

We have now all the ingredients to prove Theorem 4.2. Indeed, from (4.20) and
(4.30), we deduce immediatly (4.17). To prove (4.16), take v = u (¢) in (4.28), and
using (2.13) (¢), it follows

m |lus (t) —u ()]} <
Js(u (t)) — js(us (t)) + 7 (Bs (t) ,us (t) ,u(t) — us (t)) (4.31)

+(Fe(u(t),e(u(t) —us ())g + (f (1), us () — u(t))y -
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Passing to the limit as § — 0 in the previous inequality and using the convergences

Js(u(t)) — js(us (t)) — 0,
T (Bs (), us (t) ,u(t) —us (t) — 0,

(Fe (u(t)),e (u(t) —us () + (f (8) us (£) —u(t)y — 0,

we see immediately that (4.16) follows from (4.31).
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SUBCLASSES OF HARMONIC FUNCTIONS BASED
ON GENERALIZED DERIVATIVE OPERATOR

KALIYAPAN VIJAYA AND KALIYAPAN UMA

Abstract. Making use of Salagean and Ruscheweyh derivative operator
we introduced a new class of complex-valued harmonic functions which
are orientation preserving, univalent and starlike functions. We investigate
the coefficient bounds, distortion inequalities, extreme points and inclusion
results for the generalized class of functions.

1. Introduction

A continuous function f = u+iv is a complex-valued harmonic function in a
complex domain 2 if both u and v are real and harmonic in Q2. In any simply connected
domain D C 2 we can write f = h+ g where h and g are analytic in D. We call h the
analytic part and g the co-analytic part of f. A necessary and sufficient condition for
f to be locally univalent and orientation preserving in D is that |h/(z)| > |¢'(z)| in D
(see [1]).

Denote by H the family of functions
f=h+3 (L.1)
which are harmonic univalent and orientation preserving in the open unit disc U =
{z : |z] < 1} so that f is normalized by f(0) = h(0) = f,(0) —1 = 0. Thus,
for f = h+ 7 € H, we may express the analytic functions h and ¢ in the forms
h(z)=z+ > anz™ and g(z) = > b,2", (0 < by < 1). Then
n=2 n=1

f(z) :z+2anz”+2bnz", |by] < 1. (1.2)
n=2 n=1

We note that the family H of orientation preserving, normalized harmonic
univalent functions reduces to the well known class S of normalized univalent functions
if the co-analytic part of f = h + g is identically zero that is g = 0. Due to Silverman
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[6] we denote H the subclass of H consisting of functions of the form f = h + g given
by

f(z)=2— Zanz" + Z bpz", |b1] < 1,an,b, > 0. (1.3)
n=2 n=1

In 1999 Jahangiri [2] introduced a subclass of H called the class of harmonic starlike
functions of order o denoted by Sp(«) which consist of functions of the form (1.1)

and satisfying the inequality:

o (arg(7(2)) > a (14)
Equivalently
Re {hw—gm} - 5)
hz) + g(z)
where z € U.

Given two functions ¢(z) = z + > ¢p2" and ¢¥(2) = 2+ > 2" in S
n=2 n=2

their Hadamard product or convolution is defined by (¢ * )(z) = ¢(z) * ¥(z) =

z 4+ Y ¢nnz™. Using the convolution, Ruscheweyh [5] introduced the derivative
n=2
operator

oo
m ) z m-+n-—1 "
D qb(z).:(l_z)ml:z—i—z:( S )qﬁnz, (zeU,m>-1). (1.6)

Recently in [4] Jahangiri and etal. defined the Ruscheweyh derivative for harmonic

functions, as given below
= m+n—1 = m+n—1 1\ —
D" f(z) =2+ anz" + bpz™, 1.7
ermee ST e BT ) 0

which was initially studied for the class of harmonic starlike functions Sg () in [4].
Further motivated by the works of Jahangiri et. al. [3] we define a new generalized

derivative operator on harmonic function f = h+ g in H as

D" f(z) = Dih(2) + (-1)*Dy*g(2), m > —1, and k>0 (1.8)
where
Di*h(z) =z+ Z n*C(n,m)a,z", D{'g(z) = Z nFC(n,m)b, 2",
n=2 n=1
and

C(n,m) = (nZT;1>
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For 0 < a <1, we let HR}'(\, «) a subclass of H of the form f = h+g given
by (1.2) and satisfying the analytic criteria

z(Dp f(2)) }
Re >« 1.9

la SN S() AR S S (19)
where 0 < A < 1, D f is given by (1.8) and z € U. We also let HR, (\,a) =
HRY (A, o) NH.

We investigate the coefficient bounds,distortion inequalities, extreme points

and inclusion results for the generalized class HR, (A, a)

The Class HR] (A, «)
In our first theorem, we obtain a sufficient coefficient condition for harmonic

functions in HR}' (A, a).
Theorem 1.1. Let f = h+g be given by (1.2). If

anC(n,m) [(n—a—ai(n—1)|a] + (n+ a—ai(n+1))|b,.|] <2(1 —a),

(1.10)
where a1 =1 and 0 < a < 1, then f € HRL' (A, ).
Proof. We ﬁrst show that if (1.10) holds for the coefficients of f = h+7, the required
condition (1.9) is satisfied. From (1.9) we can write

{ 2(Dph(z)) — 2(Dpg(2)) }

e - >«
J(Di*h(z) + Di*g(2)) + Mz(Dih(2)) — 2(Dig(2))')

Re (2) > a,

where
A(z) = 2(Di"h(z))" — 2(Djrg(2))

fz+anC'nmanz anC’nm

n=2

and B(z) = (1= A\)(D"h(z) + D'g(2)) + A=(D{'h(2))" = 2(D'g(2))' )

=z+ Z nkC(n,m)(1 — X+ n\)anz" + Z nFC(n,m)(1 — X — nA)b,z"

n=2 n=1

Using the fact that Re {w} > « if and only if |1 — o+ w| > |1 + a — w], it suffices to
show that

|A(z) + (1 — a)B(z)| — |A(z) — (1 + a) B(2)| > 0. (1.11)
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Substituting for A(z) and B(z) in (1.11), we get

[A(2) + (1 = a)B(2)| = |A(2) — (1 + @) B(2)]

= 2—a)z+ Z nFC(n,m)[(n +1 - a)(1 = X+ nA\)]a,z"

n=2

=Y _n*Cln,m)ln— (1 —a)(1 = A+nA)b, 2" |

n=1

— | —az+ inkC’(n,m)[n —(14+a)(1—A+nNa,z"

n=2

- i n*C(n,m)[n+ (14 a)(1 — X+ n\)b,z" |

n=1

>(2—a)lz| - anC’ n,m)n+ (1 —a)(1 =X+ n\)|a,||z|]"
n=2

=S RO m)ln — (1 a)(1 — A= nA)]ba] |2

n=1

—alz] — anC’(n,m)[n — 1+ )1 =A+nN)]lan] |2|"

=S nF O m)n + (14 a)(1 = A= nA)]ba] |2

n=1

>2(1 - a)lz| {2 = > nkC(n,m) [” —as Az D,

n=1

n+a—ai(n+1) e
srre ol et

—a\(n—1 +a—aXn+1
1—0{ {Q—anCnm{ alfa(n )|azn|+n alfa(n )|bn|:|}

The above expression is non negative by (1.10), and so f(z) € HR. (A, a). O

Corollary 1.2. Let f = h+g be of the form (1.2) and satisfy the condition (1.10).
Then each D'(z), —1 < i < m, is orientation preserving, harmonic univalent and

starlike of order o in U.
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Proof. Observe that n*C(n,m) is an increasing function of n. Therefore, by (1.10)

for each i, —1 < i < m, we can write

Z[(n —a—aXn—1)]|a,| + Z[n + a — aA(n + 1)]|by|ht]

> Cmi)n—a—aXn—Dllax| + D [n+a—aX(n+ 1)][b]

n=1 n=1

IN

< Z nkC(n,m)n —a —aX(n — D)]|an| + [n + a — aX(n + 1)]|b,|
n=1

< 21— a).

Thus, by (1.10) each D?(z), —1 < i < m, is orientation preserving, harmonic univalent
and starlike of order « in U.
The harmonic function

11—«

fz) =2+ g WFC(nm)[n — a —ar(n — 1]

LL’nZn

s 11—« i
+Z nkC(n, m)[nJrafa)\(nJrl)]yn(Z) (1.7)

n=1

where Y |z,|+ > |yn| = 1 shows that the coefficient bound given by (1.10) is sharp.
n=2 n=1

The functions of the form (1.7) are in HR}' (), a) because

i (nkC’(n,m)[n —a—aX(n—1)] 0] + nkC(n,m)n + a — aX(n + 1)] b |>

l—«

11—«
n=1

) 00
:1+Z|xn| +Z|yn| =2.
n=2 n=1

O
Next theorem establishes that such coefficient bounds cannot be improved
further.

Theorem 1.3. Fora; =1 and0<a <1, f=h+7g€ HRP(\ «a) if and only if

Z nkC(n,m){n —a — ar(n — 1)]|an| + [0+ o — aX(n + 1)]|b,]} < 2(1—a). (1.8)
n=1
Proof.  Since HR, (A, a) C HRI*(), ), we only need to prove the ”only if’ part
of the theorem. To this end, for functions f of the form (1.3), we notice that the

condition
. (D f(2)) o
" { (1—NDy /() + Az(D?f(z»'} =
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Equivalently,

(1—a)z— f [n—a—ai(n—1)]n*C(n,m)anz"— f [n+a—aX(n+1)|n*C(n,m)b,z"
Re = = - > 0.
z— > nkFC(n,m)(1-A+nX)a,z"+ >, nkC(n,m)(1—A—n\)b,z"

n=2 n=1

The above required condition must hold for all values of z in U. Upon choosing
the values of z on the positive real axis where 0 < z = r < 1, we must have

(1—a)— §2[nfafa/\(nf1)]nkC(n,m)anrn_17 f [n+a—aX(n+1)]n*C(n,m)b,r™ 1

n=z _ _n=1 > 0. (19)
1- 3 nkC(n,m)(1-A+nX)apr"~1+ Y nkC(n,m)(1-A—nX)b,rn—1

n=2 n=1

If the condition (1.8) does not hold, then the numerator in (1.9) is negative
for r sufficiently close to 1. Hence, there exists zo = r¢ in (0,1) for which the quotient
of (1.9) is negative. This contradicts the required condition for f(z) € HR(A, ).
This completes the proof of the theorem. O
Corollary 1.4. Let f = h+ g be given by (1.3). Then D'f(z), —1 < i < m is
orientation preserving, harmonic and starlike of order a, 0 < a < 1, if and only if
the coefficient condition (1.8) holds.

Next we determine the extreme points of closed convex hulls of HR} (), «r)
denoted by clcoHR (A, ).

Theorem 1.5. A function f(z) € HRY(\, @) if and only if

oo

F(2) =Y (Xnha(2) + Yaga(2)).

n=1

where
hi(z) = z,hp(2) = 2 — 5O, m)[nlf_aa, = 1)]2”; (n>2),
gnl(2) =2+ n’“C(n,m)[fr;f aA(n + 1)]?1; (n22),
i(Xn +Y,)=1, X,>0and Y, >0.
n=1

In particular, the extreme points of HR{ (A, «) are {hn} and {gn}.

Proof. First, we note that for f as in the theorem above, we may write

2) =Y (Xnhn(2) + Yagn(2))
n=1

o0

1-a "
Z nkC(n,m)[n — a — ai(n — 1)]an

n=2

iX +Y.,)
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11—« 7n
Jrzn’fC(n m)[n—l—a—w\(n—i—l)]yz 727214 & +ZB

n=1 n=2 n=1
where )
-«
A, = X
" nkCnym)n—a—aX(n—1)])" "
and
B — l1-«o
" nkCm,m)n+a—aX(n+1) "
Therefore
oo k _ _ _ oo _
Zn C(n,m)n —a—ai(ln—1)] Z C(n,m)[n+a oz/\(n—|—1)]Bn
= l-«o = 11—«
=Y Xpt+ ) Yo=1-X1<1,
n=2 n=1
and hence f(z) € clcoHR (A, ).
Conversely, suppose that f(z) € clcoHR' (A, «). Setting
k o — —
X, = n"C(n,m)[n —a— ai(n 1)]An, (n>2)
1-a
and
k _ _
Y, = n"C(n,m)[n+a—aXln 1)]Bn, (n> 1)
l1-«a
where Y (X, +Y,) =1. Then
n=1
f(z)zz_zanzn+27§na an7 anO
n=2 n=1
> 1-«a "
= T; nkC(n,m)[n — a — ai(n —1)] n®
+> L-a Y, 7"
= nFC(n,m)n+ o — aX(n —1)] "
=z Z(hn(z) - Z)Xn + Z(gn(z) - Z)Yn
n=2 n=1
oo
= Z(thn(z) + Yngn(2))
n=1
as required. O

The following theorem gives the distortion bounds for functions in R (m, «)
which yields a covering result for the class HRY' (), ).
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Theorem 1.6. Let f € HRT (A, «). Then for |z| =r < 1, we have

1 11—« 14+«
- 5550 o) <17

1 l1-«a 1+« 9
<(1+5b — b .
=1+ 1)r+2k0(2,m) (2@&)\ 2—a—al 1>T

Proof. We only prove the right hand inequality. Taking the absolute value of f(z),

1-b -
( ) 2—a—a\ 2—a—a«

we obtain

£ (2)]

o0 oo
z+ E anz" + E b,z"
n=2 n=1

oo
24 b T+ Z(anz” +baz")
n=2

< (L+by)lzl + D (an +ba)l2|"
n=2
< (1+|b1|)r+2(an+bn)r"
n=2
< (L+b)r+ ) (an +bo)r?
n=2
< (4b)r+ Lo
= VT 9k C(2,m) (2 — a — a)
o k o k — o —
Z<2 C(2,m)(2 -« a)\)an+2 C(2,m)(2 -« a)\)bn>r2
l-«o l-a
n=2
-« 1+« 9
< (1+5b 1——b
s (4 1)r+2k0(2,m)(2—oz—a)\)( 11—« 1)T
1 l-—«a 1+ 9
< — .
- (1+b1)r+2kC(2,m) (Qaa)\ 204a)\b1>r

O
The proof of the left hand inequality follows on lines similar to that of the
right hand side inequality.
The covering result follows from the left hand inequality given in Theorem 1.6.

Corollary 1.7. If f(2) € HRJ(\, ). Then
. 2F10(2,m) — 1 — (1 4+ N)2FC(2,m) — 1)
{w. ol < 2kC(2,m)(2 — a — aX)
2M1C(2,m) — 1 — (1 + A\)2kC(2,m) — 1)«
- %C(2,m)(2 —a—aN) m}cf“”
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Proof. Using the left hand inequality of Theorem 1.6 and letting » — 1, we prove
that

1 l-«o 14+
(1=b1) - 2kC(2,m) (2aa)\ a 204@)\b1>
1
=(1=b)- 26C(2,m)(2 — a — a)) [
(1 =b)2FC2,m)(2—a—aX) — (1 —a) + (1 + a)b
N 2kC(2,m)(2 — o — aX)
2FC(2,m)(2 — a —aX) —28C(2,m)(2 —a — a\)b; — (1 —a) + (1 + a)by
2kC(2,m)(2 — a — a))
28C(2,m)(2 —a—a)) —1+a—[28C(2,m)(2 —a — a)) — (1 + )by
28C(2,m)(2 — a — aX)
2FH1C(2,m) — 1 — a[(1 4+ N)2FC(2,m) — 1]
2kC(2,m)(2 — a— aX)
~[20(2,m) —1—a((L+M)C(2,m) —1)]
2kC(2,m)(2 — a — aX)

l—a— (14 a)b]

b1 C f(U)

O
Now we show that HRY'(\, ) is closed under convex combinations of its

member and also closed under the convolution product.
Theorem 1.8. The family HRT (A, ) is closed under convex combinations.
Proof. Fori=1,2,..., suppose that f; € HRI(A, a) where
z)=z— i a; n2" + i@,ﬁ”.
n=2 n=2
Then, by Theorem 1.3

= nkC(n,m)[n —a—aX(n —1)] n*C(n,m)| Jn+a—ar(n+1)]
2 =) ““”LZ =) n =

n=2

oo
For > ¢;, 0 <t; <1, the convex combination of f; may be written as
i=1

S § (o))

n=2

Using the inequality (1.8), we obtain

= nkC(n,m n—a—ailn—1)]
e )[(100 (me>

n=2
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> nkC(n,m n+a—ai(n+1)]
+z:: ( )[(1_a) <th,n>

n

1
_ i ¢ <i n*C(n,m)n — a —ai(n — 1)] ain+ i n*C(n, m)[vzl—k_aa; ad(n + 1)] bm)

and therefore Y t;f; € HRT'(\, ). O

=1
Theorem 1.9. For 0 < 3 < a <1, let f(z) € HRT(\, ) and F(z) € HRI(\, ).
Then f(z) * F(z) € HR (A, «)) C HRP (N, B).

Proof. Let
flz)=2z—- i anz" + ig,ﬁ" € HR(\, «)
n=2 n=1
and
F(z)=z— i A, 2"+ iﬁnz" € HR(\, B)
n—2 n=1
Then f(z) x F'(z) is
f2)* F(z)=2z— ianAnz" + ignﬁnzn_
n=2 n=1

For f(z) = F(z) € HRP (X, 3) we note that |A,| <1 and |B,| < 1.
Now by Theorem 1.3 we have

> nk n,m)n — — n —
S menmin = B P = Dl

n=2

A 1
Z e nﬁg P 15,
— kO( AMn +1
= n=1
andsmceO<ﬂ<a<1
n=2
by Theorem 1.3 f(z) € HR{* (A, a). Therefore
f(z) x F(2) € HRY' (A, o) € HRE' (A, B). O
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Concluding remarks. We observe that, if we specialize the parameter
A = 0, for suitable choice of k =0 and m =0 ; m = 0 and £ = 0 we obtain the
analogous results for the classes studied in [2, 3] and [4] respectively.
Acknowledgements. The authors would like to thank the referees for their valuable
suggestions. Also wish to record our thanks to Prof. G. Murugusundaramoorthy,
VIT UNIVERSITY, Vellore-632 014 for his suggestions and comments to improve the

results.
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A CLASS OF MULTIVALENT ANALYTIC FUNCTIONS INVOLVING
THE DZIOK-SRIVASTAVA OPERATOR

RI-GUANG XIANG, ZHI-GANG WANG, AND SHAO-MOU YUAN

Abstract. By making use of subordination between analytic functions
and the Dziok-Srivastava operator, we introduce a new subclass of multi-
valent analytic functions. Such results as inclusion relationship, integral
presentations and convolution properties for this function class are proved.

1. Introduction

Let A, denote the class of functions of the form:

J@) =2+ anp2™? (peN:={1,2,3,..}), (1.1)
n=1
which are analytic in the open unit disk
U:={z: z€¢C and |[z|<1}.
Let f, g € A,, where f is given by (1.1) and g is defined by

(o)
g(z) =2 + Z bop2™ TP,

n=1
Then the Hadamard product (or convolution) f g of the functions f and g is defined
by

(f*xg)(z) == 2"+ Z ntpbnipz™ TP =1 (g% )(2).

For parameters
a; €C (j=1,...,1) and B; € C\Z;, (Zy :={0,—-1,-2,...}; j=1,...,m),
the generalized hypergeometric function
1Fm(an, ..o a5 61,0 Bms 2)

Received by the editors: 07.04.2009.
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Key words and phrases. Analytic functions, multivalent functions, subordination between analytic
functions, Hadamard product (or convolution), Dziok-Srivastava operator.
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is defined by the following infinite series:

n

. e N (@) () 2"
1Fo(ar, ... 0581, 2 Bm; 2) .—;(51)”“(5”1)””!

(<m+1;I,meNy:=NU{0}; z€),
where (M), is the Pochhammer symbol defined by

1, (n=0),
(M) =
AA+1)---(A+n—-1), (neN).
Recently, Dziok and Srivastava [1] introduced a linear operator
Hy(ar,...,a;6,...,0m): Ay — A,
defined by the following Hadamard product:
Hy(oa, ... a; 81, Bm) f(2) =[P 1 Fm(ar,...,00561,- -+, Bm)] * f(2) (1.2)

(I<m+1; I,meNy; zel).
If f € A, is given by (1.1), then we have

. _ — (1) (a)n 2P .
Hp(alv . aalvﬂlv e 7ﬂ7n)f(z)_ Zp+7lz::1 m an"!‘pT (n € N7 S U)

In order to make the notation simple, we write
Hzl)’m(aj) =Hy(on,...,05,...,00; Bi,...,0m)
(I<m+1;l,meNy; je{l,2,...,1}).
Tt is easily verified from the definition (1.2) that
m ! m m
2 (Hy™ () f) (2) = agHy ™o +1) f(2) = (a; =p) Hy™ () f(2)  (f € Ap). (1.3)

Let P denote the class of functions of the form:
o0
p(z) =1+ paz",
n=1
which are analytic and convex in U and satisfy the condition:

R(p(2)) >0 (z €U).

For two functions f and g, analytic in U, we say that the function f is
subordinate to g in U, and write

f(z) <g(z) or f=uy,
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if there exists a Schwarz function w, which is analytic in U with
w0)=0 and |w(z)]<1 (2z€0)
such that
fz)=gw() (2€0).

Throughout this paper, we assume that

o
p,keN, [,me Ny, ek:exp(;?),

and
=
Lty =2 e (Hy(@)f) (Fe) =2+ (f€A).  (14)
v=0
Clearly, for k£ = 1, we have
Fol(ag; 2) = HE™ (o) f(2).

In a recent paper, Patel et al. [9] discussed the following subclass of multi-

valent analytic functions defined by Dziok-Srivastava operator H}D’m (a1).

Definition 1.1. (See [9]) A function f € A, is said to be in the class Sy (a1 ; 3; A, B)

if it satisfies the following subordination condition:

1 (Z(H;lim(%)f)l(Z) —ﬁ) leAs o i<peas

=0\ Hy™(a)f(2) 1+ Bz
In 2007, Polatoglu et al. [8] introduced and investigated the following subclass
of the class A, of p-valent analytic functions.

Definition 1.2. (See [8]) A function f € A, is said to be in the class M, () if it
satisfies the following inequality:
Zf’(2)>
R < a>Dp).
(76 =)
Motivated by the function classes S5™(aq;3; A, B) and M, (), by making
use of the operator Hzl;m(ozj) and the above-mentioned principle of subordination

between analytic functions, we introduce and investigate the following subclass of the
class A, of p-valent analytic functions.
Definition 1.3. A function f € A, is said to be in the class Mﬁ;f,?(ozj;a;gb) if it

satisfies the following subordination condition:

1 (a 2 (HY(e)h) (2)

L .
a—p folk (a3 2)

> < ¢(2) (0420, a#p; ¢ €P; ff,’,?(aj;z)#())-
(1.5)
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Remark 1.4. It is easy to see that, if we set

1+ Az
1+ Bz
in the class Mi;jg(aj;a; ¢), then it reduces to the class Szl;m(al;oz;AB). Further-

more, if we choose

k=j=1,0Za<p and ¢(2) (-1<B<AZ)

_1+z
T 1—2z

in the class ./\/l;’f}:(aj; a; @), then it reduces to the class ./\/l,()k)(oz). We observe that the

=2, m=a1=ax=0 =1, a>p and ¢(z)

class ./\/l;(,l)(a) =: M, (a) was discussed by Polatoglu et al. [8]. Moreover, the class
M§k)(oz) was considered recently by Wang et al. [12], the class Mgl)(a) was studied
earlier by Nishiwaki and Owa [4], Owa and Nishiwaki [5], Owa and Srivastava [6],
Srivastava and Attiya [10], Uralegaddi and Desai [11].

In this paper, we aim at proving such results as inclusion relationship, integral

presentations and convolution properties for the function class Mi)’f,?(ozj; a; Q).

2. Preliminary results

In order to prove our main results, we need the following lemmas.
Lemma 2.1. (See [2, 3]) Let 3,7 € C. Suppose that ¢ is convex and univalent in U
with
0(0)=1 and R(Bp(z)+7v) > 0.
If p is analytic in U with p(0) = 1, then the following subordination:

2p(z
P+ i 2 < )
implies that
p(2) < o(2).
Lemma 2.2. (See [7]) Let 8,7 € C. Suppose that ¢ is convex and univalent in U
with
©(0)=1 and R(Bp(z)+7) > 0.

Also let
q(z) < ¢(2).
If p € P and satisfies the following subordination:
2p'(z
p( )+ﬁq(pz)(+)7 < ¢(2),
then
p(2) < 0(2).
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Lemma 2.3. Let f € M;’_Zl(aj;a;gb). Then
lm( ) !
1 z (f k(a5 2 )
a——2 = o(2). (2.1)

a—-p le)rkn(amz)

Proof. By virtue of (1.4), we replace z by ¢}z (v =0,1,2,...,k—1) in zl)k (a5 2).
Then

1k1

fyi(agserz) = sz:‘;"p (Hy™ () f) (7 2)
n=0

(niv m - (2.2)

i kZ I (H™ (0g) ) (21 2)

n=0
=P £ (g3 2).
Differentiating both sides of (1.4) with respect to z, we have
m —v 1 m Iy

(fom(azi=) = kZ U (Hy ) f) (e2). (2:3)

Thus, combining (2.2) and (2.3), we easily find that

L s(res) ) (a_lgsk”@ v (H;vwaj)f)’(sw)

a=p \“ T e a-p\" k 7 (ag:2)
pk (&5 % V=0 po (O3 2
— /
o (a_ 1= ez (Hy™ () f) (s@)
- 1 lvm . :
a—-p k v=0 fp,k (aj’ Ekz)

Moreover, since f € Mi;j;:(aj; a; @), it follows that

(oo e ety

l
a=p T agieie)

><¢(z) (ve{0,1,2,... . k—1}). (2.5)

Finally, by noting that ¢ is convex and univalent in U, from (2.4) and (2.5),
we conclude that the assertion (2.1) of Lemma 2.3 holds. O
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. . L.
3. Properties of the function class M} (a5 a5 P)

We begin by stating the following inclusion relationship for the function class
M (s i 6).
Theorem 3.1. Let ¢ € P with
Rla+a;—p+(p—a)p(z)) >0 (20, a#p).
Then
Mi;f,?(aj + 1;a;59) C M;’fg(aj;a;gﬁ).
Proof. Making use of the relationships (1.3) and (1.4), we know that

I k-l
z (f;:;"(aj; z)) + () _p)fll):;?(aj; z) = % ;)q:vp (Hé,M(aj +1)f) (e}2)

(3.1)
= ozjle)’;cn(aj +1; 2).
Let f € M;’f,';(aj + 1; a5 ¢). Suppose also that
Lm 1/(a—p)
oz
hz) = = (W) (@20, ap). (3.2)
Then h is analytic in U. By taking logarithmic differentiation in (3.2), it follows that
l,m !
ZhI(Z) 1 z (fp,k (O@,Z))
q(Z) = h(Z) = a — o= l,m . (33)
p fok (a3 2)
is analytic in U with ¢(0) = 1. We now find from (3.1) and (3.3) that
ooy + 15 2)
a+a; —p+(p—a)g(z) :ajp’kl’mj—. (3.4)

Fok (a5 2)

Differentiating both sides of (3.4) with respect to z logarithmically and using (3.3),

we have
!/
l,m .
2¢(2) 1 s (Al +1:2)
q(z) + = o — e (3.5)
ato;—p+(p—a)g(z) a-p (g + 1;2)
From (3.5) and Lemma 2.3 (with «; replaced by «; + 1), we conclude that
2q'(z
o)+ ) < 9(2). (3.6

at+a; —p+(p—a)g(z)
Since
Rla+a; —p+ (p—a)é(z) >0,
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an application of Lemma 2.1 to (3.6) yields

2 (fagi2)
q(z) = S a— (“:> < ¢(z2). (3.7)

a—p fo (@53 2)

We now suppose that

z Lm (g ! z

o= foaze)
Then ¢, (z) is analytic in U with ¢;(0) = 1. It follows from (1.3) and (3.8) that
[(p = @)ar(2) + ol fy 7" (a5 2) = g Hy™ (o + 1) f(2) = (g — p)Hy™ () f(2). (3.9)
Differentiating both sides of (3.9) with respect to z and using (3.8), we have

2 (fyittag2)) ") o 2 (Hy" 0y + DS) ()

—a— (@1 (2) + =
I, _ _ 1,
fon (3 2) < p-a) p-a fo (05 2)

2qy(2)+|a; —p +

(3.10)
We now easily find from (3.3), (3.4) and (3.10) that

2di () ! (a_ 2 (Hy™ (o +1>f)’<z>> < 6o,

q1(z) + =
) ataj—p+(p-a)(z) a-p fi(o +1;2)

Since
q(2) < ¢(2)
and
Rla+a; —p+(p - a)p(z)) >0,
it follows from (3.11) and Lemma 2.2 that
1 2 (HY™ () f) (=
M (a - ;,i:’;?(@fj);i)) ( )> o

that is, that f € Mgrg(aj; a; ¢). This implies that

M0y + 1056) © MY (a5:05.0).

The proof of Theorem 3.1 is thus completed. d
Next, we derive several integral representations for the function class

leg’ll(aj;a;@.
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Theorem 3.2. Let f € M;T,:‘(aj;a;qb), Then

k—1 .z v _
v=0

where f[l):}?(aj; z) is defined by (1.4), w is analytic in U with

w(0)=0 and |w(z)]<1l (2€0).

Proof. Suppose that f € Mi,’j,?(aj; a; ¢). We know that the subordination condition

(1.5) can be written as follows:
m /
< (HE(0,)f) (2)
lm
folk (aj;2)

where w is analytic in U with

=(p-a)¢(w(z) +a, (3.13)

w0)=0 and |w(z)|<1 (2€0).

Replacing z by ez (v = 0,1,2,...,k — 1) in the equation (3.13), we observe that
(3.13) also holds, that is,

epz (Hy™(0)) ) (42)

L
Fo (@giez)

=(p—a)p(w(efz)) + a. (3.14)

We note that
l’ . pr— l7 .
.fpf]?(aja 522) - gzp p;gn(ajv Z)
Thus, by letting v = 0,1,2,...,k—1in (3.14), successively, and summing the resulting

equations, we get

(09) _pow

— = ¢ (w(egz)) + . (3.15)
e &
We next find from (3.15) that
1 !/
T k—1 y
(fp,k (Ol],z)) _]Z _ (p—a) Z¢(W(€kz))_1 (316)
le,lzl(aj; z) z k= z
which, upon integration, yields
rk(asi2)\ _ (p=a)\~ [7 é(w(er) — 1
1 P, — k d . ].
o ( . N (317)
v=0
The assertion (3.12) of Theorem 3.2 can now easily be derived from (3.17). O
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Theorem 3.3. Let f € M;T,:‘(aj;a;qb), Then

Loy 1) — e (o)l ex [ 2= S [€ () 1
H,, (»f()—/oc [(P—)¢ (w(C))+a] p< - ZO/O : df)dc,
(3.18)
where w is analytic in U with
w(0)=0 and |w(z)] <1l (z€0).

Proof. Suppose that f € Mé;f,?(aj; a; @). Then, by virtue of (3.12) and (3.13), we get

L,
Fox (@3 2)

z

(HE™ () ) (2) = [(p - )¢ ((2)) + a]

k—1 z v _
=22 (p— )¢ (w(z)) +a] - exp (O’_ko‘) Z/O W%) ;o (3.19)

which, upon integration of (3.19), leads us easily to the assertion (3.18) of Theorem
3.3. O

In view of Lemma 2.3 and Theorem 3.1, we get another integral representation
for the function class /\/lif,? (aj; a5 9).

Theorem 3.4. Let f M]lg’j,?(aj;a; ®). Then

z ¢ -1
HE™(@))£) = [ ¢ o) (wale)) + ol -exp <<p ~a) [FHAD e o
0 0
(3.20)
where wy (t =1,2) are analytic in U with
w(0)=0 and |w(2)|<1l (z€U;t=1,2).
Proof. Suppose that f € ./\/li;;?(aj; a; @). We then find from (2.1) that
fimags =)
R0) i o 3.21)

L
ok (a3 2)

where wy is analytic in U and wq(0) = 0. Thus, by similarly applying the method of
proof of Theorem 3.2, we find that

bmn o 2) = 2P . ex —« zid)(wl(f))il
Fhm (ag: 2) = 27 - exp ((p ) /0 : df) . (3.22)
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It now follows from (3.13) and (3.22) that

L
ok (a5 2)

(Hy™(05)f)' () = BE2= (0 = )6 (wa(2)) + 0

=277 (p — @)¢(wa(2)) + o] - exp ((p —a) /OZ w%) 7

(3.23)
where w; (t = 1,2) are analytic in U with
wi(0) =0 and Jw(2)] <1 (z€U; t=12).
Upon integrating both sides of (3.23), we readily arrive at the assertion (3.20) of
Theorem 3.4. O

In the following we give some convolution properties for the function class

Mp k (aja ) d))
Theorem 3.5. Let f € ./\/li;f,?(aj;oz; ¢). Then

f(Z)VOZC”l[(pa)sb(w(C)Ha exp< P o) Z / Al s)dcl

(3.24)

where w is analytic in U with
w(0)=0 and |w(z)]<l (ze€l).
Proof. In view of (1.2) and (3.18), we find that

T v (et ex [ PN [ O (ErO) 1
| e o= e i) +al p< SO d5>d< .

= [2" 1Flon, .- s B, B)] x f(2).
Thus, from (3.25), we easily get the assertion (3.24) of Theorem 3.5. O
Theorem 3.6. Let f € /\/li;j,?(aj;a; ®). Then

: ¢ bl (€)) —
f(2) = l /O P (p — a)d(wa(Q)) + o - exp <(pa> /0 ‘st) dcl

3
(S B Bdn ey
(2 (1)n - (@j)n () ) ’

(3.26)
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where wy (t = 1,2) are analytic in U with
w(0) =0 and |w(2)| <1l (2€U;t=1,2).

Proof. By virtue of (1.2) and (3.20), we know that

z ¢ w1 -
/0 "~ )d(wa(0) + ] -exp ((p—a) / WC@ a

- [Zp lFm(ala s 7al;513 s aﬂm)] * f(Z)
Thus, from (3.27), we easily arrive at the convolution property (3.26) asserted by
Theorem 3.6. O
Theorem 3.7. Let

(3.27)

feA, and ¢€P.
Then f € ./\/li;f,';(ozj;a; @) if and only if

1 ap)pn ntp
{ *KZ”Z wm)i : Jpﬁ)

0 b o (@0 (@) () 1y ), (15
[(p a)¢(e )+a} <z +Z (ﬁl)n"'(ﬁm)n n! ) (k 1—8” >:|}7é0

n=1

(3.28)
(z€U; 056 <2m).
Proof. Suppose that f € M;’j};(aj;a;(b). Since
2 (Hy™(0) 1) (2)
ED G, o) +a
fp7k; (avj; 2)
is equivalent to
Hy™(aj)f) _
2 plm(a])f) ) £ (p—a)p(e”) + a (z€U; 0<6 < 2m), (3.29)
Fok (5 2)
it is easy to see that the condition (3.29) can be written as follows:

1 {z (Hll,’m(aj)f)/ (2) — fll):?(ozj;z)[(p —a)p(e) + a]} #0 (z€U; 0560 <2m).

z
(3.30)
On the other hand, we know from (1.2) that

n'

2 (HE™(a)f)' () = <pzp+z ) - W(Bm)ff”” nf AP “ﬂ’) £ f(2). (3:31)

n=1
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Moreover, from the definition of f;’;n(aj; z), we have

m - 1
f;la:lc (s 2) :HII) () f(z) * (kvz_;)l—gvz>
B ) 00 (Oél)n"'(aj)n"'(a o 1 . 1k—1 D
_<Z +7121 (ﬁ)n"‘(ﬁm)nl mz+>*<k;m>*f(z).

(3.32)

Upon substituting (3.31) and (3.32) into (3.30), we easily deduce the convolution
property (3.28) asserted by Theorem 3.7. O

Remark 3.8. By specializing the parameters in Theorems 3.1-3.7, we can get sev-
eral interesting properties for some special function classes associated with the class

Mi,’rg(aj; a; @). Here, we choose to omit the details involved.
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