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Existence of solutions for fractional boundary
value problems with Riesz space derivative and
nonlocal conditions

Suayip Toprakseven

Abstract. By using the fixed point theorems, we give sufficient conditions for
the existence and uniqueness of solutions for the nonlocal fractional boundary
value problem of nonlinear Riesz-Caputo differential equation. The boundedness
assumption on the nonlinear term is replaced by growth conditions or by a contin-
uous function. Finally, some examples are presented to illustrate the applications
of the obtained results.

Mathematics Subject Classification (2010): 26A33, 26D10, 34A60.

Keywords: Fractional boundary value problem, Riesz-Caputo fractional deriva-
tive, existence and uniqueness, fixed point, nonlocal conditions.

1. Introduction

Fractional differential equations can be thought as an extension of the ordinary
differential equation of real order. Fractional calculus is as old as differential calculus
which goes back to Leibniz and Newton. In recent years, there has been an active
movement in fractional differential equations which have been used for modelling real
world phenomena in different fields. The reason is that they represent better these
phenomena than ordinary differential equations. Geometric and physical interpreta-
tion of fractional differentiation and integration can be found in the paper [23]. Very
recently, the existence of the solutions for fractional differential equations have at-
tracted a good deal of attention and have been developed by many authors; see the
books [17, 22, 19] and papers [1, 2, 3, 12, 11, 16, 33, 25, 26, 27, 30, 28, 29] and the
references therein. A large number of studies on fractional differential equations has
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been presented for the existence and uniqueness of initial value problems. Multi-point
and nonlocal boundary value problems for fractional differential equation are sparse
and have received attention in the last decades [3, 20, 14, 18].

It should be pointed out that the most of the papers and monographs on frac-
tional calculus have focused on the fractional differential equations involving Riemann-
Lioville and Caputo derivatives in the literature. Both two fractional operators are
one sided operator and thus, they hold either past or future memory effects. In con-
trast, the main feature of the Riesz fractional operator is that it is both left and right
sided operator which holds both the history and future non-local memory effects. This
property of the Riesz fractional operator is important in the mathematical modelling
for physical processes on a finite domain because the present states depend both on
the past and future memory effects. As an example, the Riesz fractional derivative
has been used for the memory effects in both past and future concentrations in the
anomalous diffusion problem [7, 24].

A variety of papers are devoted to numerical solutions of the fractional calculus,
specifically in the anomalous diffusion that involves the Riesz derivative [13, 32, 24,
24,7, 4, 21, 31]. Recently, there are papers on existence and positive solutions for the
fractional boundary value problems of the Riesz-Caputo derivative [8, 15].

To the best of our knowledge, there does not exist a paper on the fractional
boundary value problems (FBVP) of the Riesz-Caputo differential equations with non-
local boundary conditions. In this paper, we investigate the existence and uniqueness
of solutions for the following nonlocal boundary value problems of the Riesz-Caputo
fractional differential equations

RGDYu(n) = F(n,u(n)) ve (1,2, 0<n<T,
u(0) = g(u), u(T) = ur,

where #GDY. is the Riesz-Caputo derivative defined below and F : [0,7] x R — R is
a continuous function, g : C[0,7] — R is a continuous function and ur € R.

Byszewski [6] first time investigated the existence and uniqueness of a solution
of nonlocal Cauchy problems. It should be noted that some psychical processes can be
better described by the nonlocal boundary conditions than the usual initial/boundary
conditions [5]. For instance, the initial condition g(u) can be taken as

(1.1)

g(u) =Y apu(ty)
k=1

where ax,k =1,2,...,n constant and 0 < t; <to < ---<t, <T.

The remainder of paper is organized as follows. Section 2 introduces some pre-
liminaries, definitions and lemmas which are useful in proving main results. Section 3
provides some sufficient conditions for the existence and the uniqueness of solutions
of the problem (1.1) with nonlocal boundary conditions. We establish these results
by using the contraction principle in the Banach space and Schaefer’s fixed point the-
orem and Leray-Schauder fixed point theorem, respectively. Finally, some numerical
examples are given to illustrate the applications of the main results.
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2. Preliminaries

In this section, we give some useful definitions and lemmas that will be used in
this paper.

Definition 2.1. [17] Let v > 0. The left-sided and right-sided Riemann-Liouville frac-
tional integral of a function f € C[a,b] of order v defined as, respectively

IV f(x) = %V) /I(x —8)"" f(s)ds, x € ]a,b).

L
I'(v)

Definition 2.2. (Riesz Fractional Integral) Let v > 0. The Riesz fractional integral of
a function f € Cla,b] of order v defined as

b
oIV f(x) = /(s—x)”_lf(s)ds, x € [a,b].

b
x—s" " f(s)ds, € [a,b].

oI f(2) =

2I(v)
Note that the Riesz fractional integral operator can be written as
1
oIif (@) = 5 (IF @)+ I f(@)) (2.1)

Definition 2.3. [17] Let v € (n,n + 1],n € N. The left-sided and right-sided Caputo
fractional derivative of a function f € C™*[a,b] of order v defined as, respectively

“ D (@) = f(ni—i—ll —) /;u = )" O ds = (1 DM u(a),
n b
Dy (@) = r<5l+1)1 fy) [ sy ds = (1D (),

where D is ordinary differential operator.

Definition 2.4. Let v € (n,n+1],n € N. The Riesz-Caputo fractional derivative RCaD”
of order v of a function f € C"*1[a,b] defined by

b
RCaDZf(:C) = F(n—&-ll—u/ |lx — 5|n*uf(n+1)(3) ds
(SD2f@) + ()™ Dy f(@))

((In+1 an+1) (x)+(—1)"“(bI”H_”D"H)u(x))'

1
2
1
2

In the case when v € (1,2] and f(z) € C?(a,b) we then have

RCDyf(@) = 5 (DLr @) + ED (). (22)
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Lemma 2.5. [17] Let f € C"[a,b] and v € (n,n + 1]. Then we have the following
relations

n—1 ¢(k) a
D) = £ - 30 T e

k=0

ODY (@) = f(@) = Y (b~ )

k=0

Lemma 2.6. [8] Assume that u € C[0,T] satisfies

T T
lu(t)] <er + 62/ |t — s|" " Hu(s)|? ds + 03/ (T — 5)"~2|u(s)|” ds,
0 0

where v € (1,2],8 € (0,0) for some 0 < o0 < v —1 and ¢;, (i = 1,2,3) are positive
constants. Then there is a positive constant C' such that

lu(t)| < C.

Lemma 2.7. [10] Let X be a Banach space and B be a closed and convex subset of
X. If C is a open subset of B and T : C — C' is a continuous and compact operator,
then one of the following hols:

1. The operator has a fized point in C,
2. There is a point ¢ € OC with 0 < u < 1 such that ¢ = uT'(c).

3. Existence results

Let E = C[0,T] denote the Banach space with the norm defined as |Ju| =
sup{|u(t)| : t € J = [0,T1]}.

We say that u € C?(J) with ®GD4u exists on J is a solution of the problem
(1.1) if u solves the equation G D¥u(t) = F(t,u(t)) for each t € .J and the conditions
u(0) = g(u) and w(T') = ug are fulfilled.

In order to prove the existence results for the problem (1.1), the following lemmas
are useful.

Lemma 3.1. [8] Assume that h € C[0,T] and v € (1,2]. Then the following boundary
value problem of Riesz-Caputo fractional differential equation

{R%D;u(t) =h(t), 0<t<T,
u(0) = g(u), uw(T) = ur,

has a unique solution u(x) given by

T _ T
u(t) = I‘(lu)/o |t — s|" " h(s)ds + il"(i;/o (T — 5)""h(s)ds
- 1“(7;_—751)/0 (T — 5)"2h(s)ds + (1 — %)g(u) + %UT. (3.1)



Existence of solutions for BVP of Riesz space derivative 705

Proof. From the above definitions and Lemma 2.5 we have for v € (1, 2]

oI2 RCDYu(t) = u(t) — %(u(t)) +u(T)) - %(u’(t)) +u/(T)) + §U’<T>-
This implies that
u zlu u L o —zu' L ’ — 5" h(s)ds
(6 = (u0)+u(D) + 5 (0 O+ (1) = G0/ (D) s [ =l b ds. (3:2)
We compute the first derivative of u
/ _ L, / 1 K v
u'(t) = i(u (0) +u'(T)) + m/o (t —5)""2h(s)ds (3.3)
T
- 1“(1/1—1)/t (5 — £)"~2h(s) ds.
The equation (3.2) can be rewritten as follows
u(t) = u(0) + %(u’(O) —u'(T)) + %(u'(O) +u/(T)) (3.4)
L ’ —_s v—1 — 3 v—1 s)ds
i = s R s
From the equation (3.3), we have
/ — 2 2 r v—2
W(T) = '(0) + m/o (T — 5)*~2h(s) ds. (3.5)
We plug the equation above (3.5) into the equation (3.4) to obtain
l T—t T v—2
ul(t) = u(0) + '(0) = 71— /0 (T — 5)"~2h(s) ds (3.6)

L ’ — g1 — s[""Yh(s)ds
i (= = s s

Applying the boundary conditions to the equation (3.6) yields the desired result (3.1).

O

By making use of Lemma 3.1, we consider the operator K : C[0,1] — C][0,1]
defined as

! ! v—1 H g _ -1
K(u)(t) = m/o [t — s|""1F(s,u(s)) ds + TF(u)/O (T — 8)" " F(s, u(s)) ds
_ T
_ F<Ty_t1)/0 (T = 5" F(s,u(s) ds + (1= D)g(u) + Zur. (37)

We now state and prove the first existence result by using Banach contraction
principle.

Theorem 3.2. Assume that the following assumptions hold
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Al. The function F is Lipschitz continuous in the second variable, that is, there is a
positive constant C1 such that

|F(t,z) — F(t,y)| < Ci|lz—vyl|, foreach telJ, and Vz,yeR.
A2. The function g is Lipschitz continuous, that is, there is a positive constant Co
such that
l9(2) —g(y)| < Calz —yl|, foreach teJ, and Vz,ye C(J).

Assume also that

B+v)IT"

Then the problem (1.1) has a unique solution.

Proof. Obviously, the solutions of the problems (1.1) are the fixed point of the opera-
tor K. We will show that the operator K is a contraction. To this end, let u,v € C(J).

Then for t € J we get

I .
(K (u)(t) = K(v)(#)] < m/o (t = )" |F(s,u(s)) — F(s,v(s))| ds

I 1
+r(u)/t (s — )"~ |F (s, u(s)) — F(s,v(s))] ds

+ F(V)/O (T —s)""*|F(s,u(s)) — F(s,v(s))|ds
g —2
+ ﬁ/ (T — )" 7|F(s,u(s)) — F(s,v(s))| ds + |g(u) — g(v)|
<C1u—v|/ y1d+Cl|u—v||/ s
Gl gy Ol
/ -9t ot | s ds 4 Collu— o
Clt” (Tt T T
S(F(u+1)+ o D tTe D Ty T Ol

B+v)T"
S(m01 + CQ) lu — vl

Therefore we arrive at

I - K@) < E2T00+ o) fuol,

This shows that K is a contraction operator. Banach fixed point theorem implies that
K has at least one fixed point u which is a unique solution of the problem (1.1). O
Next we present the second existence theorem in the next theorem.

Theorem 3.3. Assume that the following conditions are satisfied
A3 F € C([0,T] x R), that is, F is a continuous function.
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A4 There is a positive constant L1 and B € (0,0) for some 0 < o < v —1 such that
|F(t,z)] < Li(1+2|%) foreach teJ and VzeR.
A5 There exists a positive constant Lo such that
lg(z)] < Ly Vze C[0,T].
Then the problem (1.1) has at least one solution on J.
Proof. We will show that K has a fixed point by using the Schaefer fixed point

theorem. We first show K is continuous operator. To show this, consider a sequence
{u,} with the limit u,, — u € C[0,1]. Then for ¢ € J, we get

|K (un)(t) — K(u)(t)] < F(ly)/o (t—5)" (s, un(s)) — F(s,u(s))| ds
1T B

+ F(V)/t (s =)' F(s,un(s)) — F(s,u(s))|ds
1 ' -1 — F(s,u(s S

i T = P (s) = Fs o)l d

T
ST T s () = Flou(e))] ds + lg(u) ~ g(0)
tv (T - t) T T
(Fornt ton To s 1)) 1F6 wnl) = Fls,u)
+llgum) — 9wl < (3(+ e VG () = F (s, o))+ llgtn) = 9w

The continuity of the functions F' and g yields
IK (uy) — K(u)]| = 0, as n — oo,

which shows that K is continuous.

Secondly we will show that K transforms bounded sets to bounded sets in
C[0,T]. Let My, = {u € C[0,T] : |Ju|| < ¢} be a bounded subset of C[0,T]. Our
goal is to show that ||K(2)|| < m for some constant m. For each ¢t € J and u € M,
we have

[ (u) (1)]

1 /T . T2t (T b1
< I‘(V)/O [t — s|" 7 |F(s,u(s))|ds + a0 )/ (T — s)" |F(s,u(s))|ds

oo | @R sl ds 10 - Do) + |l
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1 k —1 1 r v—1
sf@54<r—g ‘FGW@DMS+F@LK<S_® |F(s, u(s))| ds

! ! v—1
F @G s
T T oy
+m/o (T — 8)" 72| F(s,u(s))| ds + 2|g(u)| + |ur]|

it (T—t)” TV TV
S(F(H R CE RN CE F(V)>L1(1 + %) 4 2Ly + |ur|
B+v)T"
“To+1)

Therefore we get

Li(1+0%) + 2L + |ur|.

B+v)IT"
Ly (1 + %) 2L =
T+ 1) 1(L+£7) 4 2L; + |ur| :=m,
which proves the desired result.

Finally we will show that K transforms bounded sets to equicontinuous sets in
C[0,T). Again, let M, = {u € C[0,T] : ||u|| < £} be a bounded subset of C[0,T]. We
give a bound on the derivative of K (u)’(t) for each t € J and u € My as follows

1K (2)]| <

|K () (t)] <
1 ! -2 1 T v—2

m/o (t=s) \F(svu(s))ldwm/)ﬁ (s = 1) | F(s,u(s))| ds
2 T 1

+m/o (T —s)" " |F(s,u(s))|ds

! ! v—2 1
+ m/@ (T = 8)"2|F (s, u(s))| ds + |g(u)| + lur]

<(t1/—1 N (T _ t)u—l N 2Tu—1 N Tl/—l
“\I'(v) I'(v) 'v+1) T(v)

1
)L1(1 + %)+ 2Ls + —fur|

(2+3v)T7 ! 1
T LA+ +L — .
T+ 1) 1(14+207) + 2+T\uT|
(2+3v)Tv ! 5 1 )
Set L := qu(l + 7)) + Ly + 5 lur|. Let t1,ty € J with t; < to, then we
have

mwwu—mwmﬂz/gmwwmwSLw—n»

t1

Thus, K (M;) is equicontinuous in C[0,T]. Sp far we have shown that the operator K
is completely continuous.

Lastly, we will show that the set

EK)={ueCl0,T):u=pK(u), pe(0,1)}
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is bounded. Let v = pK (u) for p € (0,1). Then we have for t € J

lu(t)] <
T T
F(lu)/o [t — s|" "M F(s,u(s))|ds + F(lu)/o (T = s)"~1|F (s, u(s))| ds
T
+ F(VT—l)/O (T — 5)V72|F(s, u(s))|ds + 2|g(u)| + |ur

SF(lu)/o (t —s)" " F(s,u(s))|ds + I‘(lu)/t (s — )" F(s,u(s))|ds
T
+ r(lu)/o (T — )" HF(s,u(s))| ds

T r v—2
+ oD / (T — 52| F (s, u(s))| ds + 2lg ()| + [ur|

INCZ
B+v)T¥ Ly t .
Aol SR sy 8
“Tw+1) 1+ 2+|uT|+F(V)/O (t —s)" u(s)’| ds

Ly

Ts— v=u(s)?| ds Lo " —5)" Hu(s)?| ds
i =0 ) st s [ s )|

LT T
— — 5)" " u(s)?| ds.
e e AR IORL

Lemma 2.6 implies that there is a positive constant C such that
[[ull < C.

This concludes that £(K) is bounded. By using Schaefer’s fixed point theorem, we
infer that K has a fixed point which is a solution of the problem (1.1). O

Theorem 3.4. Assume the condition A5 in the previous theorem and the following
condition hold

A6 There are ¢ € C[0,T] and ® : [0,00) — RT continuous and increasing functions
such that |F(t,z)| < ¢(t)®(|z|) for each t € J and Vz € R.

Assume also that there is a positive constant C,, such that

1, where @5 =supo(t). (3.9)

((3 + I/)TV) ¢s®(Cr)  2Ls + |ur| -
C, Ch ’ teJ

IFv+1)
Then The problem (1.1) has at least one solution on [0,T].

Proof. Define M, = {u € C(0,T] : |Ju|| < Cy,}. Clearly, M, is closed, convex and
bounded subset of C[0,T]. For each t € J and u € M, using the assumptions A5 and
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A6 we have
Ku(t)] <
g T
F(ly)/o [t — s|""HF(s,u(s))|ds + F(ly)/o (T — 5)" Y F (s, u(s))| ds
T T B
+ m/o (T — s)"~%|F(s,u(s))| ds + 2|g(w)| + |ur|

! t v-l L ' — )" Y F(s,u(s))| ds
<t | = PG ds+ s [ =07 PG o)l d

1 T B
+W/o (T = )" " |F(s,u(s))| ds
T T B
+F(V—1)/0 (T = )" 7*|1F (5, u(s))| ds + 2lg(w)| + Jur|

1 t -1 1 g v—1
<t [ = o elue ds + o [ s 0 68 (uls)ds

1 /7 .
g, T o R(ul) ds

T T B
o)L = e (uts)) ds+ 2g(w)] +

< B+ v)T"

—“T'(v+1)
B+v)T"

PO

“Tw+1) ¢s®(Cp) + 2L + |ur|

<Cp (from the condition (3.9)).

¢ (|[ull) + 2Lz + |ur|

We have shown that the operator K : M. — M, is continuous and completely con-
tinuous. If there is u € OM, with p € (0,1) satisfying v = pKu, then the we would
get a contradiction from the discussion above. As a consequence of Leray-Schauder
fixed point theorem (see Lemma (2.7) ), K has a fixed point u € M,. This implies
that there exists one solution of the equation (1.1). Thus we complete the proof. O

4. Numerical examples

This section is devoted to numerical examples to illustrate the application of the
results presented in this paper.

Example 4.1. Consider the following differential equation with the Riesz-Caputo frac-
tional derivative of order v € (1,2]

RC Dvu(t) (t)+(1—t)(%+t), te01]ve ],

= Eu
u(0) = Ju(3), u(1)=0,

(4.1)
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Let F(t,w) = ﬁu(t) +(1 - t)(% +1t), (t,w)e€[0,1] xR, and g(u) = %u(%)

Then for any u,w € R and ¢ € [0, 1] we have
|E(t,u) — F(t,w)] < %\u —w).
Moreover, we have
J9(u) ~ 9(w)| < 3l wl.

Thus, the conditions Al and A2 are satisfied with C; = 1—12 and Cy = %0. Taking

T =1, we observe that
120(w+1) 2

3+v)

if and only if < T'(v+1) which holds true since I'(v + 1) > 2 when v € (1,2].

So, the condition (3.8) is satisfied. Theorem 3.2 implies that the problem (4.1) has a
unique solution in [0, 1].

In general, the exact solutions of nonlinear fractional differential equation (even
ordinary nonlinear differential equations) are not available. Thus, we use the method
in [7] to plot the numerical solutions of problems. We report the numerical solution
of problem (4.1) with v = 2 in Figure 1.

Numerical solution u num (t) to the problem (13)

0.5

0.45

0.4

0.35

0.3

)

£0.25
1=

0.2

0.15

0.1r

0.05

0 . . . . . . . . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

t

FIGURE 1. The numerical trajectory of the solution for Example 4.1

: _ 3
Wlthl/—i.
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Example 4.2. Consider the following boundary value problem of the fractional Riezs-
Caputo derivative,

u(®)]
B+ )1+ [u(®)])’

u(0) = apu(ty), u(l) =0,
k=1

RQDYu(t) =

telo,1],v e (1,2]
(4.2)

where 0 < t; <to <---<t, <1, and ax >0,k =0,1...,n are constants satisfying
a -
P
k=1

w

Let F(t,w) = BroiTw)

(t,w) € [0,1] x [0,00), and

g(u) = Z aru(te).
k=1

Then for any u,w € [0,00) and ¢ € [0, 1] we have

1 u w 1 lu — w]

F(t,u) — F(t,w)| = - =
) =Pl = e m iy~ 1 8412 (1+u)(1+w)

< Sl
—|u —w|.
-8
Moreover, we have
n
l9(u) — g(w)] < axlu —wl.
k=1

Thus, the conditions A1 and A2 are satisfied with C7 = % and Cy < i. We also have
with T =1
3
(+1/)}+g§ 5+ v < 1 <1
'v+1)8 8~ 8T'(v+1) ~ I'(v+1)
if and only if I'(v + 1) > 1 which holds true when v € (1,2]. So, the condition (3.8) is
satisfied. Theorem 3.2 implies that the problem (4.2) has a unique solution in [0, 1]

Example 4.3. Consider the following fractional differential equation of the fractional
Riesz-Caputo derivative

u(o)l}
Ty <0 (143)

w(0) = sin(27ru(%)), u(1) =0,

RCDS u(t) =

Ju(t)|?
L+ 2)(1 + [u(?)]
t

)7
with v = £. Let =1 and o = 2, then 8 € (0,0) and 0 < 0 < v — 1. Then for any

Let F(t,w) = (t,w) € [0,1] x [0,00), and g(u) = sin(27u(3))
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€ [0,00) and t € [0,1] we have

Ju(t)|®
(1 +82)(1+ Ju(®)])

< S (L fu()]5).

[F'(t,u)| =

DN —

Additionally, we have
lg(u)| < 1= Lo.
Thus, the conditions A3 — A4 and A5 are satisfied. Then we infer from Theorem 3.3
that the problem (4.3) has at least one solution on J.
Let ¢(t) = HLt? and ®(|u|) = |u(t)|5. Then we have F(t,u(t)) < ¢(t)®(|u|) with
¢s = % Let C,,, = 81 and ur = 0. We find that
B+ )T\ ¢s®(Crn) 2Lz + lur| 23 2 1
(I‘(u—i—l)) Cm Co 270T(Z) 81

So the condition (3.9) is satisfied. Theorem 3.4 tells us there exists at least one solution
to the problem (4.3).

Example 4.4. Consider the following three-point fractional boundary value problem

3 1
RCDEu(t) = ~t2u2()e "), teo,1],
4 (4.4)
0= S
BT 16°
We will exhibit that the conditions A5 — A6 and (3.9) are satisfied.
Let F(t,w) = itzuz(t)e_“z(t), (t,w) € [0,1]xR, and g(u) = e~ 5 € (0,1]
with v = 2. For each u € R and t € [0, 1] we have

O e (0,1], u(l) =

()| = |2 e2u2 (8 0] < itQuQ(t) — 6()D(w), (tu)e0,1] xR

‘4
where ¢(t) = 1t* and ®(u) = u® with ¢, = Supseoq] |9(t)] = 1. The function g(u) is
bounded, that is,

1

< — = Ls.
o) < 35 = Lo
Lastly we check the condition (3.9). Let Cy,, = 1 and ugp = 16, then
3+ )T ¢.P(C,, 2Lo + |u 9
(( ) )¢( ) 2 F |ur| _ 5+7<1.

Again Theorem 3.3 implies that the problem (4.4) has at least one solution on [0, T].
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Notes on various operators of fractional calculus
and some of their implications for certain analytic
functions
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Abstract. The main purpose of this note is firstly to present certain information
in relation with some elementary operators created by the well-known fractional
calculus, also to determine a number of applications of them for certain complex
function analytic in the open unit disc, and then to reveal (or point out) some
implications of the fundamental results of this research.
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1. Introduction and preliminaries

Fractional Calculus has important roles in both applied studies and theoreti-
cal researches. We also know that various operators have been defined by the help
of Fractional Calculus. This scientific note is an example for one of such theoretical
investigations. In this present investigation, only three elementary operators of frac-
tional calculus, which are frequently encountered in the literature, will be considered
for determining a number of results relating to certain complex functions. They are
well-known operators which are also called as Fractional Integral Operator, Fractional
Derivative Operator and Tremblay Operator in the literature. Specially, as we just
have indicated just above, these mentioned operators will be taken into consideration
for certain analytic functions. For their details and also some extra examples, one
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may refer to the earlier works in [5] and [26]-[28], and also see [1]-[3], [11]-[10], [19],
[18], [27] and [13] in the references of this investigation.

Let us now recall certain notations, notions and also some extra information in
relation with the mentioned operators in certain domains of the complex plane, which
there will need for our investigation.

Firstly, here and also in parallel with this research, let

C , R, N ad U

be the set of complex numbers, be the set of real numbers, be the set of positive
integers, and the open unit disc, namely, the well-known open set given by

{z:ze(C:amd|z|<1}7

respectively.
Also let

R*:=R-{0} and Ny:=NU{0}.
Moreover, by the notation A(n) denote the family of the functions f(z) normal-
ized by the following Taylor-Maclaurin series:

f(2) =2+ 12" + g2z 4+ (a1 €C; nEN). (1.1)

Secondly, for an analytic function f(z), the fractional integral of order X is then
defined by
A1

.Y _ L[ LTV
DY) = [ D=1 (30, (12)

where the multiplicity of (z — T))\_1 is removed by requiring log(z — T') to be real
when z —T > 0.

For an analytic function f(z), the fractional derivative of order X is also defined
by

Dﬁ{f}(z):r(ll_)\)ci/ozf(T)(z—T)AdT (0<A<1), (1.3)

where is constrained, and the multiplicity of (z—T ) s removed, as in the definition
of the fractional integral operator accentuated as (1.2).

Under the hypotheses of the definition of the fractional derivative of order A,
emphasized as (1.3), for an analytic function f(2), the fractional derivative of order
m + X is defined by

m dm
DI f}e) = —— (D)), (1.4)
where 0 < X\ <1 and m € Np.

In the light of the fractional derivative operator, given by (1.2), for an analytic
function f(z), the Tremblay operator is also defined by

T} = 1)

where 0<7<1,0<A<1,0<7—A<1landzelU.

zl_ADg_’\{zT_lf}(z), (1.5)
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In consideration of the fractional integral operator (1.2), fractional derivative
operator (1.3) and Tremblay operator (1.4), for an elementary-analytic function given
by

pi=p(z) =2
we remark in passing that the following-special results can be easily assigned as the
forms:

D;Me} = ,mz”+A (A>0), (1.6)
DM e }_ii)l)z“—A (0<A<1), (1.7)
DI} = T (0 A<imeN). )
and
Trale }sz” (0<7<LO<A<LO<T—A<1). (1.9)

In terms of our purposes, in special, by means of the assertions presented in
(1.6)-(1.9), for a function f(z) belonging to the family A(n), there is a need to state
certain results which are given by the following relations:

1 I'(k+1)
DAI}) ARSI T+ A+1 )q'“'zk+A (1.10)
(A>0;z¢€ IU)
I'(k+1) _
DM f}(2) (2 24 Z a1 ez (1.11)
(0 <A< 1;z € IU)
and
S Tk+1T(0N)
T {f}(z) = Z N CEBVNC (1.12)
(O<T§1;O<)\§1;O§T—)\<1;26U),
and, from (11) and (12), the following results are easily determined:
IR — D(k+1 e
PG = oy Y et )
k=n+1
(0<A<1;2z€0)
and
d T > kD(E+7)T(0N) o,
— = — —_— 1.14
Z (Falry) = 5 T2 T (114)

(0<7<L10<A<L0<T-A<L;zel).
The following assertion, namely, Lemma 1.1 (below) will be required for stating
and proving of our main results. By considering the well-known result (see [22] and
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[24]), it was earlier proven by Nunokawa [23]. In addition, it has been also used by a
great number of researchers for their studies. For some of them, for instance, it can
be checked some of results given by [13]-[16] in the references. Specially, in the recent
time, by making use of the same assertions considered in [17]-[20], they have used
those for their earlier results and they have also obtained various results identified
by the assertions relating to the mentioned operators and their applications given by
(1.12)-(1.16). Moreover, we point that some (special) results can be compared with
certain earlier results obtained in [20], [16] and [18].

Lemma 1.1. Let p(z) be an analytic function in the open set U with p(0) =1 and also
suppose that there exists a point zg € U such that

%e(p(z)) >0 when |z| <|z| <1, (2.1)

%e(p(z)’Z::ZO) =0 (2.2)

and
p(2)],._., #0. (2.3)
Then,
p(z:)’Z::Z0 =is (s€R") (2.4)
and

(s eRY) (2.5)
for all ¢ in [1/2,00).

2. The main results and their implications

In this section, by considering certain necessity and sufficiency, which are terms
used to describe a conditional (or implicational) relationship between two statements
in mathematics, various comprehensive theories consisting of some complex-valued-
exponential forms constituted by the operator given by (1.3)-(1.5) will be presented
and they will be then proven.

Theorem 2.1. For admissible values of the parameters given by
0<7<1, 0<A<1l, 0<7—-A<1l and 0<a<1, (2.6)
if the following statement:
L (Ta{ 1} 2)
p ¢
L(Talr}e)

if w>0
[—2,00U(0,3] if w<O

|
A
|
)
-
o
3
SN—

Arg (2.7)

s true, then

Re{ [ (Faln)@)]"} 2 a(5)” wemr) 2.8
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is also true, where w € R*, z € U and f(z) € A(n), and, here and through the proof
of this theorem and its implications, each one of the values of the complex expressions

like ]
E(rdne)] wer)

1s taken to be as its principal value.

Proof. By the help of the application (of Tremblay operator in (1.5)) given by (1.14)
and under the conditions given in (2.6), for a function f(z) € A(n), let us then
consider a function p(z) in the implicit form, given in

[ (Tal3@)] = (5) T+ (1 - alp2)], (2.9)

where 0 < a < 1, w € R* and z € U. By a simple focusing, clearly, the function p(z)
satisfies the condition p(0) = 1 in the hypothesis of Lemma 1.1.

By differentiating the both sides of the definition in (2.9) with respect to the
complex variable z, it can be easily obtained that

o g (FalNO) [E (@) 7 =00 () e, e
and, by combining (2.9) and (2.10), the following statement:
o 2L (ﬁ,x{f}(z)) (1 —a)zp/(z)
%(Z—,A{f}(z)) N a+ (1 —a)p(z)

is also received, where, of course,

(2.11)

0<a<l,welR", f(z) € A(n) and %(TT)\{]‘}(Z));AO (Vz€U).

For the proof, suppose now that there exists a point z belonging to U, which satisfies
the condition:

Re(p(z)) =0 (Zo € U;p(z) # 0) :

indicated by (1.6) of Lemma 1.1. Then, by applying of the assertions of Lemma 1.1,
given in (2.4) and (2.5) to the result given by (2.11), the following-special result:

Z% <7'T#{f}(z)> B (v —1)2p'(2)
N T ) Tg(a FI— ) )
= Arg( (o — 1)zp’(z)‘z:220 ) - Arg( a+ (1—a)p(2)|,._, )

= Arg(c(l —a)(1+ a2)> - Arg(a +ia(l — a))
[—g,O) if a<0

:—Arg(oz—i—ia(l—a))e{ (0,5] if a>0

is easily obtained, which contradicts the result given in (2.7), of course, after some
calculations.
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This shows that there is no any point zy € U satisfying the condition given in
(2.2). This means that

Re (p(z)) >0 (Vzel).

Therefore, the special definition in (2.9) immediately yields that the inequality in
(2.8). The desired proof is also completed. O

In this section, as we know, an extensive-main result has been constituted by
applying one of elementary operators of fractional calculus, which is introduced by
(1.5) (or, (1.12) and (1.14)), to a function f(z) belonging to the family A(n). In
consideration of the main result, as certain conclusions and recommendations, by
considering those extensive information about all operators (together with combining
some of them given in (1.2)-(1.4)), it can be easily redetermined several new results
like Theorem 2.1 again. With the help of such information, the main theorem can help
us to recompose many new-comprehensive results and also to reveal a great number
of some important-specific results will be obtained by the possible results. In these
determinations or constructions, we want to give some suggestions to the relevant
researchers for stating and proving of new possible theorems or their special results.

As first suggestion, in view of the results determined by (1.6)-(1.14), several new
theorems, which are similar to Theorem 2.1, can be also reconstituted. For it and its
proof, it is enough to redefine a similar type function like p(z), which is defined as
(2.9) and plays an important role in the creation and the proof of Theorem 2.1. As
example, if one takes into account the related function p(z), which also consists of
fractional fractional derivative(s), given as the following-implicit form:

£ 000)] = (gt

(0<a<;0< A< LiweRf(2) € An))

and also follows the similar manner in the proof of Theorem 2.1, the following theorem
can be then demonstrated. Its detail is excluded here.

Theorem 2.2. Let 0 < o < 1, w € R* and z € U. For a function f(z) € A(n), if the
statement:

S

Z%(Z’)‘D?{f}(z)) gg{(—ﬂ',—g]U[g, ) if w>0
L(AD{1}) [—2.00U(0,] i w<0

is true, then

d w —w .
%e{[dz(zAD?{f}(z))} } >a[1“(2—)\)} (w e RY)
18 also true, where the value of the complex power given by

d

le (ZAD?{f}(Z))]w (w e RY)

18 considered to be as its principal value.
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As second suggestion, it will be the suggested determinations of both the new
theorems to be determined by the researchers and the specific results of the main
results determined by us. In order to reveal them, it will be sufficient to select the
suitable values of the related parameters. We also leave to reveal the others to the
attentions of the interested researchers. For this, as examples, we want also to present
only two of them as propositions.

The first special result is one of the main result, which is Proposition 2.3 (below).
It can be also constituted by choosing the value of w as w := 1 in Theorem 2.1.

Proposition 2.3. For a function f(z) € A(n), if the statement

Zdz2( A{f} ) T m
%(7}7,\{]”}(3)) € (— — 7) U{£nr}

Re| L (Tal1)0)] > o

holds for all z € U and also for some of the admissible values of the parameters given
by0<7<1,0<A<1,0<7-A<land0<a<l.

holds, then

By taking the values of the parameters w, 7 and A asw:=1, 7:=1and p:=1
in Theorem 2.1 (or, by selecting the values of the parameters of 7 and A as 7 := 1
and A := 1 in Proposition 2.3), for a function f(z) € A(n), the second special result is
then received. In this case, as a special consequence of the main result, which relates
to (Analytic and) Geometric Function Theory (see, for details, [6]), it can be easily
identified by the following-well-known result (Proposition 2.4 below).

Proposition 2.4. Let the function f(z) be in A(n). Then, the following statement is

true:
Arg <Zf,l;i§)) € (— g, g) u{£tr} = %e(f’(z)) > .

It also shows that the function f(z) is a close-to-convex of order o (0 < o < 1) in the
open disc U.

As concluding remark, all other results (and, of course, their possible conse-
quences), which will be new (or known) for the literature and are also omitted in
this scientific note, are presented to reveal to the attention of the researchers who
have been working on the topics of this investigation. In particular, for the related
researchers, we believe that it would be useful to focus on the results determined in
the papers given by the references in [17-20], in terms of highlighted results and even
their specific implications. As an example in relation with geometric properties of
our works, Proposition 2.4 (above) has been presented. In the same time, extra sim-
ple examples can be also determined for those results (and also their special forms).
These are also left to interested researchers. In addition, as was indicated before, some
examples of certain applications of fractional calculations in different disciplines are
especially emphasized in the references.
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Implicit Caputo-Fabrizio fractional differential
equations with delay
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Abstract. This article deals with some existence and uniqueness results for several
classes of implicit fractional differential equations with delay. Our results are
based on some fixed point theorems. To illustrate our results, we present some
examples in the last section.
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1. Introduction

Functional differential equations and inclusions of fractional order have recently
been applied in various areas of sciences; see the monographs [1, 2, 3, 20, 24, 28, 25],
the papers [5, 8, 26, 27|, and the references therein.

The study of implicit differential equations has received great attention in the
last years; see [1, 5, 6, 8, 9, 10, 7, 22, 27].

Functional differential equations with delay have received significant attention
in recent years. Several authors studied differential equations with delay [1, 4, 8, 13,
14, 15, 16, 17, 18, 19].

In this paper, first we investigate the following class of Caputo-Fabrizio fractional
differential equation with finite delay

p(t) = C(t); te [_h70]7 (1.1)
(CFDgp)(t) = f(t, 00, (“F D) (1)); t € I :=1[0,T], .
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where h >0, T'> 0, ( €C,f: 1 xC xR — Ris a given continuous function, “¥' D}

is the Caputo-Fabrizio fractional derivative of order r € (0,1], and C := C([—h,0],R)

is the space of continuous functions on [—h, 0]. Here, for any ¢ € I, we define p; by
pi(s) = p(t + s); for s € [—h,0].

Next, we consider the following infinite delay problem

{p(t) = ((t); t € R_ = (—00,0], 12)

(CEDER)(t) = f(t, e, (CT D) (1)); t €T,

where ( : R_ - R, f: I x B xR — R are given continuous functions, and B is called
a phase space that will be specified later. In this case, for any ¢t € I, we let p; € B be
such that

pi(s) = p(t+s); for se R_.

In the third section, we investigate the following state-dependent finite delay problem
p(t) =¢(t); t € [=h,0],

(CFDER)(t) = f(t, 9pit,00, (CTDER)()); t €1,

where ( €C, p: I xC—= R, f:IxC xR — R are given continuous functions.

(1.3)

Finally, we study the following class of Caputo-Fabrizio fractional differential
equations with state dependent infinite delay

{p(t) —((t); teR_,
(CEDy)(t) = F(t (a0 (CF D) (1)); t € 1T,

where ( : R_ — R, f:I x B xR — R are given continuous functions.

(1.4)

In the last section, we present some examples illustrating our presented results.

2. Preliminaries

Let (C(I), ]|l - loo) be the Banach space of continuous real functions on I with
1€lloc = sup [£(2)].
tel

As usual, AC(I) denotes the space of absolutely continuous real functions on I, and
by L*(I) we denote the space of measurable real functions on I which are Lebesgue
integrable with the norm

el = / £(t)|dt.

Definition 2.1. [11, 23] The Caputo-Fabrizio fractional integral of order 0 < r < 1 for
a function w € L1(I) is defined by

M(r)(z_r)()‘FM(r)@_r)/o (z)dz, >0

where M (r) is normalization constant depending on r.

CFITw(T) =
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Definition 2.2. [11, 23] The Caputo-Fabrizio fractional derivative for a function w €
C(I) of order 0 < r < 1, is defined by

“rDw(r) = (22—({)_]\{)(7") /oT S

Note that (“FD")(w) = 0 if and only if w is a constant function.

Example 2.3. [11]
1- For h(t) =t and 0 < r < 1, we have

M(r) T

CF nyr

D"h)(t) = 1- — t .
o =1 (1-ep (-1}
2- For g(t) = eM, A >0and 0 < r < 1, we have

Lemma 2.4. [21] Let h € L*(I). Then the linear problem

(1 —x))w'(z)dz; 7€ 1.

(“FDgp)(t) = h(t); t € I:=1[0,T]
{ ©(0) ks o, @1
has a unique solution given by
p(t) = po — arh(0) + a-h(t) + br/ h(s)ds, (2.2)
0
where
a. = _20-1) b, = T
@ r)M@) T (2-r)M(r)

3. Existence of solutions with finite delay

In this section, we establish the existence results for problem (1.1). Consider the
Banach space

C={p:(=hT] =R, p|-nm=¢ plr € C(I)}
with the norm
el = max{||C[l(—n,0, [I@llo}-
Definition 3.1. By a solution of problem (1.1), we mean a function p € C such that
® {C(t); t € [~h.0],
¢(0) = arg(0) + arg(t) + by [y g(s)ds; t € 1,
where g € C(I) with g(t) = f(t, pi, g(¢)).

The following hypotheses will be used in the sequel.
e (H;) There exist constants wy > 0, 0 < wg < 1 such that:

|f(t901,S1) — [t 02, 32)| S willpr — @2(l[—n0) + w2[S1 — S22,
for any 1,92 € C, 31,92 € R, and each t € 1.
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e (Hj) For any bounded set B C C, the set:
{t = £t 01, (C"Dip)(t)) : 0 € Bl
is equicontinuous in C.
Theorem 3.2. If (H1) holds, and

w1(2a, + Tb,)
1-— W2

= <1, (3.1)

then problem (1.1) has a unique solution on [—h,T].
Proof. Consider the operator N : C' — C defined by:
¢(t); t e [=h,0],
(Np)(t) = (3-2)
¢(0) — arg(0) + arg(t) + b, fo s)ds; t €1,

where g € C(I) such that g(t) = f(¢, pi, g(¢)).
Let u,v € C(I). Then, for each t € [—h, 0], we have

[(Np)(#) — (NS) ()] = 0,

and for each t € I, we have

(Vo)) = (NS)@)| < arlg(0) = h(0)] + arlg(t) — (2)]
+br Jo 19(s) = h(s)|ds

where g, h € C(I) such that
9(t) = f(t, 01, 9(t)) and  h(t) = f(t, 3¢, h(t)).

From (H;), we have

l9(t) = h(t)| = [f(t e, 9(t) — (T, S, h(D))]
< willpe = Siell[—n,0 + w2lg(t) — h(t)].
This gives,
l9(t) = ht) < 7~ llor = Stllin.or

Thus, for each t € I, we get

I((Np)(t) = (NS ()] < 2ar15 L 92 — Selli=n,0
+b, [y 125 [l9s — Salli—nopds
< 2(17»1 Ll,,, ||@ J||C+Tbr1 w2||p \S”C
w1 (2a,-+Tb,
< l(f,i:;)\\@ Sle
< Lo —Se.

Hence, we get
IN(p) = N(S)lle < lp —Slle-

Since ¢ < 1, the Banach contraction principle implies that problem (1.1) has a unique
solution.
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Theorem 3.3. If (Hq) and (Hs) hold, and

1_ (2ar+Tb ) <

then problem (1.1) has at least one solution on [—h,T).

Proof. Consider the operator N : C' — C defined in (3.2).
Let R > 0 such that

O+ £ <2ar+n>}’ -

R> max{HCHC([h,o]) 1= = (20, + T0,)
_wz r r

where f* :=sup|f(¢,0,0)].
tel
Define the ball

Br = {x € C(IaR)v ”x”C < R}
Step 1. N is continuous .
Let {pn}n be a sequence such that p,, — p on Bgr. For each ¢ € [—h, 0], we have

[(Non)(t) — (Np)(t)| =0,
and for each ¢t € I, we have
(Non)(t) = (No)B)] - < arlgn(0) = g(0)] + ar|gn(t) — 9(1)] (3.4)
+b,. fo ‘gn(s) - g(8)|d8, .

where g, g € C(I) such that

gn(t) = f(t, pntagn(t)) and g<t) = f(t, pt’g(t))~
Since ||pn — pllc — 0 as n — oo and f, g and g, are continuous, then the Lebesgue
dominated convergence theorem, implies that

IN(pn) — N(p)llc =0 asn — oo.
Hence, N is continuous.

Step 2. N(Bg) C Bg.
Let ¢ € Bg, If t € [—h,0] then [[(Np)(®)| < |I¢llc < R. From (H;), for each t € I,

we have
lg(®)] |f(t, 06, 9(1))]
|f(t,0,0)| + willo¢ll[—n,0) + walg(t)]
[ +wilelle + wallglleo
[t wi R+ waglloc-

INIAIN I

Then

Thus,
‘C(O) - arg(o) + arg + b fo dS‘
1C(0)[ + ar|g(0)[ + ar|g(t \+b I lg(s)lds
[*twiR
IC(0)] + *17‘:)12 (2a, + b, fo ds)
(0) + L2448 (2a, + Tb,)
w2

INIAIAIA A
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Hence
IN(p)llc < R.

Consequently, N(Br) C Bg.

Step 3. N(Bg) is equicontinuous.
For 1 <ty <ty <T, and u € B, we have

IN(p)(t1) = N(p)(t2)] < arlg(ta) — g(t)] + by [ g(s)lds|
< alglts) — g(ta)| + BB (1 — 1),

?IE% (ta — t1) — 0; as to — t;. This gives the

Thus, from (Hz), ar|g(t2) — g(t1)
equicontinuity of N(Bg).

From the above steps and the Arzela-Ascoli theorem, we conclude that N is
continuous and compact. Consequently, from Schauder’s theorem [12] we deduce that
problem (1.1) has at least one solution.

4. Existence of solutions with infinite delay

In this section, we establish some existence results for problem (1.2). Let the
space (B, | - |lg) is a seminormed linear space of functions mapping (—oo,T] into
R, and satisfying the following fundamental axioms which were adapted from those
introduced by Hale and Kato [13] for ordinary differential functional equations:

(A1). fp: (=00, T] = R, and o = ¢(0) € B, then there exist constants L, M, H >
0, such that for each ¢ € I; we have:
(7). pr isin B,
(i0)- loells < K lpolls + M sup.cio.q lo(s)],
(i) o) < Hlpils
(Az). For the function p(-) in (A1), u; is a B— valued continuous function on I.
(A3). The space B is complete.

Consider the space
Q= {@ : (_OO7T] - Ra thf S Ba p‘f € C(I)}

Definition 4.1. By a solution of problem (1.2), we mean a continuous function p €

(t); teR_,
o) = {(0)—arg (0) + arg(t) + b, [1 g(s)ds; t € I, (4.1)

where g € C such that g(t) = f(¢, o, g(t)).

Let us introduce the following hypotheses:
e (Hy1) The function f satisfies the Lipschitz condition:

|f(t, 01, 31) = [t 902, S2)| < billpr — g2l + 021 — 2,
for any 1,31 € B, 2,32 € R, and each t € I, where b; > 0 and 0 < by < 1.
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o (Hy2) For any bounded set By C {2, the set:
{t = f(t.on, (“"DGp)(t)) : € Bk

is equicontinuous in 2.

First, we prove an existence and uniqueness result by using the Banach’s fixed point
theorem.

Theorem 4.2. Assume that the hypothesis (Ho1) holds. If

A= (20, + Thy) <1, (4.2)

— b2
then problem (1.2) has a unique solution on (foo,T}.
Proof. Consider the operator Ny : Q — Q defined by:
teR_,
(Mig)(0) = 1
¢(0) — arg(0) + arg(t) + b, fo s)ds; t €1,

where g € C(I) such that g(t) = f(¢, p¢, g(t)).
Let x(:) : (—00,T] — R be a function defined by

_ [ <c@); teR-,
W"{ {0)— tel

Then z¢ = ¢, For each z € C(I), with z(0) = 0, we denote by Z the function defined
by
S { 0; teteR_,
| z2(), tel.

If p(-) satisfies the integral equation
p(t) = ¢(0) = arg(0) +arg(t) + by [y g(s)ds
We can decompose p(+) as p(t) = Z(t) +x(t); for ¢t € I, which implies that p; = Z; + 2+

for every t € I, and the function z(-) satisfies

sz—wmm+wmw+mlg@w&

where
g(t) = f(t,Ze + 24, 9(t)); t € 1.
Set
Co={2€C(I); 20 =0},
and let || - ||z be the norm in Cy defined by

I2ll7 = llz0ll5 + sup [2(t)| = sup [z(8)]; = € Co.
tel tel

Cy is a Banach space with norm || - ||7. Define the operator P : Cy — Cp; by

(P2)(t) = —arg(0) + arg(t) + br/o g(s)ds, (4.4)
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where

g(t) = f(t,Ze + x4, 9(t); t €T
We shall show that P : Cy — Cj is a contraction map. Let z,2" € Cy, then we have
for each t € I

P()) = PO < arlg(0) — hO)] + arlg(t) — ()] + by [ lg(s) — Mok,
where g, h € C(I) such that '
g(t) = f(tazt + :Etmg(t)) and h(t) = f(ta?t + ¢, h(t))
Since, for each t € I, we have

b _
lg(t) = h(t)| £ —— |7 — 2/4|5-
1—1by

Then, for each t € I; we get

[P(2)(t) = P(2')(¢)] (2, + b, [5 ds) 125 |12 — 7|

<
< (20, +Tb) 125 |7 — il
= MNz-272|r.
Thus, we get

1P(2)(t) = P(z) )]l < Az — 2|z

Hence, from the Banach contraction principle, the operator P has a unique
fixed point. Consequently, N has a unique fixed point which is the unique solution of
problem (1.2).

Now, we prove an existence result by using Schaefer’s fixed point theorem.

Theorem 4.3. Assume that the hypotheses (Ho1) and Hoe hold. Then problem (1.2)
has at least one solution on (—oo,T.

Proof. Let P : Cy — Cy defined as in (4.4), For each given R > 0, we define the ball
Bgr = {33 c CQ, ||$L‘||T < R}

Step 1. N is continuous.
Let z, be a sequence such that z, — z in Cy. For each t € I, we have

|(Pzn)(t) = (P2)(8)] < ar|gn(0) — g(0)| + ar|gn(t) — g(t)]
0, [y 1an ) — o(5)ds, o
where g¢,,, g € C(I) such that

gn(t) = f(t.Znt + 20, 90(t)) and  g(t) = f(t, 20 + 24, 9(1)).
Since ||z, — z||lr — 0 as n — oo and f, g and g,, are continuous, then

IP(pn) — P(p)llr =0 asn — oo.

Hence, P is continuous.
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Step 2. P(Bg) is bounded.
Let z € Bg, for each t € I, we have

lg(®)] |f(t,Ze + 24, 9(1))]

|f(£,0,0)] 4+ b1||Zt + 245 + b2|g(t)]
I+ o [lIZells + Nzl 8] + b2lgll o
[+ bt MR + b1 K|[C]| + bzl 9| -

INIAINAIA

Then
f*+0u MR+ b K|(|8
1—0by '

glloe <

Thus,

ar|g(0)] + arlg(t)] + by [ lg(s)|ds

2a, -+ by, J{ ds) LMK

( -
(2ar + Tbr) f*+b1MR+b1KﬁC”B
L.

[(P2)(?)]

<
<
S 1—b2
Hence

1P(2)l|lr < L.
Consequently, P maps bounded sets into bounded sets in Cj.

Step 3. P(Bp) is equicontinuous.
For 1 <ty <ty <T, and z € Bgr, we have

[P(2)(t1) — P(2)(¢2)] arlg(tz) = g(t2)| + b [, g(s)|ds

<
< alglta) — g(ta)| + by(ty — ty) LMK Cls

By (Hoz2), as to — t; the right-hand side of the above inequality tends to zero, we
conclude that P maps bounded sets into equicontinuous sets in Cj.

Step 4. The priori bounds.

We prove that the set

E={peCy:3=AP(p); for some A€ (0,1)}

is bounded. Let z € Cy. Let u € Cy, such that z = AP(z); for some A € (0,1). Then
for each t € I, we have

2(t) = A(Pz)(t) = AC(0) + Aar(g(t) — 9(0)) + Abr/o g(s)ds.
From (Hp;) we have

lg(®)] |f(t,Ze + @, 9(1))]
Fr 401l + 2|l + balg(t))|
400z s + [zl 8] + bl 0

f*+ M|zl + b1 K[l + bllgloo-

INIAINIA

This gives,
fHouM|zlr + 0 K|l
1—by '

glloe <
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Thus, for each t € I, we obtain

2] < 1C0)] + arlg(0)] + arg(t) + by [ lg(s)lds
< [C(0)| +n(2ar + Tb,)
= 7.
Hence
[2llr <.

This shows that the set £ is bounded. As a consequence of Schaefer’s theorem [12],
the operator N has a fixed point which is a solution of problem (1.2).

5. Existence results with state-dependent delay

5.1. The finite delay case

In this section, we establish the existence results for problem (1.3).

Definition 5.1. By a solution of problem (1.3), we mean a continuous function p € C'
such that

o) = {at); te[~h,0,
¢(0) — arg(0) + arg(t) + b, [y g(s)ds; t € 1,

where g € C(I) with g(t) = f(t, 9p(t,0.), 9(t))-
e (H,) The function f satisfies the Lipschitz condition:
|f(t, 01,31) — f(t, 02, 2)| < wsllpr — p2ll[—n,0) + walS1 — S,

for any 01,31 €C, 2,92 € R, and each t € I,
where w3 >0, 0 < wy < 1.
e (Hs) For any bounded set By C C, the set:

{t — f(t7 £t (CFD(TJQ)(t» ‘pc B2}§

is equicontinuous in C.

As in Theorems 3.2 and 3.3, we give without prove, the following results:

Theorem 5.2. Assume that the hypothesis (Hy) holds. If

w3

(2a, + Tb,) <1,

1-— Ww4q
then problem (1.2) has a unique solution on [—h,T].
Theorem 5.3. Assume that the hypotheses (Hy) and (Hs) hold. If

ay
— (2a, +Tb,) <1,
l—ag(a + )<

then problem (1.3) has at least one solution on [—h,T].
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5.2. The infinite delay case
Now, we establish the last problem (1.4).

Definition 5.4. By a solution of problem (1.4), we mean a continuous p €

_ JCt); teR,
o= {C(O) —arg(0) + arg(t) + b, fotg(s)dsg tel,

where g € C(I) such that g(t) = f(t, pp,p,)» 9(t))-
Set
R =R, ={p(t,p):tel, peBptp <0}

We always assume that p : I x B — R is continuous and the function t — gp; is
continuous from R’ into B. We will need the following hypothesis:
(H¢) There exists a continuous bounded function L : R~ — (0,00) such that

ICells < L®)Clls, for any t € R,

Lemma 5.5. If p € Q) then

lotlls = (M +L)ICls+ K sap o9,
0€[0,max{0,t}]

where

L' = sup L(t).
teR!

e (Hys) The function f satisfies the Lipschitz condition:

|f(t, 01,31) — f(t, 902, 32)| < bsllpr — p2ll5 + ba]S1 — I,

for any 1,31 € B, g2, € R, and each ¢t € I, where b3 > 0 and 0 < by < 1.
e (Hps) For any bounded set By C £, the set:

{t = f(t, 00, (CTDge)(1)) - u € Ba};
is equicontinuous in 2.
As in Theorems 4.2 and 4.3, we give without prove, the following results:

Theorem 5.6. Assume that the hypothesis (Hoq) holds. If

b3
2, + T, 1,
(2a, + )1—b4<

then problem (1.4) has a unique solution on (—oo,T].

Theorem 5.7. Assume that the hypotheses (H¢), (Hoa) and (Hos) hold. Then problem
(1.4) has at least one solution on (—oo,T].
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6. Some examples
Example 6.1. Consider the following problem
p(t) =1+1t% te[-1,0],

CFpl/2 — 1 . (6.1)
U000 = s o * so(imier oy | € 02
7
Where ¢ < %;Tb%'
Set .
Ft9.9) = €lle], peC, SER

+ A
90 (L+[lpl) 30 (1+[S])
Clearly, the function f is continuous. For any p,p € C, p,p € R, and ¢ € [0,2], we
have

1
|f(tapag)7f(tapa )|S%”@ @”[ 1,0] 30 RESNIE

Hence hypothesis (H7) is satisfied with
S 1
w1:% and WQ:%.
Next, condition (3.1) is satisfied with 7' = 2 and r = 1. Indeed,

2 2
w1 (2a,+Tb,) (( a%+ b%)
1—4:.)2 - 87

< 1.

Theorem 3.2 implies that problem (6.1) has a unique solution defined on [—1, 2].
Example 6.2. Consider now the following problem

p(t) =t teR_,
CF 2/3 _ e v p(t)e T+ .
CFD7 ) = e Tom * soer—en (e ) | € O
(6.2)
Let v be a positive real constant and
By, ={p e C((—o0,1,R,) : hm e 5(0) exists in R}. (6.3)
The norm of B, is given by
ol = sup elp(6)].
e (—o0,1
Let o : R_ — R be such that py € B,. Then
limg_, oo €%0,(0) =limg_,_oo e p(t + 6 — 1) = limg_, _ oo 7@t 5(0)

= D limg oo 7@ (0) < oco.
Hence p; € B,. Finally we prove that
loelly < Kllpally + M sup, o(s)l;

s€[0,t
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where K = M =1 and H = 1. We have

e ()] = |p(t + 0)].
Ift+6 <1, we get

lpe(B)I] < sup |p(s)].
seR_

For t + 6 > 0, then we have
[pe(B) < sup [p(s)].

s€0,t]

Thus for all t + 6 € I, we get
(B < Sup lp(s)| + sup [p(s)]-

s€[0,t]
Then
lptlly < llpolly + sup [p(s)]-
se(0,t
It is clear that (B, || - ||) is a Banach space. We can conclude that B, a phase space.
Set

o=t ettt
180 (ef —e7") (1 +[lpllz,) ~ 60(e" —e ") (1+]S)
tel0,1], pe By, SR,
We can verify that the hypothesis (Ho) is satisfied with
1 1
To MY T 6o

Theorem 4.3 ensures that problem (6.2) has a solution defined on (—o0,1].
Example 6.3. We consider the following problem

ft9,9)

o(t) =1+1t% t € [~1,0],

CFl/2 _ 1 1 .
CED60)(0) = sorpr=smon + so(rmer ooy | 01

(6.4)

where o € C(R,[0,1]). Set

p(t,¢) =t —0(C(0), (t,¢) €[0,e] x C([-1,0],R),
B 1 1
= 9001+ Jp(t— ol 30(1+[S(8)
Clearly, the function f is jointly continuous. For any p, ¢ € C, SeRandte [0,1],
we have

[t 9,9) ctelle], peC, SeR.

1 1 ~
) 53 < —llo— & [
1£6,6,9) = 16:5,3)| < 55llo = Bl a0+ 559 - S

Hence hypothesis (Hpy) is satisfied with
1
w3 = % and Wy = %

From Theorem 5.2, problem (6.4) has a unique solution on [—1, 1].
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Example 6.4. Consider now the problem

p(t) =1* teR_,

CF pl/4 _ pt=Alp(t))e 7t p(te Tt
( DO p)(t) T 180(et—e~t) (1+|p(t—a(p(t))]) + 60(et_e—t)(1+|(CFD(1)/4p(t))|

); te€0,3].

(6.5)
Let v be a positive real constant and the phase space B, defined in Example 6.2.
Define

p(t,¢) =t —=A(C(0), (¢,¢) €0,3] x By,
and set
eVttt ettt

Jt9:3) = 355 (e e ) (14 olls,) " 60(er =) (1+]3])

te[0,3], p€ By, SR
By Theorem 4.3, problem (6.5) has a solution defined on (—o0, 3].
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Radius problems for certain classes of analytic
functions

Yao Liang Chung, Maisarah Haji Mohd and Shamani Supramaniam

Abstract. Radius constants for functions in three classes of analytic functions
to be a starlike function of order «, parabolic starlike function, starlike func-
tion associated with lemniscate of Bernoulli, exponential function, cardioid, sine
function, lune, a particular rational function, and reverse lemniscate are obtained.
One of these classes are characterized by the condition Re g/(ze*) > 0. The other
two classes are defined by using the function g and they consist respectively of
functions f satisfying Re f/g > 0 and |f/g — 1| < 1.

Mathematics Subject Classification (2010): 30C45.

Keywords: Starlike function, radius of starlikeness, exponential function.

1. Introduction

Let A denote the class of all analytic functions f in the unit disk D := {z € C:
|z| < 1} with normalization f(0) = 0 and f’(0) = 1. The subclass of A consisting of
univalent functions is denoted by S. Let P be the class of functions with positive real
part consisting of all analytic functions p : D — C satisfying p(0) = 1 and Re (p(z)) >
0. For 0 < a < 1, let S*(«) be the subclasses of S consisting of starlike functions
of order a.. Analytically, we have f € §*(«) if and only if Re (z2f/(2)/f(2)) > «. For
a = 0, we have §*(0) := S* which is the starlike functions. For analytic functions
f and g on D, we say that f is subordinate to g, denoted f < g, if there exists
a Schwarz function w in D such that f(z) = g(w(z)),z € D. Several subclasses of
starlike functions defined by subordination were discussed in the literature. We shall
be interested in the following classes:
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°

)
lwk3

I

feA: Z]{(,S) <14z, ZED},

feA: Zlfé§§)<1+ <g1+f)’z€]D)},
Zf'(z)
feA: = }

FeA: M<1+§z+§z2, zeD},

[ ]
2
i

[ ]
2
i

[ ]
2
i

Sk = {feA:z}cgii){l—i—sinz,zE]D},
.S;;L::{feA O < VT2, ze]D)}

.s;g::{feA 48 <142 (’HZ) k=241, ze]]])}

o Sip = {FeA: FE5 < VE- (V2- 1), /il 2 e D).

For more information on the subclasses, refer [1, 2, 4, 6, 10, 11, 12, 13, 17, 18].

The radius problems is an important area of study in geometric function theory
(see [1, 9]). Let F and G be two subclasses of A. If for every f € F,r~!f(rz) € G for
r < g, and 1 is the largest number for which this holds, then rg is the G radius (or the
radius of the property connected to G) in F'. For example, the radius of starlikeness
for the class S is tanh(w/4). Recently, Asha and Ravichandran [14] consider some
analytic functions and obtained the radii for these functions to belong to various
subclasses of starlike functions. See also [3, 5, 7, 8]. Motivated by the aforementioned
works, three subclasses of analytic functions are introduced below:

Ey={feA: f/ge P for some g € A with g/(ze*) € P},
Ey,={feA:|f/g—1| <1 for some g € A with g/(ze*) € P},
Es={feA: f/(ze*) € P}.
The main objective of the paper is to compute radius constants of the above functions
for several subclasses of A such as starlike functions of order «, parabolic starlike func-

tions, starlike functions associated with lemniscate of Bernoulli, exponential function,
cardioid, sine function, lune, a particular rational function, and reverse lemniscate.

2. Main results
Our first theorem gives several radius results for the class F;. Recall that F; is

defined by

{fE.A Ref§;>0forsomeg€.,4vv1th Re (e)>0 ZG]D)}

The function f; : D — C defined by
2
1+2 .
ne = (122) = (21)

1—2z
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belongs to E; and acts as an extremal function.

Theorem 2.1. For the class E1, the following results hold:

(i) For 0 < a <1, the 8 radius is the smallest positive real root of the equation
3 —ar® —5r4+a=0.
(i) The S} -radius is the smallest positive real root of the equation
P+ (1=V2)r? —=5r+ V2 —1=0, ie. Rs: ~0.0824.
(i) The S,-radius is the smallest positive real root of the equation
2r% —r? —10r +1 =0 i.e. Rs: ~ 0.09921.
(iv) The S -radius is the smallest positive root of the equation
er® + (1 —e)r? —5er+e—1=0ie Rs: ~0.1248.
(v) The SF-radius is the smallest positive root of the equation
3r® —2r? =157 +2 =0 i.e. Rs; ~0.13148.
(vi) The 8%, -radius is the smallest positive root of the equation
> —r?sinl —5r +sinl =0 i.e. Rs: ~ 0.1646.
(vii) The S}, -radius is the smallest positive root of the equation
™ —1r2(2—v2) =5 +2—V2=0i.e. Rs: =~ 0.1159.
(viii) The S§-radius is the smallest positive root of the equation
r —r?(2—2v2) —5r +3—2v2 =0 i.e. Rs; ~ 0.0345.

(iz) The Sy -radius is Rs:, which is root of the equation

(5r —r?)? 2 2\y2\1/2 2 2112
m=(1—(\/§—(1+7‘ )/(L=r* N2 — (1= (V2= (1+77)/(1=7%))*).
Proof. Let f € Fq and g : D — C be chosen such that
RGM>O and R6M>0 for all z € D. (2.2)
9(2) ze”
Define the functions p1,p2 : D — C by
pi(z) = ;8 and  pa(z) = gZ (:Z). (2.3)

By equations (2.2) and (2.3), we have p; and ps are in P. Also, equation (2.3) yields
f(z) = ze"p1(2)p2(2).

Further computations then yields

')y, ) ()
f(z) B p1(2) P2(Z). @4
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For p € P(a) :={p € P:Re(p(z)) > a, z € D}, by [15, Lemma 2], we have

2p'(2) 2(1 — a)r
<. 2.
pG) | =m0+ -2y =7 29)
By using (2.4) and setting a = 0 in (2.5), we have
z2f'(2) 5r — 3
75 g (2.6)
Hence, by (2.6), we have
/ _ 2 3
Re zf'(2) S 1-6r—r+4r >0

flz) — 1—17r2 -

Thus the function f € Ej is starlike in |z] < 0.1939. Hence, all the radius estimate
here will be less than 0.1939.

(i)

(i)

The function m(r) = (1 — 5r — 72 +7r3)(1 —72)7!, 0 < r < 1 is a decreasing
function. Let ¢ = Rg«(q) be the smallest positive root of the equation m(r) = a.
From (2.6), it follows that

/ _ 2 3
Rezf(z)zl 5r—ri+4r
f(z) 1—r2

This shows that Rgs-(4) is at least 0. At 2 = Rgs+(o) = 0, the function f; defined
in (2.1) satisfies

— m(r) > m(o) = a

Re A1) _1=8p—p*+p° _
fi(z) 1 —p?
Thus the radius is sharp.
The function m(r) = (5r —r3)(1—r?)"14+1, 0 < r < 1 is an increasing function.
Let o = Rsz be the root of the equation m(r) = V2. For0<r< RS?J we have
m(r) < /2. That is,

5r — 3
- +1<V2=m(o).

For the class E7, the centre of the disc in (2.6) is 1. Using [1, Lemma 2.2], the
disc obtained in (2.6) is contained in the region bounded by lemniscate. For the
function f; defined in (2.1), at z = Rs: = —p,

<zf{(2))2 <1+5p—pz+p3>2
= (222 )

fi(z) 1—p

The function m(r) = (1 —5r —r2 +r3)(1 —r?)71, 0

function. Let o = Rsx be the root of the equation m(r)

we have m(r) > 1/2. That is,

= V2 -1 =1

< r < 1is a decreasing
=1/2.For 0 <r < Rs;,

M<1_ (p)
-2~ "
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Using [16, Lemma 1], we see that the disc obtained in (2.6) is contained in the
region bounded by parabola. For the function f; defined in (2.1), at z = Rs: =p,

Re2f12) _ 1=5p— pPtp’ 1 Zf{()_l"
f1(z) 1—p? 2 | f?)
The function m(r) = (1 —5r —r2 +r3)(1 —72)71, 0 < r < 1 is a decreasing
function. Let ¢ = Rs: be the root of the equation m( ) =1/e. For 0 <r < Rsy,

we have m(r) > 1/e. That is,

Using [11, Lemma 2.2], the disc obtained in (2.6) is contained in the region
bounded by exponential function. For the function f; defined in (2.1), at z =
RS; =P,

Ju—y

/ 1— 2 3
‘1 ngl(z)’:‘lo 5p—p°+p°| _
fi(2) L—p
The function m(r) = (1 —5r —r2 +r3)(1 —r?)71, 0 < r < 1 is a decreasing
):

function. Let ¢ = Rs» be the root of the equation m( / 3. For 0 <r < Rs:,
we have m(r) > 1/3. That is,

.3
5r —r <1-

1—72 —

wl

Using [17, Lemma 2.5], the disc obtained in (2.6) is contained in the region
bounded by the cardioid. For the function f; defined in (2.1), at z = Rsx = p,

2fiz) _1=5p—p*+p° 1
f1(2) 1—p? 3

where h(2) = 1+ (4/3)z + (2/3)2? is the superordinate function in the class S*.
The function m(r) = (1 —5r —r2 +r3)(1 —r?)~1, 0 < r < 1 is a decreasing
function. Let ¢ = Rs+ ~be the root of the equation m(r) = 1 — sinl. For
0 <r < Rs:, , we have m(r) > 1 —sin 1. That is,

- hc(_l)a

5r — 13
1— 72

<sinl.

Using [2, Lemma 3.3], the disc obtained in (2.6) is contained in the region
Qs bounded by the sine function. For the function f; defined in (2.1), at
z=—Rg= = —p,

sin

2fiz) _1=5p—p*+p°
h(z) 1—p?

where hs(z) =1+ sin z is the superordinate function in the class %,

=1+sinl = hg(1),



748 Yao Liang Chung, Maisarah Haji Mohd and Shamani Supramaniam

(vii) The function m(r) = (1 —5r — 72 +r3)(1 —72)71, 0 < r < 1 is a decreasing
function. Let ¢ = Rs: be the root of the equation m(r ) V2—-1.For0<r<
Rs: , we have m(r) > V2 — 1. That is,

or — 1
<2-vV2.
1—r2 — V2
Using [4, Lemma 2.1], the disc obtained in (2.6) is contained in the region
bounded by the intersection of disk {w : |w — 1| < v/2} and {w : |w + 1| < V2}.
For the function f; defined in (2.1), at z = —Rg» = —p,
1-5p—p*+p°

2f1(2)\° 1-50—p*+p%\
U=z ) 1 >
fi(2) 1-p 1—p
(viii) The function m(r) = (1 —5r —r2 +73)(1 —r?)71, 0 < r < 1 is a decreasing

function. Let ¢ = Rs: be the root of the equation m(r) = 2(v/2 — 1). For
0 <r < Rs;, we have m(r) > 2(v/2 — 1). That is,

3

5r — 73

1—1r2
Using [6, Lemma 2.2], the disc obtained in (2.6) is contained in the region
bounded by the rational function. For the function f; defined in (2.1), at
z = 7RS}*% = —p,

2fi(z) _1-5p— p +p°
=2(vV2 - 1) = hp(-1
e o~ (V2 1) = hi(-1)
where hp(z) =1+ (zk+22)/(lc2 —kz), k= 1++/2 is the superordinate function
in the class Sg.
(ix) The function m(r) = ((5r — r3)(1 —r?)71) +1, 0 < r < 1 is an increasing
function. Let ¢ = Rsy, be the root of the equation
m(r)=((1-(V2-DH? - (1 - (V2-1))"2
Using [10, Lemma 3.2], the disc obtained in (2.6) is contained in the region
{w: |(w—v2)*-1| < 1}.

For the function f; defined in (2.1), at 2 = —Rs;,, = —p,
/ 2 2 3 2
1—5p—
<Zf1(2)> _1| = (W _ \/5) 1
f1(2) L—p
Recall that the class Fo was defined by

{fEA f()—l‘<1forsomeg€flw1th Re%>0 ZGID)}
The function f; defined by

<1-2(v2-1).

=1 O

9(2)
f2(2) = (11t'zz) ze* (2.7)

belongs to the class Fo and is an extremal function.




Radius problems for certain classes of analytic functions 749

Theorem 2.2. For the class E, the following results hold:
(i) For 0 < a <1, the S -radius is the smallest positive real root of the equation

3 —(a+1)r? —4r +a=0.
(i) The S} -radius is the smallest positive root of the equation
r+1%(2-V2) —4r+ V2 —-1=0i.e. Rs; ~ 0.1055.
(iii) The S, -radius is the smallest positive root of the equation
2r® —3r? —8r 41 =0 i.e. Rs; ~ 0.1200.
(iv) The S -radius is the smallest positive root of the equation
er® +1%(1 —2e) —der + e — 1 =10 i.e. Rs+ ~ 0.1497.
(v) The SE-radius is the smallest positive oot of the equation
3r —5r® —12r +2 =0 i.e. Rs; ~ 0.1573.
(vi) The 8%, -radius the smallest positive root of the equation
> —r?sinl —5r +sinl =0 i.e. Rs: =~ 0.00349.
(vii) The S}, -radius is the smallest positive root of the equation
r* — 13— V2) —dr+2—v2=0ie Rs: ~0.1394.
(viii) The Sy-radius is the smallest positive root of the equation
r —1r?(3—2v2) —4r +3—2v2 =0 i.e. Rs; ~ 0.0428.
(iz) The Sy -radius is Rs;, which is root of the equation

r2 r—r3)2
A =) (1= (VE— (L) /(=22 — (1= (VE— (1+12) /(1 —1))?).

(1—-172)2
Proof. Let f € F5 and g : D — C such that
1@ 4 o1 and reZE) S, (2.8)
9(2) ze?

Using the fact |w — 1] < 1 if and only if Re(l/w) > 1/2, it follows that
Re(g(z)/f(2)) > 1/2. Define the functions py,ps : D — C by

p1(z) = % and po(z) = ?22 (2.9)
By (2.8) and (2.9), we have p; € P and ps € P(1/2). Also, from (2.9), we have
_ zefpi(z)
fz) = pa(2)
and eventually
) L e )
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Hence,

e s (2.10)

zf'(z) _1‘ < r2 4+ 4r — 3

and

zf'(z) S 1—4r —2r2 4¢3

f(z) — 1—r2

Thus the function f € FEs is starlike in |z] < 0.2271. Hence, all the radius estimate

here will be less than 0.2271.

(i) The function m(r) = (1 —4r — 2r2 +73)(1 —r?)~1 0 < r < 1 is a decreasing

function. Let ¢ = Rg-(q) is the smallest positive root of the equation m(r) = a.
From (2.10), it follows that

2f'(2) 1 —dr—2r2 493
>
A TP R

This shows that Rs-(q) is at least 9. At 2 = Rgs+(o) = 0, the function fo defined
n (2.7) satisfies

Re > 0.

=m(r) > m(p) = a.

2f3(2) _ 1—4p—2p"+p°
R = B =
f2(2) I—p
Thus the radius is sharp.

(ii) The function m(r) = (4r +r2 —r3)(1 —r?)"L + 1, 0 < r < 1 is an increasing
function. Let o = Rs: be the root of the equation m(r) = V2. For0<r< Rs:,
we have m(r) < v/2. That is,

dr + 72 =93
—41< .
1< va=m(o)
For the class Es, the centre of the disc in (2.10) is 1. Using [1, Lemma 2.2], the

disc obtained in (2.10) is contained in the region bounded by lemniscate. For the
function fo defined in (2.7), at z = Rs: = —p,

25N (1t dp =202+ 0%\
() - ()
(iii) The function m(r) = (1 — 4r — 2r%2 + 73)(1 — r2)~1

)
function. Let o = Rs: be the root of the equation m(r
we have m(r) > 1/2. "That i is,

1 =|(v2?-1/=1

< 1 is a decreasing

0<r
r)=1/2.For 0 <r < Rs:,

dr+r2 -3 1
- <= .
1—r2 2 = mip)
Using [16, Lemma 1], we see that the disc obtained in (2.10) is contained in the
region bounded by parabola. For the function fy defined in (2.7), at 2z = Rs: = p,

ReZ2(2) _1=dp=2"+p° 1 _|2/5(2) _1"

“hi) 1—p? 2| f(2)




(iv)

(vii)
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The function m(r) = (1 —4r —2r2 +73)(1 —r?)71, 0 <7 < 1 is a decreasing
function. Let ¢ = Rs» be the root of the equation m(r) = 1/e. For 0 < r < Rs-,
we have m(r) > 1/e. That is,

R < 1_1.

1—-r2 = e

Using [11, Lemma 2.2], it follow that the disc obtained in (2.10) is contained in
the region bounded by exponential function. For the function fo defined in (2.7),
at z = Rs: = p,

2f3(2)
f2(2)

—_

‘log

B 1—dp—2p>+p%|
= 2 =
< 1 is a decreasing

The function m(r) = (1 —4r — 2r2 +73)(1 —r?)"1, 0 < r
=1/3.For 0 <7 < Rs-,

function. Let ¢ = Rs- be the root of the equation m(r)
we have m(r) > 1/3. That is,
2 _ .3
rtr”—r 1
1-r2 - 3

Using [17, Lemma 2.5], we see that the disc obtained in (2.10) is contained in
the region bounded by the cardioid. For the function fo defined in (2.7), at
z = RS: =P,

2f3(2) _1—=4p=2p"+p* 1
fa(2) 1—p? 3

where h.(z) = 1+ (4/3)z+(2/3)2? is the superordinate function in the class S;.
The function m(r) = (1 —4r — 2r2 +73)(1 —r?)~1, 0 < r < 1 is a decreasing
function. Let ¢ = Rs+ be the root of the equation m(r) = 1 — sinl. For
0<r<Rs:, ,we have m(r) > 1 —sin 1. That is,

= hc(_1)7

4 2 _ .3
Lgsinl.
1—172

Using [2, Lemma 3.3|, the disc obtained in (2.10) is contained in the region
25 bounded by the sine function. For the function f defined in (2.7), at z =

7R5:in = 7/)7

2f5(2) _ 1—4p—2p> +p°
f2(z) 1—p?
where hy(z) =1+ sin z is the superordinate function in the class S7;,,.
The function m(r) = (1 —4r —2r2 +73)(1 —r?)71, 0 <7 < 1 is a decreasing
function. Let ¢ = Rs: be the root of the equation m(r) = V2—-1.For0<r<
Rs: , we have m(r) > V2 — 1. That is,

=1+sinl = hg(1),

4 2 _ .3
ugg_\/i
1—172
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Using [4, Lemma 2.1], the disc obtained in (2.10) is contained in
the region bounded by the intersection of disks {w:|w —1] <2} and
{w:|w+1| < V/2}. For the function f, defined in (2.7), at z = —Rs: = —p,

(zéé(ii))Ql <1_4p_292+p3>21

1—p2
The function m(r) = (1 —4r —2r2 +73)(1 —r?)71, 0 <7 < 1 is a decreasing
function. Let ¢ = Rs; be the root of the equation m(r) = 2(v/2 — 1). For
0 <r < Rs:, we have m(r) > 2(v/2 — 1). That is,

1—4p—2p*+p?
1 — p? '

2’

73@—2(\/2—1).

Using [6, Lemma 2.2], the disc obtained in (2.10) is contained in the region
bounded by the rational function. For the function f; defined in (2.7), at z =

_RSE = =P,

zf3(2)| _ ‘ 1—4p—2p° +p°
fa(2) 1—p?
where hg(z) = 1+ (zk +22)/(k? — kz), k = 1+ /2 is the superordinate function
in the class S§.
The function m(r) = ((4r + r2 —r3)(1 —r?)71) + 1, 0 < r < 1 is an increasing
function. Let ¢ = Rsy, be the root of the equation

m(r) = (1- (V2= - (1 - (vV2-1)%))"2
Using [10, Lemma 3.2], the disc obtained in (2.10) is contained in the region {w :
|(w —+/2)? — 1| < 1}. For the function f, defined in (2.7), at z = —Rs;, = —p,

1—4p—2p2 + p ?
( p—2p*+p _ﬂ> 1
1—p?

— 2(V2 - 1) = hg(-1),

()1

Recall that the class F5 is defined by

=1. U

Eg—{f:A:Ref(ZZ)>(),z€]D)}.
ze
An extremal function in the class F3 is
ze*(1+ 2)
fe) = 22

For this class F3, we have the following result:

Theorem 2.3. For the class E3, the following results hold:
(i) For 0 < a <1, the S*-radius is the smallest positive real root of the equation

4+ (a—1)r* —4r +a=0.

(i) The S -radius is the smallest positive root of the equation

r +1%(1—V2) —3r+v2—-1=0ie Rs; ~ 0.1363.
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(iii) The S, -radius is the smallest positive oot of the equation
2r% —r? —6r+1=0i.e Rs. ~0.1637.
(iv) The S -radius is the smallest positive root of the equation
er® +1%(1—e) —3er +e—1=0 i.e. Rs» ~ 0.2047.
(v) The S&-radius is the smallest positive root of the equation
3 —2r® —9r4+2 =0 i.e. Rsy ~ 0.2153.
(vi) The 8%, -radius the smallest positive root of the equation
r® —r?sinl = 3r +sinl =0 i.e. Rs: ~ 0.005817.

(vii) The S}, -radius is the smallest positive root of the equation

™ —r2(2—v2) = 3r+2—V2=0i.e Rs: =~ 0.1905.

viii e Sy,-radius is the smallest positive root of the equation
43) The Sp-radius is th llest 24} th )
r —1r?(2—2v2) = 3r+3—2v2 =0 i.e. Rs; ~ 0.0428.
(iz) The Sky-radius is Rs;, which is root of the equation

r— T3 2
O = (- (V= (14 )/ = PP = (L= (VB = (14 )1 = ).

Proof. We can conclude the hypothesis appropriately adopting the similar technique
as in the previous proof. O
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Some classes of Janowski functions associated
with conic domain and a shell-like curve involving
Ruscheweyh derivative

Kadhavoor Ragavan Karthikeyan,
Seetharam Varadharajan and Sakkarai Lakshmi

Abstract. Making use of Ruscheweyh derivative, we define a new class of starlike
functions of complex order subordinate to a conic domain impacted by Janowski
functions. Coefficient estimates and Fekete-Szego inequalities for the defined class
are our main results. Some of our results generalize the related work of some
authors.
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1. Introduction

Let A denote the class of functions f analytic in the open unit disk
U={zeC:|z| <1}
and satisfying the normalization condition
f(0)=0 and f(0)=1.
Thus, the functions in A are represented by the Taylor-Maclaurin series expansion

given by
f(Z) :Z+Za7nzna (Z Eu) (1.1)
n=2
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Let S C A be the class of functions which are univalent. We let §*, C and K to denote
the well known classes of starlike, convex and close-to-convex (normalized) function
respectively. For 0 < @ < 1, §*(a) and C(«) symbolize the classes of starlike functions
of order o and convex functions of order « respectively. Also let P denote the class
of functions of the form p(z) = 1+ p12 + p22? + p323 + -+ that are analytic in U and
such that Re (p(z)) > 0 for all z in U.

For arbitrary fixed numbers A, B, -1 < A <1, -1 < B < A, we denote by
P(A, B) the family of functions p(z) = 1+ byz + bez® + - -+ analytic in the unit disc
and p(z) € P(A, B) if and only if

1+ Aw(z)
p(z) = T+ Bu(s)’
where w(z) is the Schwartz function. Geometrically, p(z) € ’P(A B) if and only if
p(0) =1 and p(U) lies inside an open disc centered with center % ’]43123 on the real axis

having radius 2=2 with diameter end points p;(—1) = :=4 and p;(1) = %‘ On
observing that w(z) = Zggﬂ for p(z) € P, we have P(z) € P(4, B) if and only if for

some p(z) € P

1+Apz)+1-A

1+ B)p(z) +1- B’

For detailed study on the class of Janowski functions, we refer [3].
The function pg o(z) plays the role of an extremal functions those related to

these conic domain Dy, = {u +iv:u>ky/(u—1)2+ 1)2} and is given by

P(z) = (1.2)

1+(i—§o¢)z’ i if k=0,
14 2020 logﬁﬁ) , if k=1,
Pralz) = 2§ 2 ) sinh? [( arccos k:) arctanh \f] if0< k<1,
14 21z) n [ de) + gy, k> 1
+ 9 sin | 2z Jo @\/1,@ Eh e tk>1
(1.3)
where u(z) = 12:\/\%’ t € (0, 1) and ¢ is chosen such that k = cosh (zg(%)), with R(t)

is Legendres complete elliptic integral of the first kind and R'(t) is complementary
integral of R(t). Clearly, Py o(2) is in P with the expansion of the form

Pra(2) =14+ 612+ 8227 + -+, (6; =pj(k, a),1=1,2,3,...), (1.4)
we get
Blogllarenh 0 <k<1,
5y = Bse) if k=1, (1.5)
(1o if k> 1.

4Vt(k2—1)R2(t)(1+t)’
Noor in [8, 9] replaced p(z) in (1.2) with pi o(2) and studied the impact of Janowski
function on conic regions.
Let f(z) and g(z) be analytic in U. Then we say that the function f(z) is
subordinate to g(z) in U, if there exists an Schwartz function w(z) in U such that
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|lw(z)| < |z| and f(z) = g(w(z)), denoted by f(z) < g(z). If g(z) is univalent in U,
then the subordination is equivalent to f(0) = g(0) and f(U) C g(U).

Using the concept of subordination for holomorphic functions, Ma and Minda
[6] introduced the classes

2f (2) _ )
5 <¢} and C(¢){f€A.1+ 02 <¢>}

where ¢ € P with ¢/ (0) > 0 maps U onto a region starlike with respect to 1 and
symmetric with respect to real axis. By choosing ¢ to map unit disc on to some
specific regions like parabolas, cardioid, lemniscate of Bernoulli, booth lemniscate in
the right-half plane of the complex plane, various interesting subclasses of starlike and
convex functions can be obtained. Raina and Sokét[10] studied the class S*(¢) for
¢(2) = z+ V1 + 22 and found some interesting coefficient inequalities. The function
@(2) = z+ V1 4+ 22 maps the unit disc U onto a shell shaped region on the right half
plane and it is analytic and univalent on /. For detailed study of starlike functions
related to shell shaped region, refer to a recent work of Murugusundaramoorthy and
Bulboaca [7]. Khatter et al. [5] studied the convex combination of constant function
f(z) = 1 with e® and /1 + z. Recently, Gandhi in [2] studied a class S*(¢) with
¢p=Pe*+(1—-p)(1+2),0<6<1aconvex combination of two starlike functions.

Definition 1.1. [12] For f € A of the form (1.1) and A € Ny = N U {0}, the operator
R* is defined by R* : A — A,

Rf(2) = f(2),
R'f(2) = 2f'(2),

S*(¢) = {feA:

A+ DRM1Uf(2) = 2 (RM(2)) + ARM(2), z€l.

Remark 1.2. If f(z) =z + > a,2", then for A > —1

R ) = g * ) = 2+ 2 en(Nans”,
where ol
en(N) = [(:_]1"),1 (1.6)

=1, n=0,
"YW+ D)(E+2) . (t+n—1), neN

is a Pochhammer symbol,

1, t=1,
Pie+1) = {[t]F(t), t>0.

2

is a gamma function. The symbol “x” stands for Hadamard product.
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Motivated by Gandhi [2], we introduce the following new subclasses of analytic
functions using Ruscheweyh differential operator.

Definition 1.3. For py o(2), (k> 0,0 <« < 1)isdefined asin (1.3), -1 < B< A <1,
A>—1,]t|<1,t#1 and for some b € C\{0}, we let k — SL(A, B,a, 8, A\, t,b) to be
the class of functions f € A satisfying the inequality

1/ (=R ) (A+Dh(z) = (A—1)
! b(RAﬂz)—RAf(tz) 1) S BTGz - (B-1)

(zel) (1.7)

where
h(z) = Blbra()] + (1= B) [z +VI+22],0<f<1. (L8)

Remark 1.4. Note that Py o(2) is not univalent but belongs to P, whereas z++v/1 + 22
is univalent in /. Since the linear combination of two convex function is not convex
in |z] < 1, h(z) is not convex univalent in i.

The following definition is motivated by the Alexander transform relationship
between convex and starlike functions.

Definition 1.5. For py o(2), (k> 0,0 <« < 1)isdefined asin (1.3), -1 < B < A <1,
A>—1,]t|<1,t# 1 and for some b € C\{0}, we let k — CL(A, B,a, 8, A, t,b) to be
the class of functions f € A satisfying the inequality

L1 ( (-0 (R() 1) L (A4 Dh(s) — (A1)

b\ (BM(2) - RMf(t2)) Bz (-1 <4 19

where h(z) is defined as in (1.8).

We let k — CL(A, B, A\ t,b) and k — CL(A, B,a, 1, A\, t,b) to denote the special
cases of the function class k — CL(A, B, «, 8, A\, t,b) obtained by letting 8 = 0 and
B = 1 respectively.

Remark 1.6. The versatility of classes k& — SL(A,B,«,B8,\t,0) and k —
CL(A, B,a, B, A, t,b) is that it unifies the study of starlike and convex functions with
respect to symmetric points. Here we list just a few special cases.

1. Ifweletb=1,t=0,a =0, =1and A =0 in the definition of the function
class k — SL(A,B,«, 8, )\, t,b) and k — CL(A, B, «, 8, A\, t,b), we get the classes
k—SL(A,B) and k — CL(A, B) introduced and studied by Noor and Malik in
[9].

2. Forb=1,8=1and A =0, the class k — SL(A, B, a, 8, A\, t,b) reduces to the
respective classes k — SL(A, B,«, 1,0,t,1) studied by Arif et al. in [1].

Unless otherwise mentioned, we assume throughout this paper that the function
0<a<l,0<B<1,A>-1,k>0,-1<B<A<Lt|<1,t#1,beC\{0} and
zeU.
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2. Fekete-Szego inequalities for the starlike class
k—SL(A, B,a,[,\t,b)

Many extremal problems within the class of univalent functions are solved by
the Koebe function. On the other hand, the Koebe function satisfies

|ag — Aa3| = [3 — 4}
whereas Fekete and Szegd showed
max |az — Aa3| = [3 — 4A| = 1 4 2¢~2V/(~N
fes

for A € [0,1]. In this section, we obtain the Fekete-Szego for the class k —
SL(A, B,a, B, A\, t,b). We need the following lemma to establish our main result.

Lemma 2.1. [6] Let p(z) € P and also let v be a complex number, then
lco —vc?| <2 max {1, [2v — 1|}, (2.1)
the result is sharp for functions given by

_1+22 _1—|—z
1= 22 T 1-—2z

Theorem 2.2. If f(z) € k — SL(A, B,«, 5, \,t,b) then for p € C we have

| b]18(61 —1) +1[(A - B)
2[pa(A + 1) —uzpz(N)]

p(2) p(2)

| as — a3 | < max{L 20— 1]},  (22)

where

1 B@H-D+1 B —1)+1](B+1)
T2 4B —1)+1] 4
~ bpa(N)[B(61 — 1) +1](A - B) (u _ P3(A+1) —uzps () ) (2.3)
Apa(A + 1) — uz2(N)] 2 oM pa (A + 1) — uza (V)] '

and up =14+t +t2 4+ 4+t The result is sharp.

oo

Proof. Let p(z) € P be of the form 1+ > p,2", we consider
n=1

1+ w(z)

p(z) = m,

where w(z) is such that w(0) =0 and | w(z) |< 1. On simple computation, we have

p(z) —1  prz+p2z®+pszd+ -
p(z) +1 24 p1z+pez? +p32d+---
1 1 1

1 1 .
=5z + 3 <p2 — 227%) 22+ By (p3 —pip2 + 410“;’) 2P (2.4)

w(z) =
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Using (2.4) in h(z) = 1+ [B(81 — 1)+ 1] = + % [B(265 — 1) + 1] 2% + - -, we have
Pw(=) = 1+ (861 = 1) + w() + 5 8202 — 1) + 1] ()] + -

1 1 1 1 1
=1+[B8(61 —1) +1] {51012-*-5 (P2—*P%) 22+§ (p3—]31p2+1p?> 23+"'}

2
2
+%[5(252—1)+1} Emz—i-% (pz— %p%)f—ﬁ-% (pg—mpz-i—%p?) 23+-~~] 4+
_ [B(61 —1)+1]p1 [B(61 —1) +1] p? B(202 —1) +1
- 2 s+ B - (1 Ry )2
As f(z) e k—SL(A,B,a, 5,\,t,b), by (1.7) we have
1/ (1=-t)RM'f(2) B
5 (@ ) e (22
where
(2) = (A+Dh(w(z)) — (A-1)
b (B + Dh(w(z) — (B-1)
2+ (A+DBE=D+lp1 , | ATDIFE =D +1] {pQ _ % (1 _ 2%2&:3111)] 224 ...
9+ BELBE=DHp ;4 (BED[EG1=1) ] [pQ _z (1 _ f[}i?i:iiih)} 24
_ 14 B +41] (A=Bjp , [B(0:1—1) Z 1](A-DB)
i 1 B2 —1)+1  [B(6r—1)+1](B+1) L2
P\ T 286 -+ 2
(2.6)
From (2.5), we obtain
1/ (1-t)RM1f(2) - 1
L+ b (ka(z) — RMNf(t2) —1)=1+ b [pa(A + 1) — uzp2(N)]azz
# [lealr 4 1)~ waa(Wlea = a3+ 1)~ wapa(Vluaga(Nad 2+
(2.7)

From (2.6) and (2.7), the coefficients of z and 2?2 are given by
_b[B(6 —1)+1](A— B)ps

T TN+ 1) — uapa(V)]
and
e b6 -1 +1(A-B)|  pi - B(202 —1)+1  [B(61 —1)+1](B+1)
P 4fps (1) —usps(V)] | 2 2[B(61 — 1)+ 1] 2

~ buapa (M) [B(61 = 1) + 1] (A = B)
2[p2 (A + 1) — uap2 ()] '
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Therefore, we have

[0118(6 = 1) +1[(A - B)

| &3—#&% |S 2[@3(}\"‘1)—163@3()\)} |p2_’Up% |3 (28)
where
1 BEh -1 +1  [B6i—1)+1](B+1)
R CENES) 1
~ bpa(N)[B(61 — 1) +1](A - B) ( _ e3(A+1) —uzps(A) ) (2.9)
A[p2(A + 1) — uzp2(N)] P2(N)[p2(A + 1) —ugpa(N)] ) .

Taking the modules for both sides of the above relation, with the aid of the inequality
(2.1) of Lemma 2.1, we easily get the required estimate. The result is sharp for the

functions
LRGN
b (RAf(z) — RV f(t2) 1) =)

1 (1 — t>R)‘+1f(Z) o 2
'y (R*f(z) “R() 1) =p().

where p(z) is given by the equation (2.6). Hence the proof of the Theorem 2.2 is
complete. 0

1+

and

If =0 in the Theorem 2.2, we get the following corollary.

Corollary 2.3. If f(z) € k — CL(A, B, A\, t,b) then for u € C we have
|b](A-B)

| az — pa3 |< a0+ 1) = s V] max {1, |2v — 1|}, (2.10)
where
_B+1  bpy(N)(A-B) w — 3[ps(A +1) — ugps(N)]
0= D) ] (" T 2T ) 1

and u, =14+t +t>+ - +t"" L. The result is sharp.
If 8 =1 in the Theorem 2.2, we get the following corollary.

Corollary 2.4. If f(z) € k — CL(A, B,a, 1, A\, t,b) then for u € C we have
| b]]0:[(A—B)

as — pa? |< max{1,|2v — 1|}, 2.12
where
1 0o 0 (B+1)
R T&JFf

_ bypa(AN)6i(A - B) <u2 .y 3lps(A + 1) — ugps(N)] )
Apa(A +1) = uzpa(N)] 42 (N)[p2(A + 1) — uzp2 (V)] )7
81 is defined as in (1.5) and up, = 1+t +t2+ - + "~ L. The result is sharp.

(2.13)

If t = —1 in the Theorem 2.2, we get the following corollary.



762 K.R. Karthikeyan, S. Varadharajan and S. Lakshmi

Corollary 2.5. If f € k— SL(A, B, «, 8,\,—1,b) then for p € C we have
[ b118(61 —1) +1[(A - B)

| ag — pa3 |< 2ot 1) — (V) max {1,[2v — 1]}, (2.14)
where
1 B2 -1)+1  [BO:i-1)+1(B+1)
pblos(A+1) — @3(N)] [B(d1 — 1) +1] (A — B) '

[p2(A+1)J? 4
The result is sharp.

Ift=-1,A=1,B=-1,a=0,8=1, A=0and b =1 in the Theorem 2.2, we get
the following corollary of [4].

Corollary 2.6. If f(z) € M(px) then we have

BV S R s R )
Ty BT 51

and for any complexr number u,

Ift=0,A=1,B=-1,a=0,8=0, A\=0and b =1 in the Theorem 2.2, we get
the following corollary.

a3z

02 101

§
|a3—,ua§|§21max{1, 5 2

Corollary 2.7. [10] If f(z) € SL, then |as| <1, |ag| < 2 and
il

h
3. Coefficient estimates for the convex classes k— (A, B, A, t,b) and
k—CL(A, B, a,1,\t,b)

1
las — pa3| < max {2,

To find the coefficient estimates, we need the following lemmas.

Lemma 3.1. [11] Let f(z) = > anz™ be an analytic and g(z) = > b,z" is an analytic
n=1 n=1

and convez in U. If f(z) < g(z), then |a,| < |b1|, forn=1,2,... .

Remark 3.2. Since Lemma 3.1 can be applied only if g(z) is convex in . But the

right hand side in (1.7) namely % (where h(z) is given as in (1.8)) is

not convex in U. So we find the coefficient inequalities for the fixed values of 8 = 0

and 8 = 1.

The following result was obtained by Noor and Malik in [9)].
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Lemma 3.3. [9] Let the function py o(2) be defined as in (1.4) and let p(z) € P satisfy
the condition

(A+ Dpralz) = (A—1)

PE) = B Dprac) = (B=1) (3.1)
Then
o< PIAZB) 5y, (32)

Remark 3.4. Similar result fails if %, as k(z) = z+ V1 + 22 is starlike

but not convex.
Theorem 3.5. Let k — CL(A, B,a, 1,\t,b), then for n > 2
=TT b7 (N61(A = B) = 2 [p,(\+ 1) = wjip; (V)] B
an — .
ok 207 + Dlgj+1 (A +1) = ujr190541(N)]

where 6y is defined as in (1.5) and up, =1+t + 12+ - +¢"7L
Proof. By the definition of k — CL(A4, B, a, A\, t,b), we have

(=0 (RMf(2)

p L OA=DETICE) ) . (3.4)

b\ (RN f(2) — RM(t2))

where p(z) € P and satisfies the subordination condition

(A+ D) = (A1)
PE) = B Dprale) = (B=1)°

Equivalently (3.4) can be rewritten as

; (3.3)

o0

1 Z n [SOTL(A + 1) - un@n(A)] anzn7
1 4= n=2

1+ Z NURPn (A)an 2?1

=1+ an Z Qpn()‘ + 1) - un‘pn()‘)] a’nzn_l

n=2

=b (1 + Z nun‘pn anz ) an

n=2
Equating the coefficients of 2”~! on both sides of the above equation, we have
n—1

n [@n(A + 1) - un‘Pn an =b Z Un jPn— ](/\) Ap—jPj

which implies that

n—1

nen(A+1) = uppn(N)] | an [< bZ(n - j)un—j‘tgn—j(/\) | An—j N pj | (3.5)
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Since p € P, by Lemma 3.3, we obtain

| . |< |61 |A - B
pj 1= B .
Following the steps as in Theorem 2.6 of Noor and Malik [9], we can establish the
assertion of the Theorem 3.5. O

Ifb=1,t=0, a=0 and A = 0 in the Theorem 3.5, we get the following result.
Corollary 3.6. [9] Let f € k —CL(A, B), then

n—2 .

1" 6,(A - B) — 24B|
< - > 2).
ol < T2y 22)
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On certain properties of some subclasses of
univalent functions

Milutin Obradovié¢ and Nikola Tuneski

Abstract. In this paper we determine the disks |z| < r < 1 where for different
classes of univalent functions, we have the property

) ) e
Re 25 - LB >0 i<,
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Let A denote the family of all analytic functions in the unit disk D := {z € C :
|z| < 1} satisfying the normalization f(0) =0 = f'(0) — 1.

Further, let S be the subclass of A consisting of all univalent functions in D,
and §* and K be the subclasses of A of functions that are starlike and convex in D,
respectively. Next, let U denote the set of all f € A satisfying the condition

(f(zz>>2f/(z) !

More on this class can be found in [4, 5, 9].

<1 (z € D).

Next, by G we denote the class of all f € A in D satisfying the condition

Re {1 + Zj:,;iz))} < g (z € D).

More about the class G one can find in [2] and [7].
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In their paper ([3]) Miller and Mocanu introduced the classes of a-convex func-
tions f € A by the next condition:

Re {(1 —a) fo(i‘;) +a (1 + ZJ{(?)} >0 (zeD), (1)

where W # 0 for all z € D, and « € R. Those classes they denoted by M, and
proved the next

Theorem A.
(a) My C S* for every o € R;
)M =KCM,CS for0<a<l;
(c) My C My =K fora>1.

In [8] the authors proved
Theorem B.
(a) Mo CU fora < —1;
(b) M, is not subset of U for 0 < a < 1.

Choosing &« = —1 in Theorem A(a) and Theorem B(a), from (1), we have that
the condition

{20121
flz)  f(z)
implies f € S*NU, i.e., the above inequality is sufficient for univalence in the unit
disc. As expected, it is not necessary condition for univalence, i.e., univalent functions
does not necessarily have property (2). See functions fs and f3 analysed bellow.

}>1 (z e D) (2)

But, is the following weaker inequality necessary for univalence
2f'(z) _ 2f"(2) }
Re< 2 — >0 zeD)?
S (o e b

The answer is also negative. Even more, it is not necessary condition even for star-
likeness, nor for the classes U and G.

Namely, let consider the differential operator

2f'(z) _ 2f"(2)
fiz) (2

D(f;z):=2

and the functions
z z
HE) = o A = o (o) = ~loa(1 - 2),
and

2(1 - L2)

1—22

fa(z) =
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Then, we have, respectively,

14 22

Dkiz) =1+ ——
(k: 2) T
1—22
D(f17z):1+1+22a

(24 log(1 - 2))
D(f2;2) = *(1 —2)log(1l —z)’

L V2284322 - 3V2z + 2
D(f?nz) - (1 _ %z)(l — \/52’ + 22) '

From the previous remark we easily conclude that the functions k and f; belong
to the class S* NU, but for the function fo (which is convex) for z =7, 0 <r < 1, we
have |
r(2+log(l —r
D(fair) = — ( g(l—r))

(I =7r)log(1—1)
if 1 —e™2=0.86466... < r < 1. Also, we note that fo ¢ U.

For the function f5, in [6], the authors showed that it is close-to-convex and
univalent in I, but not in &. Additionally, Re[D(f;z)] > 0 does not hold on the unit
disk. Indeed, let we put

L 9(2)
D(f3;2) =: W? (4)
where
9(z) = —v22° + 322 — 3v2z + 2
and

h(z) = <1 - \;éz) (1 —V2z+ 2%),
and use z = r, 0 <r < 1. Then it is evident that A(r) > 0 for all 0 < r < 1. Also we
have ¢'(r) = —3(v/2r? — 2r + v/2) < 0 for all r € [0,1), which implies that g(r) is a
decreasing function on the interval [0,1). Thus, 2 = g(0) > g(r) > g(1/v/2) = 0 for
0<7<1/v2,and g(r) <0 for % < r < 1. Now, from (4), we easily conclude that
the condition Re[D(f;2)] > 0 is not satisfied for the function fs in the disc |z| < r,
where % <r <1, ie., for close-to-convex functions, Re[D(f; z)] > 0 on a disk with

. 1
radius smaller then 7= 0.7071....

The above analysis raises the question of finding radius r, for each of the classes
defined above, such that Re[D(f; z)] > 0 at least in the disc |z| < r.. The next theorem
answers this question. We don’t know if the values for r, are the best possible.

Theorem 1. Let D(f;z) be defined by (3). Then
Re[D(f;2)] >0 (2] <7s)

in each of the following cases:
(i) feU and r. =11 = 0.839... is the root of the equation r> + 2r® — 2 = 0;
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(ii) [ eS8 (1/2) and r. =1y = \/ Y31 = 078615.. .;
(iit) feGandr, =r3 = % =0.666...;
(iv) feS* andr. =ry=4=05;

(v) fES andr, =75 =1 =0.25.

Proof. (i) First, from the definition of the class U, we easily conclude that f € U if,
and only if, there exists a function ¢, analytic in D with |¢(z)| <1 in D, such that

[f(zz)r fl(z) =14 2%¢(2).

From (5), after some calculations, we obtain that

) ) 1)

) fie) T 1+ 220(z)

Since |¢(z)| < 1, then
_ 2

1—|z? °
(see [1, p.198]) and from here

Logo] < =21 - 1)) < 1 - 10(2)P
2 T 2(1—[2%)
because 20'?1‘2) < 1 for |z] < r1. Also,
20(2)] < ()] < Zs 1ol
since

1
7"%:0.7044...<E:0.7071....

Finally, by using (7),(8) and (9), we have
1= 1260)
1+ 220(2)

arg {2

1
< arcsin(1 — |#(2)|?) + arcsin (

\)

1
= arcsiny/1 — §|¢(z)\2

< arcsin 1
_r
=3
which implies Re[D(f;z)] > 0.
(ii) Since f € §*(1/2), we can put

2f'(2) 1

flz)  1-w(z)’

)

} ’ < |arg {1 - ;zgd)’(z)] |+ |arg(1 + 22¢(z))]

6]

(5)
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where w is analytic in D, w(0) = 0 and |w(z)| < 1 for all z € D. From here we have
that
1 !
zf (z): 2w’ (2) n 1 1
ffz) 1-w(z)  1-w()

and so
2w (2) —w(z2)

Since w(0) = 0 and |w(z)| < 1, z € D, implies that ‘@

<1, z € D, then by using
the estimate (7) (with @ in stead of ¢), we obtain
2 2
/ r* — |w(z)]
_ P et P
20/(2) —w(e)] < T2,

(where |z| = r and |w(z)| < 7). Further, we have

(10)

_ ' (2) —w(z)

Re[D(f;2)] > 2 1— |w(2)]
1 r2- |W(Z)|2
>2- 1—72 1—|w(2)]

—2_ 1jr2¢(f)7

where we put |w(z)| =1¢, 0 <t <rand ¢(t) = ri:f. By elementary calculation we

obtain that ¢(t) < 2(1 — /1 —r2) for ¢ € [0, r]. This implies that
21— VI—7r2) _VI—12—¢?
Re[D(f;2)] > 2 — 2 m) _pvlorenr

1—1r2 1—1r2
since |z|:r<\/@:r2.

(iii) For f € G in [2] is proven that

2f'(z) 1-—=z
f S1-3

i.e., that

2f'(z) _ 1-w(z)

fEN—c)
where w is analytic in D) such that w(0) = 0 and |w(z)| < 1 for z € D. From the last
relation we easily obtain

) =9 W(Z) c W' (z
D(f;2) =2 2 w(z) t (1—w(2))(2—-w(z)) =)
and from here
, _ el 12 ,
Re[D(f; 2)] > 2 Wzl
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Applying the inequality (7), we give
T O g 1 ()
RelDU 2 = 2 = 5 ] ~ T = @) 1= 1P

or, if we use |w(z)| < r, where |z| = r:

r 2—3r
D(f; >2— =
Re[D(f;2)] 22— —— = =" >0,

since r < % =rs3.

(iv) We can use relation (7) and the same method as in the previous cases.
Namely, now we can put
2f'(z) _ 1+w(z)

)~ 1w
where w is analytic in D, w(0) = 0 and |w(z)| < 1 for z € D. Then,
z2f"(z) 2w’ (2) 1+w(z)

) T-w(z)  1-w(z)

and after that
B 2 L, 2wW'(2)
C1-w(z) 1—w?(2)

Finally, we have (using |w(z)| < r, where |z| = r):

D(f;2)

2 (e
Re|D(f; >R -2
AT =R ) T )P
_ 2
s2 B 1ok
ST RG] T WP 1P
2 2r
> _ =
“14+r 1-—1r2
1—-2r
=2——>0
=20

if [2] =7 < § =74

(v) If f € S then, from the classical result (see [1, p.32]), we have

z2f'(2) 1+r
1 <1 = 1.
fox 5| s os T =<
If we put w = log Z}NS) and R = log 2, then we have ZJJ:EEZ) = e", where |w| < R.

If we choose r < tanh% = % = 0.46..., then we have R < 1. For such R the function
e is convex with positive real coefficients that maps the unit disk onto a region that
is symmetric with respect to the real axes (e¥ = e¥), with diameter end points for
w = —1 and w = 1. This implies that

ReZJJ:(S) =Re(e¥) > e F = 1 ;;
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Also, from the relation for functions from the class S (see [1, Theorem 2.4, p.32]) we
have

zf"(2) 2r2 < 4r

fllz)  1—=7r2] 7 1—1r2

and from here

z2f"(2) 272 4r 2r + 12
R < =2 .
ef’(z) _1—r2+1—r2 1—1r2
Finally,
1—r _2r+7r? 1—4r
Re[D(f; >2 -2 =2 0
elD(f;2)] 2 147 1—r2 17r2>
if 2] =r < i =rs. O
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for certain Carathéodory functions
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Abstract. In this article, we wish to establish some first order differential sub-
ordination relations for certain Carathéodory functions with nice geometrical
properties. Moreover, several implications are determined so that the normalized
analytic function belongs to various subclasses of starlike functions.
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1. Introduction

Denote the collection of all functions f which are analytic on the open unit
disc by 7. Let A C 2 be the subclass consisting of analytic functions given by

o)
f(z) = 24+ > anz™ and normalised by the conditions f(0) = 0 and f/(0) — 1 = 0.

Further, let :LS’*Zand C denote the subclasses of univalent function consisting of starlike
and convex functions, characterized by the quantities zf'(z)/f(z) and 1+2f"(2)/f'(2)
lying in the interior of the right half plane respectively. Let f and g be members
of J#. We say f is subordinate to g (written as f < g) if there exists a function
w € JH with w(0) = 0 and |w(z)| < 1 such that f(z) = g(w(2)). Equivalently,
if ¢ is univalent in D, then the conditions f(0) = ¢(0) and f(D) C g(D) together
gives f < g. For more details, see [15]. The unified class of starlike functions S; =
{feA:zf'(2)/f(z) < ¢(2); for all z € D} where ¢ is analytic, univalent, ¢(D) is
starlike with respect to ¢(0) =1 and Re(p) > 0, was introduced and studied by Ma and
Minda [13]. Various subclasses of starlike functions have been studied by considering
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different choices of ¢ in recent years. For ¢(z) := (1+A4z2)/(1+Bz), (-1 < B < A < 1),
the class S reduces to the class S*[A, B], introduced by Janowski [9]. A function
f € A is said to be a Carathéodory function if f(0) =1 and Re(f(z)) > 0. The class
of such functions is denoted by P. On taking some Carathéodory functions p(z) :=
€%, ¢4(2), ¢0(2); ¢e(2), dum(2), Q(2), dsa, ¢s(2), the class S reduce to subclasses
S, [14], S; [19], Sk [11], 8 [20], S7¢ [22], Sp 5], St (8], Sy [4] respectively, where

k
G(2) = 2+ VI 22, Go(2) = 14 202, =14V,
4 2 2 2
c(z) =1+ ; + %, Grim(2) =14+ V22 + %, ¢s(z) :=1+sinz.

Recently, Kumar et al.[5] introduced and studied differential subordination relations
and radius estimates for the class Sj := S*(Q(z), where

Q(z) == et 1 (1.1)
In 2020, Goel and Kumar (8] studied the subclass S&, := S*(ds¢), where
¢sc(z) =2/(1+e ?) forallz €D. (1.2)

These subclasses of starlike functions are well associated with the right half plane of
the complex plane.

In 1989, for p € P, Nunokawa et al. [17] proved that the differential subordination
1+ 2zp'(2) < 1+ z implies p(z) < 1+ z. Further, authors [18] established sufficient
conditions for starlike functions discussed by Silverman [21] to be strongly convex and
strongly starlike in I. In 2006, Kanas [10] determined the conditions for the functions
to map D onto hyperbolic and parabolic regions using the concept of differential
subordination. In 2007, Ali et al. [2] obtained conditions on 8 € R for which 1 +
Bzp'(2)/p/(2) < (1 + Dz)/(1 + Ez), j = 0,1,2 implies p(z) < (1 + Az)/(1 + Bz),
where A, B, D, E € [—1,1]. Later, Kumar and Ravichandran [12] determined sharp
upper bounds on 8 such that 1+ B2p'(2)/p’(2),7 = 0,1,2 is subordinate to some
Carathéodory functions like e*, ¢o(z) etc. implies p(z) < e* and (1 + Az)/(1 + Bz).
For more such results, we refer [1, 3, 7, 6].

In the present paper, we determine sharp estimate on 8 so that p(z) < ¢4(2),
Q(2), ¢e(2), ¢0(2), Prim(2), ¢s(2), dsc(z) whenever 1 + Bzp/(2)/p/ () < Q(z) and
dsc(2); (j = 0,1,2). Further the best possible bound on f is computed such that
p(2) < Q(z) whenever 1+ B2p'(2)/p/(2) < ¢c(2); (j = 0,1,2). At last, the upper
bound on £ is estimated so that the subordination 1+ 3zp/(2)/p’ (z) < ¢o(2) and ¢.(z)
implies p(z) < ¢sc(z). Moreover, sufficient conditions are obtained for an analytic
function f to be a member of a certain subclass of starlike function.

2. Main results

First, we recall following lemma which plays a vital role in our proofs.

Lemma 2.1. [16, Theorem 3.4h, p.132] Let ¢ : D — C be analytic, and ¢ and v be
analytic in a domain U 2 q(D) with ¥ (w) # 0 whenever w € q(D). Set

Q(2) := 2q'(2)¢(q(2)) and  h(z) :=v(q(2)) + Q(2),z € D.
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Suppose that
(i) either h(z) is convex, or Q(z) is starlike univalent in D and
.. zh/(2)
(i1) Re( o) ) >0,z €D.
If p is analytic in D, with p(0) = ¢(0), p(D) C U and
v(p(2)) + 2p'(2)1(p(2)) < v(q(2)) + 2¢'(2)¥(q(2))

then p < q, and q is the best dominant.

Throughout this paper, the following notations will be used:
zp' (2
Wop(2)) = 14+ B2/ (2), Ap(ep(2)) =1+ 52 and

p(z)
O(eupl2) =1+ 575

Theorem 2.2. Let Q(z) € P be defined by (1.1) and further
L= /0 gdt and U= /1 Edt. (2.1)
1 t o t
Assume p to be an analytic functz'on in D with p(0) = 1. If Ug(z,p(2)) < Q(2), then
(a) p(2) < dq(2) for B> J5i ~ 1.49762.
(b) p(2) < Q(z) for B > ﬁﬁ ~ 1.446103.
(¢) p(2) < bc(z) for B > 38 ~ 1.05898.
(d) p(2) < ¢o(2) for B > (3 +2v/2) £ ~ 3.94906.
(2) (
(2)

(¢) p(2) < bum(2) for B> 524~ 1.10643.

(f) p(z) < ¢s(z) for B> z74U~ 2.51696.

(9) p(2) < dsa(z) for B> S8l ~ 4.583145.
The bounds in each case are sharp.

Proof. The analytic function gg : D — C defined by

1 [Fe"1-1

is a solution of the first order linear differential equation 1+ Bzqj(z) = e ~1. For

w € C, define the functions v(w) = 1 and ¥(w) = B. Now, the function Q : D — C
defined by

Q(2) = zq3(2)¥(qp(2)) = Baqs(z) = el _q

is starlike in D. Also, note that by analytic characterization of starlike functions, the
function h : D — C defined by h(z) := v(ga(2)) + Q(#) satisfies the inequality

Zh'(z)) (ZQ'(Z)>

Re = Re > 0.

( Q(z) Q(z)

Therefore, the subordination 1+ B2p'(2) < 1+ Bzq(2) implies p < gg by Lemma 2.1.

For suitable P(z), as r — 1, gg(z) < P(z) holds if the following inequalities holds:
P(=1) < gp(=1) < gs(1) <P(1). (2.2)
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By the transitivity property, the required subordination p(z) < P(z) holds if gg(z) <
P(z). The condition (2.2) turns out to be both necessary and sufficient for the sub-
ordination p < P to hold.

(a) Consider P(z) = ¢4(z). Then the inequalities

gs(—=1) > =1+ V2 and gs(1) < 1 + V2
reduce to 8 > 1 and B > 5, where

1 1
/81 = mﬁ and /82 = —4

V2
respectively.
Thus, the subordination gz < ¢, holds whenever § > max{f1, 82} = Ba.
(b) For P(z) = Q(z), the inequalities gg(—1) > Q(—1) and gg(1) < Q(1) give B > £
and 8 > (B2, where
1 1
L and py=—"—74U

b= 1—ee 't el —1
respectively. Therefore, gg < Q whenever § > max{f1, 82} = f1.

(¢) On taking P(z) = ¢.(z), a simple calculation shows that the inequalities
gg(—1) > ¢.(—1) and ¢g(l) < ¢.(1) give 8 > p1 and B > fa, where
b1 = (3/2)L and B2 = (1/2)4 respectively. Therefore, gz < ¢, holds whenever
B > max{p1, B2} = Ba.

(d) On substituting P(z) = ¢o(z), the inequalities

qs(=1) > ¢o(—1) and gg(1) < ¢o(1)

give B > B and B > fB2, where 81 = (1/(3 — 2v/2))L and (B, = i respectively.
Therefore, the subordination gg < ¢¢ holds if § > max{f1, B2} = p1.
(e) Take P(z) = b1im(2z). Then the inequalities

ap(—1) > % — V2 and ¢3(1) < g +v2
reduce to 8 > 1 and B > 5, where
B =(2/(2v2—1)L and By = 2/(2v2 + 1)4

respectively.
Thus, the required subordination gg < ¢iim holds if 8 > max{f1, fo} = fFa.
(f) Take P(z) = ¢s(2). Then the inequalities
gp(—1) > 1 +sin(—1) and ¢gg(1) < 1 +sin(1)
give 8 > 1 and 8 > B, where $; = L/sin1 and S = $4/sin 1 respectively. This
shows that the subordination gg < ¢ holds if 8 > max{f1, 82} = Bs.
(g) Set P(z) =2/(14+ e #). Then ¢gg(—1) > 2/(e+1) and gg(1) < 2¢/(e + 1) gives
1 1
Bi=Tlr and g="Tlg
e—1 e—1
Hence, the subordination holds true for 8 > s since max{Si, B2} = So.
Thus, we get the required result. O
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FIGURE 1. Sharpness for the case (a) and (b).

As an application of Theorem 2.2, we have the following sufficient conditions for
starlikeness:

Corollary 2.3. Set M(z) := 1 — z2f'(2)/f(2) + 2f"(2)/f'(2). If the function f € A

satisfies 1 + BZJ{(S)E))?( ) < Q(z), then
(a) feS;if B> (1/vV2)U

(b) feSpifp= (1/0 0L,
(

)
() fesSiifp=(1/2)U
d) feSEiff>(3B+2vV2)L
() fe€Sicif B> (2/2vV2+1)) 4
(f) feSiifB>(1/(sinl))sl
(8) feSsq if B=((e+1)/(e—1))4,
where L and L are given by (2.1).
Theorem 2.4. Let 8 and L be given by (2.1) and Q(z) be given by (1.1). Let p be an
analytic function in D with p(0) = 1. If Ag(z,p(2)) < Q(z), then
(a) p(2) < bq(2) for B > {7774 ~ 2.40301.
(b) p(z) < Q(2) for B> Ayt~ 1.23260.
(¢) p(2) < ¢c(2) for B = 5 égu ~ 1. 92784
(d) p(z) < ¢o(2) for B> (Hf) ~ 3.59966.
(2)
(2)

(6) p(z) < ¢11m(z) f07’ ﬁ = mﬂ ~ 1.98013.
(f) p(2) < ¢s(2) for g > mﬂ% 3.4688.
(9) p(2) = ¢sG(2) for B > toza-ioaryeyth ~ 5-57523.
The bounds on 3 are best possible.
Proof. Consider the first order differential equation given by
2q5(z .
1+ f]ﬁ( ) e, (2.3)
qs(2)
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It is easy to verify that the analytic function ¢z : D — C defined by

1 (e 11
q = = —dt
qp(z) = exp (6 /O ; >

is a solution of differential equation (2.3). On taking v(w) = 1 and ¥ (w) = B/w, the
functions @, h : D — C reduces to
Q(2) = 23(2)¥(4s(2)) = Bs(2)/Gs(2) = ¢~ = 1
and
h(z) = 0(ds(2) + Q(2) = 1+ Q(2) = e .
It is seen that the function @ is starlike and Re (zh/(2)/Q(z)) > 0, for z € D. Hence,

2p'(2) Z(jg(z)

o) <1+ 7507) implies p(z) < ¢a(2)

which follows from Lemma 2.1. Proceeding as Theorem 2.2, proof is completed. [

Theorem 2.5. Let il and L be given by (2.1) and Q(z) be given by (1.1). Assume p

to be an analytic function in D with p(0) = 1. If ©(z, p(z)) < Q(z), then each of the

following subordination holds

(a) p(2) < ¢q(z) for B = = ~ 3.61556.

(b) p(z) < Q(z) for B > 66_17111~ 2.58089.

(c) p(z) < ¢e(2) for B> 34 ~ 3.17692.

(d) p(z) < ¢o(z) for B > 24 ~ 4.2359.
(2)
(2)

N —

544v2¢( A
(¢) p(2) < Prim(2) for B > 24~ 3.22438.
(f) p(2) < ds(2) for B> LEi0le(~ 4.63491.
(9) p(2) < dsa(z) for B> 25U~ 6.7011.
The estimates on 3 cannot be improved further.

(3 )

is the analytic solution of the differential equation

~—

Proof. The function

2q5(2) -y

kAl ~ 1

qﬁ(’z)
Consider the functions v(w) = 1 and ¥ (w) = B/w?. Moreover, the function Q(z) =
2G5(2)¥(qp(2)) = e¢" =1 — 1 is starlike in D. Simple computation shows that the

function h(z) := 1+ Q(z) satisfies the inequality Re (zh/(2)/Q(2)) > 0, (z € D). Now,
by Lemma 2.1, we see that the subordination

2p'(2) 245(2)
e S e

implies p(z) < §g(#). Proceeding as Theorem 2.2, we conclude the proof. O
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Theorem 2.6. Let ¢ be given by (1.2) and further
0 t 1t
-1 -1
I = / STt and I, = / S (2.4)
_ptlet+1) o tlet+1)
Assume p to be an analytic function in D with p(0) = 1. If the subordination
s(z,p(2)) < dsa(2)
holds, then each of the following subordination inclusion hold:
(a)p()<d)q()f0rﬁ22 =1 ~0.83117.
(b) p(2) < ¢e(2) for g > 31_ ~ 0.730335.

(2)
(c) p(z) < ¢o(z) for B> (3 + 2V/2)I_ ~ 2.837797.
(d) p(z) < Q(2) for B > — 1= 1 ~1.039170.
(2) (
(2)

(¢) p(z) < brm(2) for B > 2\5—1]_ ~ 0.53257.

(f) p(z) < ¢s(2) for B> <1 ~ 0.578616

(9) p(2) = dsc(z) for B> LI ~1.05361.
The bounds in each of the above case are sharp.

Proof. Consider the functions v and ¢ defined as in Theorem 2.2. Define the function

qs : D — C by

— 14— / -1

8 et + 1
Note that the function q/g( ) is analytic solution of the differential equation
L+ Bqh(2) = 2/(1 + ).

The function Q(2) = 2qj5(2)1(gs(2)) = (€* —1)/(e* + 1) is starlike in D and h(z) =
1+ Q(z) satisfies the inequality Re (zh/(2)/Q(2)) > 0, z € D. Thus, applying Lemma
2.1, it follows that the subordination 1+ Szp/(z) < 1+ qug (2) implies p(z) < gg(2).

Each of the subordination p(z) < P(z), for appropriate P, from (a) to (g) holds if
gp(z) < P(z) holds. This subordination holds provided

P(—1) < gg(—1) < ¢ga(1) < P(1).
These inequalities yield necessary and sufficient condition for the required subordina-

tion.

(a) Take P(z) = ¢4(2). Then, the inequalities gs(—1) > —1++v/2 and gg(1) < 1++/2
reduce to 8 > 8 and 8 > By, where

1 1
= I_ and = —
o3 53 65 7
respectively. Therefore, gg < ¢, whenever 5 > max{f1, B2} = f1.
(b) Consider P(z) = ¢.(z). A simple calculation shows that the inequalities

qs(—1) > ¢.(—1) and gg(1) < ¢.(1) gives S > S1 and B > B2, where

3 1
B = iL and S = §I+

Iy

respectively.
Therefore, the subordination gg < ¢, holds if 8 > max{f1, B2} = 1.
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(c) On taking P(z) = ¢o(z), the inequalities gg(—1) > ¢o(—1) and gz(1) < ¢o(1)
give > (1 and 8 > B2, where
1
=——7T
B 3273
respectively. Therefore, gz < ¢¢ if 8 > max{f1, f2} = S1.
(d) Consider P(z) = Q(z). From the inequalities gg(—1) > Q(—1) and gg(1) < Q(1),
we note that 8 > 8, and B > B3, where
1 1
br=1—=gl- and Bo=—my
respectively. Thus, ¢gg < Q if § > max{f1, B2}
(e) Take P(z) = ¢uim(z). Then, the inequalities gg(—1) > 2 —+/2 and g5(1) < $4+/2
reduce to 8 > 81 and B > B3, where
2 2
b= —m— L Y
2v2 -1 2v2+1
respectively. Thus, gg < ¢1im whenever 8 > max{f, f2} = fi.
(f) Take P(z) = ¢s(z). Then, the inequalities gg(—1) > 1 + sin(—1) and
qa(1) < 1+sin(1) give § > B; and B > Sz, where

1
B1 = I and By=-—1I,

sinl sin1

and [y =14

Iy

I_ and [y = I,

respectively.
Therefore, the subordination gg < ¢ holds if § > max{51, 82} = p1-

(g) Let P(z) = ¢se(z). On simplifying the inequalities gg(—1) > 2/(e + 1) and
gp(1) < 2e/(e+ 1), we get B1 and B2, where

e+1 e+1
p1

I_ and (=
respectively and thus, ¢z < ¢g¢ whenever § > max{f1, 82} = f1.

I

e—1 e—1

N

/

H
-05F |
\

[rEABRSSs % s 20 25 3}0
/
<« /
- /
- \
-15F \\\

~ — -10F

FIGURE 2. Sharpness for the case (b) and (f).

Hence, the result holds. O
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As an application of Theorem 2.6, we have the following sufficient conditions for
starlikeness:

Corollary 2.7. Let f € A be analytic function which satisfies
2f'(2)

16575

M(2) < ¢sa(2).
Then,
() fes:if B> (1/(2-V2) L,
(b) fes:ifB=(3/2)1,
(c) feSifB=(B+2vV2I,
() feSpif>(1/0—e 1)L,
() f€Sicif B> (2/2V2— 1)L,
(f) feSifp=>(1/(sinl)) I,
where M(2) is defined in Corollary 2.5.
Theorem 2.8. Let I, and I_ be given by 2.4 and ¢sg be given by (1.2). Assume p to

be an analytic function in D with p(0) = 1. If Ag(z,p(2)) < ¢sa(z), then each of the
following holds.

(a) p(2) < ¢q(2) for § > ﬁ] ~ 0.55242.
(b) p(2) < ¢c(2) for B> 5 1, ~ 0.443185.
(c) p(z) < do(z) for B = W _ A~ 2.58671.

(2)
(2)
(d) p(z) < Q(2) > L 1 ~0.77024.
(2) (
(2)

1 ~
(6) p(2) < Plim Z) for g > m[+ ~ 0.455206.
(f) p(2) < ds(2) for B > g [+ ~ 0.79744.
(9) p(2) < ¢s6(2) for B > Trggaigrre [+ ~ 1.28167.

The estimates on 3 are best possible.

Proof. Let the functions v and ¢ be defined as in Theorem 2.4. Define the analytic

function gg : D — C by
1 [ et—1
1 =e - ——dt ],
o= (5 [ )

which satisfies the differential equation

dgg(2) 1 (1—e 2\,
dz 5,2'<1+e—2>q6(z)'

Now, observe that the function Q(z) = 2q3(2)¥(ds(2)) = 1+e - is starlike in D. Also,

it can be easily seen that the function h defined by h(z) := v(ds(2)) +Q(z) = 1+ Q(2)
satisfies the inequality Re (zh/(2)/Q(z)) > 0, z € D. Therefore, the Lemma 2.1 states

that the subordination 1+ c <1+ implies p(z) < ¢g(z). As in the proo
hhbd"lﬁzgé))lb’qﬁ() I 5(2). As in th f

of Theorem 2.6, we conclude the result. O
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Theorem 2.9. Let I, and I_ be given by (2.4). Assume p to be an analytic function
in D with p(0) = 1. If Og(z,p(2)) < dsa(z), then
(a) p(2) < ¢q(2) for B> 5=71, ~0.83117.
(b) p(z) < de(2) for B> 31, ~0.73033.
(c) p(2) < ¢o(2) for B> (2 +2v2)I_ ~ 2.35090.
e—1
(d) p(z) < Q(2) for B> =1} = 0.59331.
(¢) p(2) < Guim(2) for B> SHP2T, ~ 0.74124.
(f) p(z) < ds(2) for > LT, ~ 1.06550.
(9) p(2) < sa(z) for B> 2514 ~ 1.54049.
All these estimates are sharp.

Proof. The function gg : D — C defined by

Bl _< 5] iy EEs )1

is clearly analytic in ID. It is noted that the functlon gs(z) is a solution of the differ-
ential equation
2qp(z) 2

Q3(z)  T4e

We take the functions v and 1 as in Theorem 2.5. Note that the function @) defined
by Q(z) = 245(2)¥(qs(2)) = (1 —e7*)/(1 + e77) is starlike in D and the function h
defined as h(z) := v(da(z))+Q(z) = 1+Q(z) follows the inequality Re (zh/(2)/Q(z)) =
Re (2Q'(2)/Q(z)) > 0. Therefore, as in view of Lemma 2.1, the subordination

1+

2p'(2) 2G5(2)
26 PG

implies p(z) < §z(z). Proceeding as in Theorem 2.6, proof is completed. O
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Theorem 2.10. Let p be an analytic function in D with p(0) = 1. Then each of the
following subordination implies p(z) < Q(z) := e€ 1.

(a) Wp(z,p(2)) < 6c(2) if B > [ty & 2.13430.

(b) Ap(z,p(2)) < de(z) if B = ;1 ~ 1.581976.

(¢) O(2,p(2) < ¢e(2) if B > 5255 ~ 2.030970.

The bounds in each case are sharp.

Proof. (a) Define the analytic function g5 : D — C by

1[4z 22
= 1 — —_ _—
v =1+3 (F+3)
It is easy to see that the function gs satisfies the differential equation Bzq'(z) =
¢c(z) — 1. Proceeding as similar lines in Theorem 2.2, the required subordination
holds if and only if,

—1

e¢ < gp(—1) < qp(l) < et (2.5)
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Simplifying the condition (2.5), we obtain the inequalities
1 oe
P >__ 77—
6 — 1_6(6—1_1) ﬂl a’nd ﬂ — S(ee_e) 52'

Thus, the required subordination holds if § > max{f1, 52} = bi1.
(b) Define the analytic function §z(z) by,

wi-en(3(55)

which is a solution of the equation
ddz(2)  2(2+z) .
=~ 3
Proceeding as similar lines in Theorem 2.4, the subordination p(z) < ¢ ~! holds
if 8> max{f, 02}, where
y e < 5

Bl:e—landﬁQZm

are obtained from the inequalities gs(—1) > e 1 and Gz(1) < e“~! respec-
tively.

(¢) The differential equation

digs(z)  2(2+2)
q(gz - (3; )qﬁ(z)

has an analytic solution

wo=(1-5(5+3)

in D. Therefore, proceeding as in Theorem 2.5, the required subordination p(z) <
e ~! holds if 8 > max{f3, 2} = 2, where
R eg—l R 56@—1
= d = —].
61 1 —e%_l an ﬁ2 3(6671 _1)

O

Corollary 2.11. Let f € A be given by f(z) = z+ >, anz™. If one of the following
=2
subordinations holds !

(a) 1+/3Zf (Z)m( ) = be(2) for B> ﬁ}
(b) 1+69ﬁ( ) < ¢e(2) for B> 5,
-1 E 1
() 148 (F5) M=) < 6el2) for B = 525y,
then f € 8§, where M(z) is defined in Corollary 2.5.

The next results provide best possible bound on S so that the subordination

1+ 82p'(2) /0 (2) < de(2), do(2)(j = 0,1,2) implies the subordination p(z) < ¢sc(2).
Proofs of the following results are omitted as similar to the previous Theorem 2.10.
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Theorem 2.12. Let p be an analytic function in D with p(0) = 1. Then the following
subordinations hold for p(z) < ¢psa(z) :=2/(1+e 7).

(a) p(z,p(2)) < po(z) if B > (AVZ210s@VR) 1 418996,

(6) Mp(z.p(2)) < do(2) if B > Tty ~ 1725221
(¢) Op(z,p(2) < do(z) if f = 2A=V2210al2VR) o 5 (73612,

The bounds on B in each case are sharp.

Theorem 2.13. Let p be an analytic function in D which satisfies p(0) = 1. Then each
of the following subordination is sufficient for p(z) < ¢sa(2).

(a) Ws(z,p(2) < ¢e(2) if B > JE3 ~ 3.60659.

(b) Ap(2,0(2)) < c(2) if B > Frrmgs-Tosrrey ~ 4-387286.

(c) ©5(2,p(2)) < ¢e(2) if B > 525y ~ 5.27326.

The bounds on B in each case are sharp.
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Certain geometric properties of generalized
Bessel-Maitland function

Amit Soni and Deepak Bansal

Abstract. In the present study, we first introduce Generalized Bessel-Maitland
function Jéa(z) and then derive sufficient conditions under which the General-

ized Bessel-Maitland function JE’ .(%) have geometric properties like univalency,
starlikeness and convexity in the open unit disk 2.

Mathematics Subject Classification (2010): 30C45.

Keywords: Univalent, starlike, convex and close-to-convex function, subordina-
tion, Bessel functions, Bessel-Maitland functions.

1. Introduction and preliminaries

Let 27 denote the class of all functions analytic in the open unit disk
2 ={z€C:|z| <1}
and & be the class of all functions f € S which are normalized by f(0) = 0 and
f'(0) = 1. Each f(z) € & has a Maclaurin series expansion of the form:
f(2) =2+ agz® +azz” + ... (1.1)

Let g, h € 5, we say that g is subordinated to h in 2, and write g(z) < h(z), if there
exists a function w € # with |w(z2)| < |z|, z € Z, such that g(z) = h(w(z)) in 2. In
particular, if h is univalent in &, then we have:

g(z) < h(z) < ¢(0) = h(0) and g(2) C h(2).
For a given 0 < § < 1, a function g € o7 is called starlike function of order 5,

if R(z¢'(2)/9(2)) > B,z € 2 class of such functions denoted by .*(3). Simi-
larly, for 0 < 8 < 1, a function g € & is called convex function of order (3 if
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R(1+2¢9"(2)/g'(2)) > B,z € P, class of such function denoted by J£(3). It is
customary that .7*(0) = .* and .#(0) = J#. Moreover, a function g € &/ is said
to be close-to-convex with respect to a fixed starlike function h, denoted by Cp, if
R (zg'(2)/h(2)) >0, z € @. For more details one can refer [6].

In the present perusal, we study some geometric properties of Generalized
Bessel-Maitland function (see, e.g., [9], Eq.(8.3)), Jg(z) This function is defined by
the following series representation:

JE(z) = (—8‘% >0, R()>—-1and z € 2). 1.2
It has many application in various research fields of Science and Engineering. For a
comprehensive description of applications of Bessel functions and its generalization,
the reader may be referred to [20]. Here in the present paper, we define a new (prob-
ably) generalization of Bessel-Maitland function called generalized Bessel-Maitland

function Jéc(z), given by:

¢ B 0 (_a>nzn B B
JEo(2) = ;—nlr(5n+c+ 5 (aeC—{0},6>0,(>—landz€ 2).  (1.3)
It can be easily seen that

oo n

¢ B B z
Jo1(2) = Wecha(z) = nz:% W@ T (1.4)
where W ¢11(2) is called Wright function and
SRV TR o S Gl D 1
Teal2) = Je(2) = ngo nl(én+¢+1) (15)

Observe that the Generalized Bessel-Maitland function Jéa(z) ¢ <. We can consider
the following two types of normalization of the Generalized Bessel-Maitland function:

¢ nI‘\ €_|_1) n+1
T2 (2) = 2T (C+1)J¢ Z+Z nT T (1.6)

and

r 1 1
13- S5 0 )

- a)"T(E+ ¢+ 1)z
; n+1'F§n+§+cj+1) (L7)
(£>0,(+(>-1,aeC—-{0}, z€ 2)
Also note that
X 1\ n+1
TEi(2) = Je() = T(C+ 1) 52 2y) = 3 DN TE £ e (1)

nll'(n+¢+1)

n=0
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where J¢(z) is well known Bessel function of order ¢ and J¢(z) is the normalized
Bessel function, studied recently for the various geometric properties (see [14]-[18]).
Conversely, it can be easily seen that

2\C2 (22 2 (=1)"(2/2)2 ¢
Telz) = F(<1+1) (5) Jea (4) :; (nlll“)(n(+/g2‘+1) '

Additionally, we observe that

J.z) 1 > (—a)"T(C + 1)z"+!
Vi) === =2 Z+; nT(En+ ¢+ 1)
_ — (—a)"T(¢+1)z"
_1+n§::1 nIT(én+ ¢+ 1)
and
Z(Vga(z))/ _ Z (_a) F(C + 1)”’2

nT(En+¢+1)

The following identity relations can be easily established:

n=1

€2(J5 ,(2)) = (C+ DI ,(2) + (6 = ¢ = 1T, 4 (2) (1.9)
A(TEa(2)) = Tescal2) (1.10)
and
! —a)['((+1
(VE.(2)) = WV§+W(Z). (1.11)

Lately, several researchers have studied innumerable special functions belonging to
class & and found sufficient conditions such that the special functions belonging to
class &7 have certain properties like univalency, starlikeness or convexity in &. For the
generalized hypergeometric functions one can refer [10, 13, 16], Bessel functions [3, 1,
2, 4] and Wright function [15]. In the present paper, we derive sufficient conditions
for the same geometric properties for the functions nga(z) and jéa(z) .

2. Lemmas
To prove main results, we requisite the following results:
Lemma 2.1. (see [7]). Let g € o7 satisfy the inequality
[(9(2)/2) =1 <1 (2 € Z)
then g is starlike in the disk 9o = {z : |2| < 1/2}.
Lemma 2.2. (see [8]). Let g € & salisfy the inequality
/() =1/ <1(: € 9)

then g is convex in the disk 9 5.
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Lemma 2.3. (see [11]). Let g € &7 satisfy

l9'(z) =11 < 2/V5 (z € 2)
then g is starlike in the disk 9.
Lemma 2.4. (see [21]). Let g € &7 satisfy the inequality

29'(2)
9(2)
where L is solution of the equation cos L = L, then R(¢'(2)) > 0.

—1‘<L, z €9,

Lemma 2.5. (see [12]). Let § € C with () > 0,d € C with |d| <1, d # —1. Ifh € &
satisfies

zh"(2)
N (2)

’d|z|2‘5 + (1 —12]*) <1, 2€9

then the integral operator

z 1/6
Cs(z) = {6/ t‘”h’(t)dt} L, 2E€ED
0

is analytic and univalent in 9.

For § =1 and d = 0, Lemma 2.5 is equivalent to Becker’s criterion for univalency
[5], which shows that, if f € & satisfy the inequality (1 — |z|?)[zf"(2)/f'(2)] < 1 for
each z € 9, then f is one-to-one (univalent) in 2.

3. Main results

3(Ja] = 1) + v/9]al? + 2|a| + 1

Theorem 3.1. (i)Let & > 1 and ¢ > 5

n 9.
(ii) Let&>1andE+¢ >

, then ,]Ig,a is starlike

3(lal — 1) + /9]al]? + 2|a] + 1

, then VE . 15 convex in 9.

2
(la] — 1) + +/9]a|? + 2]|a| + 1
2

3
(iii) Let € > 1 and £+ > , then jéa is conver in 9.
Proof. Let q(z) be a function defined by the equality g(z) = z(Jf’a(z))’/nga(z) z € 9.

Since Jga(z)/z #0, z € 2, the function ¢ is analytic in 2 and ¢(0) = 1. To prove
the result, we need to show that R(¢(z)) > 0 which follows if we show |¢(z) — 1| < 1.

For £ > 1, it is easy to see that T'({ +n+ 1) <T(én+ ¢+ 1), n € N, holds and
is equivalent to

1 o P+
(CH+D)(C+2)..(CH+n) T T(én+C+1)

n € N. (3.1)
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If z € 9, then using (1.6) and (3.1), we obtain

Jeal®) | _ | (a)"na"T(C +1)
B nl(En+ ¢+ 1)

(3 () — =5

la|"n

(¢ +1)(C+2)(C+n)

(c+1>,§,(c|j—|2>n

_ Jal€+2)
C+ D2 Ja]

- HMz

<

and

— (—a)"2"T(C+1)
Z TEn+¢+1)

n=1

oo
n
la|

=1~ ; AT DC+2)..C+n)

oo

- <<|i|1>,§<<i|2)n

B lal(¢ +2)
€+ D(C+2—al)
_ D¢ +2~a]) —lal(¢ +2)
(€ +1)(¢+2—]a])
From (3.2) and (3.3), we have for z € 2

It ,(2)

@ty - B

U ()

z

la(¢ +2)
(C+1D(¢+2~]a]) —lal(C+2)

<

793

(3.2)

(3.3)

(3.4)

This implies that if (( 4+ 1)(¢ +2 — |a]) — |a[({ 4+ 2) > |a|(¢ + 2), then R(q(2)) > 0,
hence Jéa(z) is starlike in 2, but the inequality ((+1)((+2—]a|) —2|a|(¢+2) > 0 is

3(Ja] = 1) + v/9]al? + 2|a| + 1
2

a consequence of the hypothesis ¢ >
J¢ ,(2) is starlike in 2.

. This shows that

O

(ii) In view of the hypothesis the inequality 'n+£+(+1) < T(¢n+&+(¢+1)

holds. If z € 2, then a calculation similar to (3.2) and (3.3) gives

¢ lal(§ +¢+2)
(Vs | < Erc s car =
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and

[v¢ )k>@+c+w@+<+2—MD lal€+¢+2)
ércal €+ CHDE+C+2—al)
From these inequalities and (1.11), we obtain

z (Véa(z))u z (Vgﬂ.’a(z))/
(ve.@) | | (Vica®)
- lal(€ + ¢ +2)
€+C+DE+C+2—a]) = lal(§+(+2)

This means that, if (£ + ¢+ 1)*+ (£ + ¢+ 1)(1 — 3|a|) — 2]a] > 0, then by definition
Vg ., Is convex in 2. But this inequality is true under the condition

(z € 2).

3(la] = 1) + v/9]al? + 2|a| + 1

§+¢> -

Hence, Vg . is convex in .
(iii) The function jéa(z) is convex iff z(jfa(z))’ is starlike, but from (1.10)

AT o(2)) =Tt cal2)-

This in view of part (i) of the theorem completes the proof.

Remark 3.2. If we put a = 1 and £ = 1, then we obtain part(a) and part(b) of
Corollary 2.8 of [15]. Similarly if we put a = —1 and £ = 1 and using Lemma 2.4, we
obtain part(c) of Corollary 2.8 of [15].

Theorem 3.3. (i) Let € > 1 and ( > % VH_W, then Jéa(z) is starlike in the

disk Dy /2.

3(la] = 1) + /9]al? + 2|a| + 1
2

(ii) Let £ > 1 and ¢ >

disk @1/2.

(iii) Let &€ > 1 and ¢ > ¢*, where (* is positive oot of the equation
¢ +CB =1+ Vb)lal) + (2 (1 +2V5)lal) =0,

then Jg)a(z) is starlike in the disk 9.

hen Jg o(2) is convex in the

Proof. On performing calculations, we have
J§ n n+1
7a( ) .t Z I'((+1)z 1
n'I‘ (En+¢+1)

3l 1 IIR-YAIRY
D B S (<+n><<<+1>;<<+2)

ol (c+2)
C+D)(C+2la])
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In view of Lemma 2.1, J]E o Is starlike in 2y o, if (¢ +1)? + (¢ +1)(1 —2|a]) — |a| > 0,
but this is true in view of the hypothesis. Hence, the result is proved.

(ii) Using Lemma 2.2, we obtain

/ o~ (—a)"(n+ DI(¢+1)2"
‘(Jg,a(z)) - 1‘ = |;1 nl(én + ¢ +1) o

= Jalal(C+1) X Ja"T(C + 1)
= Zln!F(§n+C+1) Jr;nlf(fn—&—(—&—l)
& 2al” 2al(¢ +2)
D R e

This shows that nga(z) is convex in % 5.

<1. (3.6)

(iii) Using the Lemma 2.3 and equation (3.6), we see that Jg)a(z) is starlike in 2, /5,
if

C+¢B-1+V5)al) + (2 (1+2V5)[a]) > 0.
This proves the result. O

Remark 3.4. Setting &€ = 1, and a = 1 in Theorem 3.3, we obtain Part (a), (b) and
(c) of Corollary 2.10 of [15].

Theorem 3.5. Let £ > 1 and 0 < 1n < 1. Suppose also that

(3lal = 1) = n(2lal = 1) + v/n*(4]al? + 1) — 2n(6]al® + |a[ + 1) + (9[a]? + 2]a] + 1)
2(1—n)

¥(n) =

(i)Let ¢ > 1(n), then waa(z) € S*(n).
(ii) Let ¢+ & > (n), then VE (2) € 2 *(n).
(iii) Let ¢ + & > (1), then J¢ ,(2) € A (n).

Proof. Following the proof of Theorem 3.1, we find that Jg,a(z) € S*(n)ii, if

lal(¢ +2)
< (1 - 77);
€+ D +2—al]) —al(¢ +2)
but this inequality is a direct consequence of hypothesis. Hence the result. Remaining
part can be shown similarly. O

Theorem 3.6. Let £ > 1 and (* be the positive root of the cubic equation
¢? +¢*(2 = 3lal) = 3¢(1 + 2lal) — (6 + |a]) > 0,
then J¢ _ is close-to-convex with respect to Jc in 9, provided ¢ > max{C*, |a| —2,V/3}.

,a
Proof. Using definition, we need to show Jh € §*, such that

2(JE u(2)
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this can be easily shown by proving

2(JE o(2))’

W

<1l, z€e9.

If z € 2, then a computation gives

~L(C+1) ‘ (=a)"(n+1) (=n" ‘

z — Fén+¢+1) T(n+¢+1)
2T+ | (a)"(n+1) 1
S; ! ’F(§n+§+1) I‘(n+§+1)‘
o~ L(C+1) [la]"(n+1)+1
3; ! { RS ]
- i 2|a|" N i 1
T CHD)(CH)(CHn) A (CHD(CH2)-(CHn)
L o @la"™ +1)  (C+2)[Jal(2¢+1) +¢ +2]
- (<+1)n§ C+2» ¢+ 2—a)(C+1)? (37)
and
3G, v 1
’ z = ;n!(Cle)(CwLQ)...(CJrn)
I (1 \"_ +¢-1
>1_<+1,§(<+2> (S 38)
From (3.7) and (3.8)
ALy | |6y - K
Je(z) a Je(z)
(€+2)

< (<+2_|a|)(<2+<_1)[|a|(2C+1)+C+2]Sl, z€ 9.

This shows that R (Z(JEG(Z))//JQ(Z)) > 0 and hence Jg’a is close-to-convex in 2.
Starlikeness of J; can be deduced from Theorem 3.1 for a = 1 and it comes out { > 1
and ¢ > V3. O

For a non-zero complex number §, we define an integral operator F5 : 2 — C, by

: ;
/t‘s_Q,]Iéa(t)dt} , z€9. (3.9)

0

Fs(z) = {5

Note that Fs(z) € 7. In the next theorem, we find conditions so that F5 is univalent
in 9.
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lal(¢ +2)
Theorem 3.7. Let £ > —1,( > —1, k= and L € RT
€+ +2—a]) = |al(¢ +2)
such that ‘Jga(z)‘ < L in 9, then following results holds
(i) If k+ |0 — 1|+ L/ <1, then Fs is univalent in 2.
(ii) If d € C with |d] <1, d # —1 and |d| + k/|6| < 1, then Fs is univalent in 2.

Proof. (i) A simple calculation gives us

FYe) ALY
E N NE R

Since Jf’a € o/, so using Schwarz Lemma, we obtain ‘Jga(z)‘ < L|z| in 2.
Now using (3.4) and the triangle inequality (|21 + 22| < |21] + |#2]), we obtain
2FY(2) 2(J¢.a ()’ J¢.a(2)
F5(2) 32 4(2)

|§R(5)
9]

|z

(1= 21

z

<(1- ZIQ){|5—1|+

}

This implies that Fj satisfy Becker’s criterion for univalence, hence Fj is univalent
in 9.
(ii) Let us consider the function

“TEa®)
G(z) :/ ’t dt, z€ 9.
0

Observe that, G € 7. Using (3.4) and the triangle inequality, we get

1J’{a(z) +6-2, z€ 9. (3.10)
< (1—z|2){§+5—1+L} <1

€ ’
g"(z) 1 [ 2(J¢q(2))
d 25 1 _ 26\ % < |d 28 1— 25\~ ¢a -1
o (= )55 < [+ (- g (T
< |d| + % <1 (using the hypothesis of Theorem 3.7).

This in view of Lemma 2.5, implies that F5(z) defined by

Fs(2) = {5/02t5-1g’(t)dt}1/6 = {5/0 t“%ﬂ{a(t)dt}l/d (z € D). (3.11)

is univalent in 9. O
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On generalized close-to-convexity related with
strongly Janowski functions

Khalida Inayat Noor and Shujaat Ali Shah

Abstract. Strongly Janowski functions are used to define certain classes of ana-
lytic functions which generalize the concepts of close-to-convexity and bounded
boundary rotation. Coefficient results, a necessary condition, distortion bounds,
Hankel determinant problem and several other interesting properties of these
classes are studied. Some significant well known results are derived as special
cases.
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1. Introduction

Let A be the class of functions f of the form
f(2) =2+ an2", (1.1)
n=2

which are analytic in the open unit disk D = {z € C : |z| < 1}. If the functions f and
g are analytic in F, we say that f is subordinate to g, written f < g or f(z) < g(2),
if there exists a Schwartz function w in D such that f(z) = g(w(z)). Furthermore, if
the function ¢ is univalent in D, then we have the following equivalence

f(z) < g(z) & f(0) = g(0) and f(D) C g(ID).
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Let f be given by (1.1) and g € A is of the form g(z) = z+ >_ b,z™. Then the
n=2
convolution (Hadamard product) of f and g is defined by

(f#9)(z) =24 anbaz", z€D.
n=2

Let § C A be the class of univalent functions in D and let C, $* and I be the
subclasses of S consisting of convex, starlike and close-to-convex functions, respec-
tively. Also, let p be analytic in D with p(0) = 1. Then the function p is known a
strongly Janowski type functions of order « if

14+ A2\¢
1. —1<B<A<1 D.
WH(HBZ) . a€(0,1], <B<A<land:ze€

We note that, when a =1, A =1 and B = —1, then p is a Carathéodory function of
positive real part.

Definition 1.1. Let p be analytic in D with p(0) = 1 and let ¢ be convex univalent in
D. Then p € P,(¢), m > 2, if and only if there exists functions p; with p;(0) = 1,

i = 1,2 such that
p0) = (5 +5)me - (5 - 5) mea) (12

where p; < ¢.

Special cases:

[
Let ¢(z) = Gigz) ,a € (0,1], =1 < B < A < 1. Then the series representation

of ¢(z) is given by

o(z)=14a(A-—B)z+ {—a(A—B)B—F;a(a—l)(A—B)ﬂ 24

On differentiating we get
¢,(Z)_<1+Az>a a(A— B) .
1+Bz) (14 A2)(1+ Bz)
Now, for -1 < B< A< 1 and z € D, we have

(1—Ap*!

R(¢'(2)) = {a |A— B|

and by simple calculations we can easily prove that
’ /
T COIATN
¢'(2)

This implies that ¢(z) is convex univalent function in D.

Thus we have
14+ A2\
Pm ((HBZ) ) = ,Pm@ [A, B] C Pm(p),
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where p = (%) . Also, we note that P,,1[1,—1] = Py, see [19]. Moreover,
Paq[l,—1] = P is the well-known class of Carathéodory functions of positive real

part. When m = 2, then p € Py, [1, —1] implies |arg p(z)| < &F. When m =2, a =1,
A =1-28and B = —1, we obtain the class P(5), 8 € (0,1], of functions with real
part greater than .

For the class Pp,(p), we refer to [18]. It is worth noting that P, [1, —1] = P,
and the class P [1,0] = £P is associated with the right-half of the Lemniscate of
Bernoulli 0£ (see [11]) enclosing the region

£={weC:Rw) >0,

w2—1|<1},

where £ C {w € C: |argw| < T}.
The well-known hypergeometric function G (a, b, ¢; z) is of the form

) B I'(c) =T(a+b)T(b+n) 2"
Glabez) = I‘(a)I‘(b)Z T(ctn) !

n=0
_ e w1 —w) T (1 = zu) P du

where R(a) > 0, R(c — a) > 0 and T represents notation for Gamma function.

Definition 1.2. Let f € A. Then f € R, o [4, B] if and only if

2f'(2)
f'(z)
Definition 1.3. Let f € A. Then f € V,, o [A, B] if and only if
(=1'(2))
— A, B].
Fio) ¢ Pmeld B
We note the following special cases.
(1) R21[A,B] = S*[A,B] and V, 1 [A, B] = C[A, B], see [9].
(i) Rma(l,—1] = Ry and V1 [1,—1] = V,,, the class of functions with
bounded radius and bounded boundary rotations, respectively; see [2, 19].
(iii) Voo [A,B] =Ca[A,B] C C(p) C C, with p = (%) , where C is the class
of convex functions.
(iv) Rm.a [4, B] C R (p) and Vi, o [A, B] C Vi, (p), see [18].
It is observed that

[ E€VmalA Bl & 2f € RimalA, B].

€ Pm.a [A, B].

Definition 1.4. Let f € A. Then f € Ty, [4, B] if and only if

f'(2)
9'(2)

€ P.[A, B],

for some g € Vyy, o [1, —1].
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The class T [l,—1] = T, has been introduced and studied in [17], and

T21[1,—1] = K, the class of close-to-convex functions, see [10].

In the present work, we derive coefficient inequalities and distortion results for
certain subclasses of analytic functions. Further, necessary condition and radius prob-
lem are discussed. Also, the Hankel determinant problem is estimated. We need the

following results in our investigations.

Lemma 1.5. [24] If f € C, g € §*, then for each h analytic in D with h(0) =1,

(f * hg) (D)
(f *g) (D)

where COR(D) denotes the closed convex hull of h(D).

C COh(D),

Using well-known distortion results for the class P, we can easily prove:

Lemma 1.6. Let p(z) be analytic in D with p(0) = 1. Let

p(z)-<(1+Az) ,ae(0,1], —1<B<A<I.

1+ Bz
Then
1—Ar\“ 14+ Ar\“
(=SIRCHGS)
and
2p'(2) a(A—B)r
p(z) |~ (L—Ar)(1-Br)

Lemma 1.7. [21] Let 01 <0y < --- <0, < b1 +2nm and A\ > X\; (j =1,2,---

V(z) = (1- e i z)_k"

—

j=1

n
bnz",

I
M8

n=1

then

b, = O0(1).n*71, asn — oc.

Lemma 1.8. [8] Let p € P and z = re'?. Then

2w
NK 1
0/ )]0 < elo) =

where n > 1 and c¢(n) is a constant depending on 1 only.
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2. Main results

This section presents our main investigations. In the following theorem we derive
the coefficient inequalities. Here, we use terminology Schlicht disc d by the disc d
contained in the image of D under univalent function f.

Theorem 2.1. Let %f' € Pm.o [A, B], g € Vs, and let f be given by (1.1). Then

{ma|A—B|(n—1)+4}.

<
jan] < 4n

Proof. Let g € V5 be of the form

g(z)=z+ anz",

n=2

and since g is convex univalent in I, so we have |b,| < 1, for all n.
Let

z;’ =p(2) € Pm.al4,B], (2.1)

where p(z) be of the form p(z) =1+ > ¢,2". We write p(z) as given in (1.2) with

n=2

pi(2) = 14+ > cn2™ @ = 1,2. Then |c, ;| < o|A— B| by using a result due to
=2

Rogosinski [2%] From this, it easily follows that
ma|A— B|

— 5
Now, using the expansions of f(z), g(z) and p(z) in (2.1) to get

z+ inanz” = (z + ib,ﬂ”) (1 + ic,ﬂ") .
n=2 n=2 n=2

On simplification and equating the coefficients of z™ (n > 2), we have

el < (n>1). (2.2)

n—1

n|an| < Z |bk‘ |Cn7k| + ‘bn‘ )
k=1

using |b,| < 1 together with (2.2), we obtain

n—1
A-B
nlaa < TAZBIS L

- 2
k=1
_ ma|A—B| [n(n—1) +1
2 2
_ ma\A—B}n(n—l)_’_l,

and this implies
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This proves our required result.
In particular, we have

las] < ma |A — B| +1
- 4 2
and
‘ag‘gma\A Bl 1
2 3

O

Corollary 2.2. Let %f’ € Pao[A,B], g € Vo, and let [ be given by (1.1). Then f (D)
contains the disc d such that

d= : <72
=qw:w 5TalA—B| )

Proof. Let wg (wy # 0) be any complex number such that f(z9) # wq for z € E.
Then, the function

o =g =7

is analytic and univalent in E, see [7]. Now, using the well known Bieberbach theorem
for the best bound of second coefficient of univalent functions, we have

wo f(2) <a2+1) 24
Wo

B T P | Rk
|wol 2
5+alA- B|
> .
this implies
2
|w0|_5—|—a|A B

Thus, f (D) contains the disc d such that

d= : <72
=qw:w 5ralA_B|J"

Theorem 2.3. Let ’gc—: € P, for g € Vi o[A, B]. Then

2(20471)7,.5
Tl [G (a7 bv ¢, 71) -G (a’a bv C, 77’1)} < ‘f(Z)|
2(2(1—1)7,,1—5
<z 1
- 3
where &€ = [(1—0) (B —1) +a+1] with o = (1 - A)/(1 - B))*, r1 = L*_:, G is
hypergeometric function and a,b, ¢ are given in (2.9).

[G (a,b,c,—1) = G (a,b,c, —171)]
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Proof. If z—: € P, for g € V,, o[A, B], then we can write
f'(z) =9 (2)p(2), p€Pa. (2.3)
Since g € Vim.alA, B] C Vin(p), with o = ((1 — A)/(1 — B))“ implies

g (2) = (g1 (2))' 72, for g1 € Vi, (see [18)).

Therefore, by using distortion results of V,, [2, 19], we have

m_q7(-0) m_q17(=0)
(1-r2" / (1+7)>
=0 | <wei<|SE ) (2.4)
(147r)=t (1-r)2"

Also, for p € P,, we have
1—-r\“ 1+r\“
< < . 2.
(155) =wwis< () (25)

Therefore, from (2.3) to (2.5), it follows that
(1 — r)la-o(5-1)+a} / 1+ r)la-a(5-1)+e}
- <[f (2] < = :
(1 4+ r)la-o(5+1)+a} (1 — r)la-o(5+1)+a}
Let d,. = |f (2)| denote the radius of the largest Schlicht disc centered at the origin
and contained in the image of |z| < r under f(z). Then there is a point zo, |29| =

such that |f(zo)| = d..
Thus, we have

N

(2.6)

d = el = [ 17 @l
[ okl
T Jo (14 zla-o(s 1)t}
=l (1 — gyl—a) (% -1)+a}
> / U= ds
0 (14 s)t0-(5+1)+e}
gy (OlE
- S 2.7
; <1+S) REPEED (2.7)
Let i—jrﬁ = t. Then (1+2)2 ds = dt and we can write (2.7) as
1f(20)] > 220 AU d g e gy (2.8)

Now, let %;: =7y and t = ryu. Then, from (2.8), we get

|f(20)]

Y

1 1-o)( 7 -1)+a

229*1/ (rlu){ (%) }(1—|—T1u)_2g(r1du)
1

{a-o B +2a+1}
1

920—1 [ — L],
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with

L = /Ohu{“”(?l)”} (1 + 1) "% (du)

~_ T(a)I'(c—a) Wb —r
= TN G (a,b,c,—r1), (2.9)

where G (a, b, ¢, z) represents hypergeometric function and

a:(l—g)(m—1>+a+1,b:2g7c:a+1.

2
Therefore,
1
I, = G (a,b,c,—r1)].
2 (1—Q)(%—1)+a+2[ (a,b, ¢, —71)]
Also,
L fao(pt)ee
ho= / Lol }(1 + ) 2 (du)
0
_ F(CL)F(C — CL)
= T(c) G (a,b,c,—1). (2.10)
Thus
|f(20)] > 229—1T1{<1*9>(%—1)+a+1} .

(1—9)(%—1)+a+2><
G (a,b,e,—1) — G (a,b,c,—11)].

For the upper bound, we use (2.6) with similar method and routine computations and
have

22@—1rf(1—g)(%71)+a+1} 1 )
1-0) (% - ) +a+2
[G( 7ba C, — ) G’(a/,b7 c, —7'1)]
< |f(2)] < 221, (0@ —1)vat1} .

(1—9)(——1)+oz+2><
[G(a,b,c,—l) —G(a,b,c, —rl_l)}.
O

Corollary 2.4. (Covering result) Let r — 1 and f satisfy the condition of Theorem
2.3. Then f(D) contains the Schlicht disc |z| < 222—4, E={1-0(Z-1)+a+1}.

As special cases, we note that the radius of this disc is
(i) +2, when A =1, B= -1 and a =1, (see [15]).

(i) %, vvhenm—2andforg—a—l it is 2.
1

27

(ii) m = 4 gives m and for p = a = 5, it is %
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Theorem 2.5. Let g—: € Po for g € Vim.o[A, B] and let f(z) be given by (1.1). Then,
form > 2+ %, . Thus, by taking r = (1 — l), n — 0o, it follows that

n

an = O(1)n” with B = {(1 —p) (% - 1) —I—a},

«
where O(1) is a constant depending only on o, m, A, B and p = (%) .

Proof. We can write

' (2) =g (2)p(2), 9 € Vm.alA Bl C Vi (p),

where p = (%)a and p € P, implies, for z € D,
p(z) = (p1(2))", pLEP. (2.11)
For g € V,, (p), it is well known that there exists g1 € V,, such that
1—
9'(z)=(91(z)) ", zeD. (2.12)
Also, it is known [3] that, for g1 € V,,,
gi(z) =s(z)h®1(2),m>2,s€S" heP. (2.13)

From (2.11), (2.12), (2.13) and Cauchy theorem, we have

lan| < :
nla
e

27 .
/0 1(2)[7 h(2)] (F D02 ()] db

(M)l_p [2177 /027r |h(z)|{(%*1)(1fp)}ﬁ de} 232 )

1 2 9 5
BN
™ Jo
1 }(g—l)(l—p)+a+1

< C(p,m,a) {(1—7")

where we have used distortion result for starlike functions, Holder’s inequality and a
result for the class P, due to Hayman [8], with

Sg42za _[1-A\"
mn -, P~\1-B) -

)

Thus, by taking r = (1 — %), n — 00, it follows that

an = 070025, (1 o).

Special cases:
(i) We note that, for m = 4, we have

ayn = O(1).n1=P+e).
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(ii)A:1,B:flgivesusp:OandWitha:%,m:5,weget6:2.
Therefore, in this case
an = 0(1).n?, (n — c0).
(iii) Choosing p in such a way that p = o and m = 4, we have

an =0(1).n, (n — 00).

Theorem 2.6. Let f;—: € Py for g € Vio[A,B]. Then f(z) is a convexr function of
order p for |z| < r., where

T*:TYH-F\;@, with mlzm—i—%.
Proof. We have
f'(z) = ¢'(2)p(2), p € Pa. (2.14)
Since V.o [A, B] C Vin(p) with p = %)a, .

J(2) = (91(2))' ", g1 € V.

Also, for g1 € V, it is known [3] that there exists a starlike function s such that

gi(z) = (Sj)>< ) ED m>2 hep. (2.15)
From (2.14) and (2.15), we can write
1-p
6= ("2) eI ey mer. (216)

Logarithmic differentiation of ([19]) yields to us
zf"(2) z8'(2) m zh!(z) 2p'(2)
7 =00 G ) 00 (5) T e
Now, for h, p and h; in P, we have

"(2) _ m ()L ()
1+ e —p+(1—p){h1(2)+(2—1> ) }+ap(z) )
That is,
(=f'(2) [ m 2l (2) zp'(2)
R[S ] 2 e resen- (3 -0) |53« 56
[1—r m 2r 2ar
z (1-p) 1+7r (571) 1—7"2] C1—2
- 2 3
~ -y _1 2r+17’_r2(m 2)7“}12:1:2,
where we have used Lemma 1.6 with A =1 and B = —1. Therefore, we get

- 1—1r2 1—r2’

L [EPEY 1= (mt25)r e 1
(1—,0)%{ 2) "’F B
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We note 7(0) =1 >0 and T'(1) = 1 —m — 2% S +l=2- (m+ 2*“) < 0. This shows
€ (0,1). Solving T'(r) = 0 gives us the Value of r, which is
2
T* = B . D
(m+22) +y/(m+£2) —4

When A =1, B= -1, a =1, then p = 0 and g € V,,. This gives radius of
. _ 2 _
convexity for f € Ty, for |z| < r, = [C TS e awrnt Furthermore, the case m = 2

gives us r, = 2+1 73 and this is the well-known radius of convexity for the class
K of close-to-convex functions, see [7]. By assigning other permissible values to the
parameters «, A, B and m, we obtain several new and known results.

Theorem 2.7. Let f € Ty [A, B]. Let, forb> —1,

Fz) =211 /0 21 f (1), (2.17)

z

Then F € Ty o [A, B] in D.

Proof. Since f € Tz [A, B], f—, (%igz)a, for some g € Vs, [1,—1]. We can write
(2.17) as
F(z) = ¢u(2) * f(2),

where x represents convolution and ¢y(2) = § Ltlon, see [23).
We define "

G(z) = b;I / 7 g(t)dt, g € Voo [l,—1].
Then ’

2 (G (2)) = dy(z) + ((j))) 29(2).

So

zg'(2)
(2G'(2))" _ Pb(2) ¥ %.zg’(z)
G'(2) Po(2) *.29'(2)
Since g € Va4 [1, —1], this implies zg’ € Ra [1,—1] C S*, we use Lemma 1.5 and it
follows that G € Vs o [1, —1].
Now,

P o) 5820 (2)

G on(2) * 29'(2)
and this proves F'(z)/G'(z) < ((1+ Az)/(1+ Bz))“. Hence the class Tz [4, B] is
preserved under the integral operator given by (2.17). This operator is known as
Bernardi operator, see [1]. O

b
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Theorem 2.8. Let f € Tpno [0, —1]. Then, for z =re?, 0 < 6; < 6y < 2w

02 TN
J, 25 peo o
where B = (1—p1) (m/2 — 1) + «, with p1 = (1/2)“.
Proof. Tt can easily be seen that
Vin,a [0, =1] C Vin (p1), for p1 = (1/2)%.
So, for g € V,,, (p1), there exists g; € V,,, such that
g(=) = (6(2)"" (218)
Also, for g1 € V,,, we have

= [ (z1(2)) m
/91 %{ e }d0> (2 1)77. (2.19)
We have h € P, which implies h(z) < ((1+42)/(1—2))" and so h(z) = (h1(2)),

h, € P.
We observe, for h; € P

0

9 arg hy (re'?) R{—iln hl(rew)}

00 90
_ 5 reh} (fela) .
h,l (7'819)
Therefore
b2 re'®n) (re'?) - -
—— A L df = arg hy (re'??) — arg hy (re'®
/91 §R{ P (rei®) } arg hy(re'”?) — arg hy (re'*),
and
0> ’I“Bwhll (reie) ” )
_ 02\ 161
max /@1 R {hl(reie) } do max |larg by (re'??) — arg hy(re )’ .

Since hy € P, it is known [25] that

2r
- 1—r2

1472
1—7r2

hl(z)

and so

2
larg by (2)] < sin™! <1 ! ) .

—r2
02 01 i0

/ %{7’6’%07;)}(19

o, hi(re?)

< 2sint (2
1—12

2
< w—?cos_l(l ! ) (2.20)

This gives us

max
h,€P

)
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For f € T, [0, —1] we can write

F(2) = (g,()" " (hi(2)™, p1 = (;) . 91 € Vi, b1 € P. (2.21)

Hence, from (2.18), (2.19), (2.20) and (2.21) together with some computations, it
follows that

[ {7

Remark 2.9. Tt has been proved in [10] by Kaplan that f satisfying (2.22) is close-to-
convex in D if and only if 8 = {(1 —p1) (2 —1) + @} < 1. Thus f € T o [0,—1] is

univalent in D for 2 < m <2+ fgl_p(f))’ with p; = (l) )

We shall now discuss the rate of growth of gth Hankel determinant L,(n) of
f(z) =24+ > anz™ € Tma[0,B], B €[-1,0), a € (0,1], and L,(n), ¢ > 1,n>11s
n=2
defined as

max
hi1€P

e (e 5=t o,

(2.22)
O

(07%% Ap+1 An+q—1
An+1 Apn+2 .
Ly(n) = . : . : , (2.23)
Up4q—1 QAniq Up4-2qg—2

Hankel determinant problem has been studied by several prominent researchers
in the past, see [4, 5, 12, 13, 14, 16, 20, 21].
Now, we prove

Theorem 2.10. Let f given by f(z) = z+ Z anz" and let f € P, [0,B], B €[-1,0)

with g € Vo [0, B], m > 2. Then, for k = 0 1,2, there are numbers vy, and cp,
(L=0,1,2,--- k) that satisfy |cro| = |ckx| =1 and
2
Zw <3, 0<m <y (2.24)
1=0
such that
> chutniy = O™, Br=p+ (5 —1) (1= p)+a—2, (n—00).
n=0

The bounds (2.24) are the best possible.

Proof. We can write
fz)=4g' (2)h(2),
where g € V,, [0, B] with B € [~1,0) and h(z) < (ﬁg) . Since g € Vin.a [0, B]

«
implies g C Vi, (p1), where p; = (1_13> :
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Thus, we have

F(2) =g ()" (m(2)", g1 € Vi, h €P. (2.25)

It is shown [3] that, for all m > 2, there exists a starlike function s and p € P such
that

24} (2) = s(z)(p(2)) (V). (2.26)
From (2.25) and (2.26), it follows that

s(z . (1—p1)
) = [“@(z»(z-l)} (hn (2))" (2.27)

Now s(z) can be represented by as
27 1
= log ————dv(t
) = zexp [ log )

where v(t) is an increasing function and v (27) — v(0) = 2. We here note the jumps
of v(t) asay > ag > -+ at t =tq, tg, ... and assume ¢t; = 0. Then a + as+ ... < 2
also a1 + ao+ ... + ay = 2, for some ¢, if and only if s(z) is of the form

= H —e'iz) = (2.28)

Following the similar arguments given in [21], we define

k -2

on(z) = [[ (1—e2) ™ = Zcmz :
p=1
and consider three cases. It is shown in [21] that the bounds (2.24) are the best

possible.
We use Lemma 1.7 to complete the proof. We write

br.2f (2 Z benz" Tk + Z n+ k) apnz"" (2.29)

where
n

brn = Z (n + U) Cr—vln—u,

v=0
@kn = Crutnip,  |Crnl = [Cri| = 1.
pn=0
Let s(z) in (2.27) be not of the form (2.28). Then a1 + as+ ...+ g <2 for g > 1
and in particular a; < 2

0< v < s Mo+m+...<3.

2
1+1
It can easily be shown [21] that, in each of three cases considered in [21],

Maz |61.5(2) = O(1) (1 = r) " (2.30)
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where

n , M+ +...<3

ST
and

1 2 1 k
5k:§mm mfnkaﬁ 3*];07% s

Thus, from (2.27), (2.29) and Cauchy integral formula, we proceed with m >
(2+ 12:;‘1) for p; = (ﬁ) and B € [-1,0).

1 1 [ _ m_1)(1— o
(k+n) lokn| < k[%/ B (5(2))' 7| Ip(2) (70O gz ‘w]
2—«a
4p1 1 [2" (m-2)0-p\] 2
< Smpmaxlons) |5 [ e )

(;ﬂ /0% hl(z)|2d0) %. (2.31)

Where we have used distortion result for starlike function s(z) along with the Holder’s
inequality. Now using Lemma 1.8 and (2.30), we obtain from (2.31)

(14 1) |agn| < Clm,a) (1 — r){—ﬁk—"/k—(%—1)(1—;71)—1—&-@} L (r— 1),

where C'(m, «) is a constant m > (2 + 12:;) with p; = (ﬁ) _
This implies, with r =1 — %7 N — 00
Qkn = O(l),n{7k+(%_1)(1—[)1)—%(1—2}’

where O(1) represents a constant.
The case when s(z) is of the form (2.28) follows on similar lines. O

We can now easily prove the following.
Theorem 2.11. Let the function f satisfy the conditions given in Theorem 2.10. Then,

«
foqul,nzlandm>2+12:§‘1 withplz(ﬁ) .

Ly(n) = 0(1)_n2+{(%—1)(1—p1)+a—2}q_
We note some special cases:
() B=-1, = (125) =(3)" a=1 Then, form >4
Ly(n) = 0(1) > (5 -3) -1},
(ii) Also L1(n) = a, and, from Theorem 2.5, we have

Li(n) = O(1).ni(#-1)0-p)ta}

e

for m > <2+ 12_75;) with p; = (ﬁ
For the case m = 2, we solve this problem separately as follows.
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Corollary 2.12. Let 5—: € Po with g € Voo [-1,0], € (3,1]. Then, forq>1,n>1
and m =2,
Ly(n) = O(1).n?* (=2,

Proof. Let g—: € Po with g € Voo [-1,0], @ € (3, 1]. Then

F1(2) = (91(2)) " h(2), g1 € Vs, hEP.

We take % = ¢}(2), and s(z) of the form (2.28) and in the case a; + s+ -+ = 2,
lZ:ow <3, 0<% < k%_l Also v = k%-l implies that k =¢—1, cn =as = - = o

So using distortion result for s(z) together with Cauchy’s theorem, we can write

4P2
(k+n) |agn| < Dy

2
[ lonsta i1 ds
0
by Holder’s inequality, this implies
1 1
4P2 1 2m B 2 1 2m . 2
()l < e |5 [ o as) (5 [T ae) L s
When we write |¢y.s(z)|> in the form (1.3) the exponent (—A;) satisfy
A< 2y, (E=1,2,...,q:k>0).

Hence, using Lemma 1.7, we have
2
/ |or.s(2)|* do < Cyn®* 71, (n — 00). (2.33)
0

Also, for « € (5,1], it follows from Lemma 1.8

1
2
27
/ Ihy(2)2* d8 < Con?=1, (n — o). (2.34)
0

Hence, from (2.32) to (2.34), we obtain
(n + k) lagn| < Cygnrto—t (2.35)
From (2.35), we have
apn = O(1).n"* T2 (n — o0).
Thus, forg>1,n>1
Ly(n) = O(1).n*e=2q, O
Particularly, when o = 1, L,(n) = O(1).n*79, and the exponent (2—q) is best possible,
1)

see [13]. C;, (1 =1,2,3), O(1) represents constants, and f is close-to-convex in D.
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Oscillatory behavior of a fifth-order differential
equation with unbounded neutral coefficients

John R. Graef, Hakan Aver, Osman Ozdemir and Ercan Tung

Abstract. The authors study the oscillatory behavior of solutions to a class of
fifth-order differential equations with unbounded neutral coefficients. The results
are obtained by a comparison with first-order delay differential equations whose
oscillatory characters are known. Two examples illustrating the results are pro-
vided, one of which is applied to Euler type equations.
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1. Introduction

In this paper, we are concerned with the oscillatory behavior of all solutions of
the fifth-order neutral differential equation

2O0) + q(t)z(o(t)) =0, >ty >0, (1.1)

where z(t) = x(t) + p(¢t)z(7(t)), and the following conditions are assumed to hold
throughout:

(C1) p, q: [to,o0) — R are continuous functions with p(t) > 1, p(¢t) £ 1 for all large
t, q(t) > 0, and ¢(t) is not identically zero for all large ¢;

(C2) 7, 0 : [tp,00) — R are continuous functions such that 7(t) < ¢, o(t) < ¢, 7 is
strictly increasing, and lim;_, oo 7(¢) = lims—, oo 0 (t) = 00;

(C3) h(t) :==171(o(t)) <t and limy_,o h(t) = oo, where 77! is the inverse function
of 7.
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By a solution of equation (1.1), we mean a function x € C ([t;, 00),R) for some
tz > to such that z € C® ([t,,00), R) and z satisfies (1.1) on [t,, 00). We only consider
those solutions of (1.1) that exist on some half-line [t,, 00) and satisfy the condition

sup{|z(t)| : Th <t < oo} >0 forany 17 >t,,

and moreover, we tacitly assume that (1.1) possesses such solutions. Such a solution
x(t) of (1.1) is said to be oscillatory if it has arbitrarily large zeros on [t,, 00), i.e.,
for any t1 € [t,,00) there exists to > ¢; such that z(t2) = 0; otherwise it is called
nonoscillatory, i.e., if it is eventually positive or eventually negative. Equation (1.1)
is termed oscillatory if all its solutions are oscillatory.

Recently there has been a great deal of work on the oscillation of solutions of
neutral differential equations. A neutral differential equation is a differential equation
in which the highest order derivative of the unknown function is evaluated both at the
present state t and at one or more past or future states. Besides its theoretical interest,
the study of neutral equations has some importance in applications; for example, see
Hale’s monograph [15] for some applications in science and technology.

Among numerous papers dealing with the oscillation of the solutions of third
and higher odd-order neutral differential equations, we refer the reader to the papers
[2,3,4,5,6,7,8,9, 10, 11, 14, 13, 16, 17, 21, 22, 23, 25, 26, 27, 28, 29, 30] and the
references cited therein as examples of recent results on this topic. However, except
for the papers [3, 4, 14, 30] in which third order equations are studied, the results
obtained in these other papers are for the case where p is bounded, i.e., the cases
0<pt) <pyo <1 -1 <py <pt) <0 0r0 < p(t) <py < oco. To the best
of our knowledge, there appears to be no results for fifth and/or higher odd-order
differential equations with unbounded neutral coefficients. The aim of the present
paper is to initiate the study of the oscillatory behavior of (1.1) and to provide new
results that can be applied not only to the case where p(t) — oo as t — oo but also to
the case where p(t) is a bounded function. Since the equation considered here is linear,
it is possible to extend our results to more general differential equations (see Remark
2.8 below). It is our belief that the present paper will contribute significantly to the
study of oscillatory behavior of solutions of fifth and higher odd-order differential
equations with unbounded neutral coefficients.

In the sequel, all functional inequalities are supposed to hold for all ¢ large
enough. Without loss of generality, we deal only with positive solutions of (1.1), since
if 2(t) is a solution of (1.1), then —z(¢) is also a solution.

2. Main results

We begin with the following auxiliary lemmas that are essential in the proofs of
our main results.

Lemma 2.1 ([1, Lemma 2.2.3]). Let f € C™ ([tg,0), (0,00)) such that ™) (t) f=1(¢)
< 0 fort >t for some ty > tg, and assume that lim;_, . f(t) # 0. Then for every
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A€ (0,1), there exists a ty € [tz,00) such that, for all t € [ty,00),

10> =gt |1 ).

Lemma 2.2. (Kiguradze and Chanturia [19]). Let the function f satisfy f&(t) > 0,
i=0,1,2,...,m and f("D(t) <0 eventually. Then, for everyl € (0,1),

)
£ > m

eventually.

To prove our results we will make use of the additional hypothesis:
(C4) There exist real numbers Iy, I3 € (0,1) such that

R S P £ G 0) S S
¢“”’pu1@)k ( (1) ) pvlﬁlwﬁl

R S P £ G 0) A S S
Pot) = p(r-1(0)) [1 ( T=1(t) ) p(Tl(Tl(t)))]

Y

0, (21)

Y

0, (22

and
1 1

‘pv1@>@‘pvlvlum>2“

for all sufficiently large t.

(2.3)

The following lemma is a consequence of a well known result of Kiguradze [18].

Lemma 2.3. Let conditions (C1)-(C3) be satisfied and assume that x is an eventu-
ally positive solution of equation (1.1). Then, there exists t1 € [to,0) such that the
corresponding function z satisfies one of the following three cases:

TM) z(t) >0, 2/(t) > 0, 2"(t) > 0, 2" (t) > 0, 2""(t) > 0, and 2°)(t) <0,

(I1) 2(t) >0, 2'(t) >0, 2"(t) > 0, 2"'(t) < 0, 2""(t) > 0, and 20 (t) <0,
(ITD) 2(t) > 0, 2/(t) <0, 2"(t) > 0, 2""'(t) < 0, 2" (t) > 0, and 2O)(t) <0,
fort>ty.
Theorem 2.4. Let conditions (C1)-(C4) hold and assume that there exists a function

n € C([to,00),R) such that h(t) < n(t) < t fort > to. If there exist constants
A1, A2 € (0,1) such that the first-order delay differential equations

w'(t) + %Wﬁ/ﬁ(J(t))h4(t)w(h(t)) =0, (2.4)
y'(t) + %Q(t)%(J(t))h4(t)y(h(t)) =0, (2.5)

and
¢'(t) + iQ(t)ws(U(t))(n(t) — h(t))*e(n(t)) =0 (2.6)

are oscillatory, then equation (1.1) is oscillatory.
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Proof. Let z(t) be a nonoscillatory solution of equation (1.1), say z(t) > 0, z(7(¢)) >
0, and z(o(t)) > 0 for t > t; for some t; > ¢o. Then, from Lemma 2.3, z(t) satisfies
one of cases (I)-(I1I) for ¢t > ¢;.

First, we consider case (I). From the definition of z, we have

a(t) = ——ow [(TH(0) —a(rT (1)
2(r7H(t)) 1

@) e ey W @D

1

Now 7(t) < t and 7 is strictly increasing, so 77! is increasing and ¢ < 771(¢). Thus,

7)) < 7). (2.8)
In view of (I) and Lemma 2.2 with m = 4, there exists t2 € [t1,00) such that, for
every l; € (0,1),

z(t) t
>1— fort>t
J) =ty TtE
which yields
2(t) ’_z’(t)n%z(t)<0
t4/l - 4/l =

i.e, z(t)/t*" is nonincreasing for ¢ > t,. Using the monotonicity of z(t)/t*/! it
follows from (2.8) that

I G G ) R G 0)
z(r7H(rTHe)) < (T_l(t))4/l1 )
Using (2.9) in (2.7) yields

z(t) > Py () z(r71(t)) for t > ty. (2.10)

(2.9)

Since lim;—, 0(t) = oo, we can choose t3 > to such that o(t) > to for all t > t3.
Thus, from (2.10) we have

z(o(t)) > Yi(a(t)z(r7 (o (1)) fort > ts. (2.11)
Using (2.11) in (1.1) gives
2O (t) + qO)vi(0(1)=(r~ (o (1)) < 0. (2.12)

Now z(t) > 0 and Z/(t) > 0 on [t3,00) C [t2,00), sO
Jim z(#) # 0,

and hence by Lemma 2.1 with n = 5 and case (I), for every A, 0 < A < 1, there exists
ty > t3 such that

A
2(t) > ﬂf‘,z””(t) for t > ty, (2.13)
from which we see that
A
2(r7Ho(1) > o

4(T_l(a(t)))4z////(7'_1(a(t))) for t > ts, (2.14)

[\N]
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where 771 (o (t)) > t\ for t > t5 for some t5 > ty. Using (2.14) in (2.12) yields

(1) + %q(t)wl(d(t))(fl(U(t)))“Z”"(T_l(U(t))) <0, (2.15)

for every A with 0 < A < 1. Letting w(t) = 2""(t), we see that w is a positive solution
of the first-order delay differential inequality

w'(t) + %q(t)wl(a(t))h4(t)w(h(t)) <0 fort>ts. (2.16)

It follows from [24, Theorem 1] that the delay differential equation (2.4) corresponding
to (2.16) also has a positive solution for all A\; € (0,1), but this contradicts our
assumption on Eq. (2.4).

Next, we consider case (II). Since z(t) > 0, 2/(t) > 0, z”(t) > 0, and 2"'(¢) < 0,
by Lemma 2.2 with m = 2, there exists t5 € [t1,00) such that, for every I5 € (0,1),

t t
2(t) >12§ for t > to,

Z(t) ~

which yields

e <0,

(z(t) ) _ 20— =)

t2/lz

i.e, z(t)/t?/!2 is nonincreasing for t > t,. Using the fact that z(t)/t?/!2 is nonincreasing,
it follows from (2.8) that

(r e w) " 2 )
(r=1(2))*/"

2(r7HrTH) < (2.17)

Using (2.17) in (2.7) yields
w(t) = o (t)2(r7(¢))- (2.18)
Using (2.18) in (1.1) gives
2O (t) + q()v2(0(1)2(r (o (t)) <0 (2.19)
for ¢ > t3 for some t3 > to. Now 2(¢) > 0 and z'(¢) > 0 on [t3,00) C [t2,00), s0
[lim z(t) # 0,

and hence by Lemma 2.1 with n = 5 and case (II), for every A, 0 < A < 1, there exists
ty > t3 such that

2(t) > %t‘lz”"(t) for t > t, (2.20)
217N o(1) = %(T’l(a(t)))%’”’(fl(U(t))) for t > t5, (2.21)

where 771 (o (t)) > t\ for t > t5 for some t5 > ty. Using (2.21) in (2.19) gives

(1) + %q(t)wz(a(t))(fl(J(t)))42”"(7_1(0'(t))) <0, (2.22)
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for every A with 0 < A < 1. Letting y(t) = 2”""'(t), we see that y is a positive solution
of the first-order delay differential inequality

1) + ral (o (NI DY(h(D) < 0 for t > 15, (2.23)

As in case (I), we conclude that there exists a positive solution y(t) of (2.5) for all
A2 € (0,1), which contradicts the fact that equation (2.5) is oscillatory.
Finally, we consider case (III). Since 2'(t) < 0, it follows from (2.8) that

A7) = 2(rTH (D),
and so inequality (2.7) takes the form
z(t) > ¢3(t)z(77 (1)) (2.24)
Using (2.24) in (1.1) gives
2D (t) + q(t)s(a(t))2(h(1)) <0 (2.25)
for t > t, for some to > t1. Since (—1)*2(*)(t) > 0 for k = 0,1,2,3,4 and 2)(t) < 0,

for to < u < w, we can easily see that

(U — u)4 "
o1 ? (v). (2.26)

Letting v = h(t) and v(t) = n(¢) in (2.26), we obtain

z(u) >

_ 4
(n() > PO IOL i),

and using this in (2.25), we arrive at

2(t) + iQ(t)%(U(t))(??(t) = h(t))*"" (n(t)) < 0.

With ¢(t) = 2""(t), we see that ¢ is a positive solution of the first-order delay
differential inequality

1
#(8) + 7a(O (o (1)) (n(t) - h(t)) e (n(t)) < 0. (2.:27)
As before, we conclude that equation (2.6) has a positive solution, which is a contra-
diction. This completes the proof of the theorem. O

It is well known from [20] (see also [1, Lemma 2.2.9] that if

t
1
liminf/ a(s)ds > —, (2.28)
9

t—o00 (t) e
then the first-order delay differential equation
z'(t) +a(t)z(g(t)) =0 (2.29)

is oscillatory, where a, g € C([to, 0), R) with a(t) > 0, g(t) < t, and lim;—, o g(¢) = o0.
Thus, from Theorem 2.4, we have the following oscillation result for equation (1.1).
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Corollary 2.5. Let conditions (C1)-(C4) hold and assume that there exists a function
n € C([to,00),R) such that h(t) < n(t) <t fort>to. If

lim inf /h L A ()ds > 2?4 (2.30)
litrg(i)gf . q(s)2(o(s))h*(s)ds > %, (2.31)

and ,
it [ (o)) 0(s) — h(s) s > T (2:32)

n(t

then equation (1.1) is oscillatory.

Proof. From (2.30), one can choose a positive constant A\; with 0 < A; < 1 such that

lim inf Ay /h a(s) 1 (o(s))h4 (s)ds > % (2.33)

t—o0 (t)

Now, in view of (2.28)—(2.29), inequality (2.33) ensures that equation (2.4) is oscil-
latory. Again, in view of (2.28)—(2.29), inequalities (2.31) and (2.32) guarantee that
equations (2.5) and (2.6) are oscillatory, respectively. So, by Theorem 2.4, the con-
clusion of Corollary 2.5 holds. O

We conclude this paper with the following examples and remarks to illustrate
the above results. Our first example is concerned with an equation with bounded
neutral coefficients in the case where p is a constant function; the second example is
for an equation with unbounded neutral coefficients where p(t) — co as t — oo.

Example 2.6. Consider the fifth-order differential equation of Euler type
[2(t) + 1282(£/2)]®) + %x(t/@ =0, t>1. (2.34)
Here p(t) = 128, q(t) = qo/t5, 7(t) = t/2, and o(t) = t/6. Then, it is easy to see that
conditions (C7)—(C3) hold, and
Yty =2t, 771 (7 (t)) = 4t, and h(t) =t/3.
Choosing l; = lo = 2/3, we see that
P1(t) = 1/28, o(t) = 15/2' and 4s(t) = 127/21,

i.e., condition (C4) holds. With n(t) = t/2, we have h(t) < n(t) < t for ¢ > 1. Then,
by Corollary 2.5, Eq. (2.34) is oscillatory for

211 5 214 4 221 5 221 5
3 3 3 } 3 21207 x 10°,

do > max{ eln3’ 5eln3’ 127eln2f  127eln2

Example 2.7. Consider the equation

[2(t) + tz(t/2)]® + (j—gx(t/él) =0, t>128. (2.35)
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Here p(t) = t, q(t) = qo/t*, 7(t) = t/2, and o(t) = t/4. Then, it is easy to see that
conditions (C1)—(C3) hold, and

7 ) =2t, 7777 (t)) = 4t, and h(t) =t/2.
Choosing l; = lo = 1/2, we see that
P1(t) > 1/4t, o(t) > 31/64t and 3(t) > 511/2',

so (C4) holds. With n(t) = 2t/3, it is easy to see that all conditions of Corollary 2.5
hold, and so Eq. (2.35) is oscillatory if
3_27 3.211 35.215 } 215.35

, , = ~ 14138.
eln2’ 3leln2’ 511eln 3 511leln 3

qo > max{

Remark 2.8. The results of this paper can be extended to the fifth-order differential
equation with unbounded neutral coefficients

(r(®) ")) +a()a’ (o (1) =0, =1t >0,

under each of the conditions

/ Tﬁl/v(t)dt =0

to
or
o0
/ Y () dt < oo,
to
where r € C ([tg, 00), (0,00)), v and S are the ratios of odd positive integers, and the
other functions in the equation are defined as in this paper.

Remark 2.9. Since it is known that p(¢t) = —1 is a bifurcation point for the behavior
of solutions of neutral differential equations (see [12, 13]), it would be of interest to
study the oscillatory behavior of all solutions of (1.1) for p(t) < —1 with p(t) #Z —1
for large t.

References

[1] Agarwal, R.P., Grace, S.R., O’'Regan, D., Oscillation Theory for Difference and Func-
tional Differential Equations, Kluwer, Dordrecht, 2010.

[2] Baculikovd, B., Dzurina, J., Oscillation of third-order neutral differential equations,
Math. Comput. Model., 52(2010), 215-226.

[3] Chatzarakis, G.E., Dzurina, J., Jadlovskd, 1., Oscillatory properties of third-order neutral
delay differential equations with noncanonical operators, Mathematics, 7(2019), no. 12,
1-12.

[4] Chatzarakis, G.E., Grace, S.R., Jadlovskd, I., Li, T., Tung, E., Oscillation criteria
for third-order Emden-Fowler differential equations with unbounded neutral coefficients,
Complexity, 2019(2019), Article ID 5691758, 1-7.

[5] Chen, Da-X., Liu, J.-C., Asymptotic behavior and oscilation of solutions of third-order

nonlinear neutral delay dynamic equations on time scales, Canad. Appl. Math. Quart.,
16(2008), 19-43.



Fifth-order differential equation 825

[6] Das, P., Oscillation criteria for odd order meutral equations, J. Math. Anal. Appl.,
188(1994), 245-257.

[7] Dosla, Z., Liska, P., Comparison theorems for third-order neutral differential equations,
Electron. J. Differ. Equ., 2016(2016), no. 38, 1-13.

[8] Dzurina, J., Grace, S.R., Jadlovska, 1., On nonexistence of Kneser solutions of third-
order neutral delay differential equations, Appl. Math. Lett., 88(2019), 193-200.

[9] Grace, S.R., Graef, J.R., El-Beltagy, M.A., On the oscillation of third order neutral delay
dynamic equations on time scales, Comput. Math. Appl., 63(2012), 775-782.

[10] Grace, S.R., Graef, J.R., Tung, E., Oscillatory behavior of third order nonlinear differen-
tial equations with a nonlinear nonpositive neutral term, J. Taibah Univ. Sci., 13(2019),
704-710.

[11] Graef, J.R., Savithri, R., Thandapani, E., Oscillatory properties of third order neutral
delay differential equations, Proceedings of the Fourth International Conference on Dy-
namical Systems and Differential Equations, May 24-27, 2002, Wilmington, NC, USA,
342-350.

[12] Graef, J.R., Spikes, P.W., Some asymptotic properties of solutions of a neutral delay
equation with an oscillatory coefficient, Canad. Math. Bull., 36(1993), 263-272.

[13] Graef, J.R., Spikes, P.W., Grammatikopoulos, M.K., Asymptotic behavior of nonoscilla-

tory solutions of neutral delay differential equations of arbitrary order, Nonlinear Anal.,
21(1993), 23-42.

[14] Graef, J.R., Tung, E., Grace, S.R., Oscillatory and asymptotic behavior of a third-order
nonlinear neutral differential equation, Opuscula Math., 37(2017), 839-852.

[15] Hale, J.K., Theory of Functional Differential Equations, Springer-Verlag, New York,
1977.

[16] Jiang, Y., Jiang, C., Li, T., Oscillatory behavior of third-order nonlinear neutral delay
differential equations, Adv. Differ. Equ., 2016(2016), Article ID 171, 1-12.

[17] Karpuz, B., Ocalan, O., Oztiirk, S., Comparison theorems on the oscillation and asymp-
totic behaviour of higher-order neutral differential equations, Glasgow Math. J., 52(2010),
107-114.

[18] Kiguradze, I.T., On the oscillatory character of solutions of the equation d™u/dt™ +
a(t)|u|™ signu = 0, Mat. Sb. (N.S.), 65(1964), 172-187.

[19] Kiguradze, I.T., Chanturia, T.A., Asymptotic Properties of Solutions of Nonautonomous
Ordinary Differential Equations, Kluwer, Dordrecht, 1993, Translated from the 1985
Russian original.

[20] Koplatadze, R.G., Chanturiya, T. A., Oscillating and monotone solutions of first-order
differential equations with deviating argument (in Russian), Differ. Uravn., 18(1982),
1463-1465.

[21] Li, T., Rogovchenko, Yu. V., Asymptotic behavior of higher-order quasilinear neutral
differential equations, Abstr. Appl. Anal., 2014(2014), Article ID 395368, 1-11.

[22] Mihalikovd, B., Kostikovd, E., Boundedness and oscillation of third order neutral differ-
ential equations, Tatra Mt. Math. Publ., 43(2009), 137-144.

[23] Moaaz, O., Awrejcewicz, J., Muhib, A., Establishing new criteria for oscillation of odd-
order nonlinear differential equations, Mathematics, 8(2020), no. 5, 1-15.

[24] Philos, Ch. G., On the existence of nonoscillatory solutions tending to zero at oo for
differential equations with positive delays, Arch. Math. (Basel), 36(1981), 168-178.



826 John R. Graef, Hakan Avel, Osman Ozdemir and Ercan Tung

[25] Saker, S.H., Graef, J.R., Oscillation of third-order nonlinear neutral functional dynamic
equations on time scales, Dynam. Syst. Appl., 21(2012), 583-606.

[26] Sun, Y., Hassan, T.S., Comparison criteria for odd order forced nonlinear functional
neutral dynamic equations, Appl. Math. Comput., 251(2015), 387-395.

[27] Sun, Y., Zhao, Y., Oscillatory behavior of third-order neutral delay differential equations
with distributed deviating arguments, J. Inequal. Appl., 2019(2019), Article ID 207, 1-16.

[28] Thandapani, E., Li, T., On the oscillation of third-order quasi-linear neutral functional
differential equations, Arch. Math. (Brno), 47(2011), 181-199.

[29] Thandapani, E., Padmavathy, S., Pinelas, S., Oscillation criteria for odd-order nonlinear
differential equations with advanced and delayed arguments, Electron. J. Differ. Equ.,
2014(2014), no. 174, 1-13.

[30] Tung, E., Oscillatory and asymptotic behavior of third-order neutral differential equations
with distributed deviating arguments, Electron. J. Differ. Equ., 2017(2017), no. 16, 1-12.

John R. Graef

University of Tennessee at Chattanooga,
Department of Mathematics,
Chattanooga, TN 37403, USA

e-mail: John-Graef@utc.edu

Hakan Avci

Samsun University,

Department of Basic Sciences,
Faculty of Engineering,

Samsun, Turkey

e-mail: hakan.avci@samsun.edu.tr

Osman Ozdemir

Tokat Gaziosmanpaga University,
Department of Mathematics,
Faculty of Arts and Sciences,
60240, Tokat, Turkey

e-mail: osman.ozdemir@gop.edu.tr

Ercan Tung

Tokat Gaziosmanpasga University,
Department of Mathematics,
Faculty of Arts and Sciences,
60240, Tokat, Turkey

e-mail: ercantunc72@yahoo.com



Stud. Univ. Babes-Bolyai Math. 68(2023), No. 4, 827-836
DOLI: 10.24193/subbmath.2023.4.11

Existence results for some classes of differential
systems with ”maxima”

Elisabetta Mangino and Eduardo Pascali

Dedicated to the memory of Prof. Antonio Avantaggiati
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1. Introduction

In this short note we consider a class of functional differential equations (and
systems) that can be used to describe complex evolutionary phenomena in which the
future behaviour depends not only on the present state but also on the past history.
The model problem is an initial value problem (IVP) associated with a modified
logistic equation which contains the maximum of the square of the unknown function
over a past interval:

{x(t) = z(t) — maxg  2*(s) t > 0; (11)

z(0) = g

where zg € R.

As it is emphasized in the book [3], the application of the classical logistic equa-
tions in the setting of experimental sciences entails two order of difficulties: on one
hand the necessity of experimentally setting some of the parameters appearing in the
equation, and on the other hand the fact that the derivative changes sign exactly
when a certain value of the function is reached. To tackle with the second problem,
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often an apriori set delay 7 is considered in the equation. It is evident that there
are situations in which neither the delay nor the parameters can be determined on
an experimental base. The problem (1.1) seems to be more appropriate to deal with
those cases.

Analizing (1.1), it is obvious that, if o = 0 (resp. g = 1), then the constant
function z = 0 (resp. = 1) is a solution. Moreover, if z € C1([0,T7]) is a solution of
(1.1), we observe that:

o if xg < 0 or xg > 1, then £(0) < 0. Therefore, in a neighbourhood of 0, &(t) < 0
and the equation reduces to i(t) = z(t) — z3.
o if 0 < zg < 1, then £(0) > 0. Therefore, in a neighbourhood of 0, &(¢) > 0 and

the equation reduces to the well know equation #(t) = x(t) — 2(t).

These easy considerations show that the problem (1.1) somehow ”contains” two
different types of problems, on the basis of the initial value.

Moreover the IVP (1.1) features also the following strange behaviour. Let ty > 0
and assume that 0 < x; < 1: then a solution of the following IVP

() = z(t) — r[r(l)a?wg(s) to <t; x(ty) =1 (1.2)
ot
could be an extension of a solution either of the IVP
x(t) = z(t) — I%éaich(s) 0<t x(0)=uyo (1.3)
t
or of the IVP
() = z(t) — I[r(l)a?xz(s) 0<t x(0)=z (1.4)
ot

for suitable 0 < yo < 1, 1 < zp. This "uncertainty” situation for a solution x = x(t)
could appear at all time ¢ > 0 for which 0 < z(t) < 1.
More generally, we are going to consider the system

#(1) = £ (1,20, max g1 (@ (9)), o max g(en(s))),  £20

s€[0,t] (1.5)
x(0) = xg

where 7o € R™, f € C([0, +oo[xR?™ R™) and is locally Lipschitz with respect to
the second variable and the functions g; € C(R) are locally Lipschitz on R, for every
t=1,...,m.

This type of systems belongs to the class of systems of differential equations with
"maxima’. Much attention has been paid to this type of equations and systems in
the last years. Without any pretensions to being exhaustive, we recall only the recent
papers [1, 4, 6, 5, 7], while we refer to the monograph [2] for a survey of motivations
and techniques on the subject. In particular, Section 3.3 of [2] is devoted to the study
of IVP associated with scalar differential equations of the type

{a'c(t) = f(t,x(t), max,cpo g x(s))  t>0

o0)—n0 (1.6)

Clearly, even in the scalar case, the class of problems (1.5) is wider than (1.6).
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Our aim is to provide first, via fixed point theory, a local esistence and uniqueness
result for the general system (1.5). Afterwards, in particular situations as (1.1) and
for systems of the type

(t) = (t) — maxsepo, y(s) or (t) = x(t) — max,efo, y*(s)

§(8) = y(t) — maxeepo o(s) §(t) = y(t) — maxye o, 22(s)

we will provide more precise existence results by the use of Peano-Picard’s approxi-
mation.

2. Local existence results via contraction theorem
We start with two remarks that will help along the proofs of our results.
Remark 2.1. Let g,h € C([a,b]). Then

max ¢ — maxh| < max|g — hl.
‘ la,b] g [a,b] | T and] |g |

Indeed, assume that maxi, 5 g > maxp, ;) h and let zo € [a,b] such that

a9 = 9lwo):

Then,

\I[r;ab?g - r[rﬁ?hl = g(xo) — maxh < 9(@o) — h(wo) = |g(x0) — h(zo)| < max |h —gl.

Remark 2.2. Let g € C([a,b]). Then the function

h(s) = max ¢(7), s € [a,b]
T€[0,s]

is continuous. Indeed let sy € [a,b]. Fix € > 0 and consider § > 0 such that
lg(T) —g(s)| < eif |[T—s| <.
For any sg < s < sg+49, it can happen that h(s) = h(sg) or that h(s) = g(7) for some
T € [so0, s]. In the first case obviously h(s) — h(so) < &, while in the second case
[7(s) = h(s0)| = R(s) = h(s0) < g(T) = g(s0) <e.

Therefore lim,_, .+ h(s) = h(so).

If so — 0 < s < s, then h(sg) = h(s) or h(sg) = g(7) for some T € [s, so]. In the
last case,

|h(s) = h(so)| = h(so) — h(s) < g(T) — g(s) <e.
So we get that lims_mg h(s) = h(so).
Theorem 2.3. Let xp € R™, f € C([0,+0o[xR?*™ R™) and locally Lipschitz with

respect to the second variable and g; € C(R) locally Lipschitz on R, for every i =
1,...,m.
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Given a >0 and T > 0, set
Ma T =

)

:max{||f(t7u,v)|| 1t €[0,T],u € [zo —a,x0+ ] v € Hgi([xo —a7xo+a])}
i=1

and assume My > 0. Let Lo > 0 and Lo > 0 be such that for every t € [0,T],
ui,up € [x9 — a, o + a|™, vi,v2 € [t gi([xo — a, o + @]) and for every z,y €
[xo — o, 20 + Q]

I[f(t, ur,v1) = f(t,uz,v2)|| < Lar(|lur — v1]] + [Juz — v2])

|9i(z) = 9i(y)| < Lalz —yl-

Then, for every

_ a 1
0 < T < min , , T
{Ma,T La’T(l + La\/m) }

there exists x € C1([0, T]); R™) unique solution of the IVP (1.5).

Proof. We will apply the Banach Fixed Point Theorem.
Indeed, observe first that the existence of a C! solution of problem (1.5) is
equivalent to the existence of a continuous solution of the integral problem

t
x(t) = xo +/ f(s,x(s), max g1(x1(7)),..., max gm(xm(r))>ds. (2.1)
0 T€[0,s] 7€[0,s]
Fix
— « 1
T i T
0< < mln{Ma,T’ La,TLoz\/m, }

and consider the map F : C([0, T];R™) — C([0, T]; R™) defined by

F(z)(t) = a0+ /0 f(s, x(s), rrél[%,)i} g1(z1 (7)), ... ,Trél[%,)i] gm(xm(r)))ds

and the ball
X = {x e C([0,T);R™) | ||z(t) — zo|| < a Vte [of]}.

Clearly X is a complete metric space, with respect the the distance induced by the

norm of C([0, T];R™):

l[z]loc == sup [lz(®)[, =€ C([0,TR™).
t€[0,T]

If x € X, then
|1F'(z) = zolloo

< oiltlET/ot f(s,x(s), max_g1(x1(7)),..., max gm(mm(T)))Hds

T€(0,s] 7€[0,s]
< TMO(,T <a.
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Hence F(X) C X. On the other hand, for every z,y € X, it holds
I|1F(z) = F(y)lls
< TLa,T(Hx = Ylloo

+ ma ma x S .., MaxX gm(Tm
Sﬂo%n(re[ofi]gl( () s (7))

- (fél[%fi] g1(y1(7)),-- -, max, gm(ym(T)))ll

IA

TLa (|2 =yl + Vim max miax| max gi(z:(r))) = max gi(v:(r))])
se€[0,T] =1 7€[0,s] T€[0,s]

< TLair (|l =yl + Vi max |gi(2:(7)) = 9iCui(r)])

< TLor(1+ vmLe)||z — y||co-

Therefore F' is a contraction on X and it has a unique fixed point. O

Remark 2.4. The previous result applies, for example, to the following types of prob-
lems

z(t) = a(t)x(t) — B(t) srél[%,}%] 22(s) 0<t; 2(0) = xo;

&(t) = a(t)x(t) — B(t) srél[%ﬁ] z(s) 0<t; x(0)=xo;

(1) = a(t)r(t) - B1) max |a(s)] 0 <t 2(0) =0,

under suitable conditions on the functions «, 3.

3. Existence proofs with approximations

Theorem 3.1. Consider the following problem
() = x(t) — max,ep g 2°(s) t>0;
x(0) = o

with xg # 1. Let a > 1 and

a—1
a(l+ alzg])”
Then there exists a unique solution x € C1([0,T*]) of (3.1).

0< T <

Proof. We prove the existence of a solution via Peano-Picard’s approximations. Set
2o(t) = xo for every t > 0 and define

t

¢
2, (t) = x0 +/ Tp_1(8)ds — max z2_,(n)ds t€[0,T], n>1
0 o m€l0,s]

It immediate to prove that

xn(t) = xogn(t) Yn e N,t>0 (3.2)
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where g = 1 and

t t
gn(t) =[1 +/ gn-1(8)ds — xo/ I[Iéa)]([gn_l(n)]st].
0 o [0
By induction, using the choice of T%, we easily get that
Vn €Nt €[0,T7] [gn(t)] < a,

and, as a consequence, that

[1— 20| (14 2alxgl) ittt
+ 20z (n+1)!

PARIOEPACIES

Then the sequence (gy,), is uniformly convergent on [0,7*] and therefore also the
sequence (Zy )y is uniformly convergent on [0,7]. It is immediate that its uniform

limit is the solution of the problem (3.1).

Remark 3.2. It is worth noticing that
T" < max L.
a>1 a(l + a|zgl)
We consider now the following system
() = z(t) — maxseo,g Y(s)
y(t) = y(t) — maxsepo,q (s)
z(0) =z y(0) = yo
with zg, yo € R. We remark that (3.3) is equivalent to the functional system
z(t) = xo + fg x(s)ds — fot max co,s] 4(7)ds,
t i
y(t) =Y + fo y(s)ds - f() maxrejo,s) :E(T)ds,

The following theorem holds.

O

(3.4)

Theorem 3.3. Assume that xg > 0, yo > 0 and xg # yo. Then for all T > 0 there

exists a unique solution (z(t),y(t)) € C1([0,T])? of the system (3.3).

Proof. Assume 0 < yg < zo and consider the sequences of functions (z,) and (y,)

defined on [0, 4+o00[ by

zo(t) =0 yo(t) =wo

Tnsa(t) = 70 + / (n(s) — o)ds

i () = w0 + / (yn(5) — 2 (5))ds

It holds that, for every n € N and for every ¢t > 0, x,,(t) > yo and y,(t) < z,(¢).
Indeed, the assertion is obviously true if n = 0. Assuming that z,(t) > yo and



Differential systems with "maxima” 833
Yn(t) < 2, (1) for every t > 0, we get that
t
Tpt1(t) — Yo = To — Yo +/ (zn(s) — yo)ds > 0,
0

t
2t (6) = v (6) =20 = 90+ [ (@0(5) ~ yuls))ds <0
0
As a consequence we get that, for every n € N, 4, > 0 and ,, < 0 and consequently

I[%a?x(ﬂ = z(s), max Yn(7) = yn(0) = yo.

Therefore, for the sequences (x,,) and (y,), it holds that

¢ ¢
Tt (t) = xg —|—/ Tn(s)ds — / max yn (7)ds,
0 o [0,9]

¢ t
Yna1(t) = yo + / Yn(s)ds — / max x,, (7)ds,
0 0

0,5]

By induction, one can prove that for every n € N and every t > 0

tn-{—l
n t) — nt S - Y
s () = 200)] <l — w0l
n+1
[Yn-+1(8) = yn (B)] < o — ol T—

Hence the sequences (z,,) and (y,) are uniformly convergent on [0,7] to continuous
functions oo = oo (t) and Yoo = Yoo (t) and the couple (20, Yoo ) is the unique solution
of the functional system (3.4). O

Remark 3.4. It is worth observing that the proof fails if g = yy. Moreover the proof
highlights the difference with the system

o(t) = x(t) —y(t)
y(t) = y(t) — x(t).
Remark 3.5. More interesting seems to be the study of the following general system
(t) = a(t)x(t) — b(t) max,efo, y(s)

y(t) = c(t)y(t) — d(t) maxsejoq 2(s)
z(0) =20 >0, y(0)=yo>0

f)
£)

where the functions a, b, ¢, d are continuous, non negative and defined on the interval
[0,T].
If the functions a, b, ¢, d are constant, one can prove the following partial results.
If A=axg—byyg <0, B=cyg—drg<0anda>0, c>0,then a solution is
the following couple of functions

1 1
x(t) = xo +Aa[eat —1] y(t) =yo +BE[€Ct —1].
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and therefore more information follow. For example we have that

1 byo 1 dxg
) =0t =-log 22 ) =0t =-log—2.
z(t) 2 %8 A y(t) 218 g

For different situations, such as A > 0,B < 0,or A< 0,B >0,0or A>0,B >0 an
explicit representation for the solution is not available.

Next we consider the following problem, for ¢ > 0

(t) = x(t) — maxsep,q > (s)

y(t) = y(t) — maXseio,t] 952(3)

x(0) = zg > 0, (3:5)
y(0) = yo >0

Theorem 3.6. If T, cy > 0 satisfy

lzo| + |20 — Yo |T < co, |yo| + |vo — 23|T < co;
lzo| + coT + T < o, |yol + coT + T < co.

then there exists (z,y) € C1([0,T]; R?) unique solution of the IVP (3.5)

Proof. The initial problem (3.5) is equivalent to the following functional system:

t ¢
x(t) = xo + / x(s)ds — max y%(n)ds;
0 o n€l0,s]
t t
y(t) = yo +/ y(s)ds — max 1’2(77)d5.
0 0 nEl0,s]

As usual, we define the sequences of functions (z,) and (y,) on [0, +oo] by:
zo(t) = wo, yo(t) = yo

t t
Tp+1 = o +/ T (s)ds _/ max yy ()ds
0 0

n€lo,s]
¢ t
Ynt+1 = o +/ ZTn(s)ds — max 2 (n)ds.
0 0 n€[0,s]

Under the assumptions, it is immediate to prove by induction that

|z, ()] <co, |yn(t)|<coy VYneEN, t>0.

Consequently
n+1
Co
co tn-}-l
n+1(t) —yn(t)| < = (14 2¢0)" —.
rer(t) — (8] < P+ 200"
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Indeed, the last assertion is immediately true if n = 0. Assuming it for n, we get that

|[Znt1(E) = zn(t)]

< /Ot |2 () — o1 (t)]dt + /Ot

max y2(n) — max y2_;(n)|ds

n€lo,s] n€l0,s]

Co n—1 tnt /t 2 2
<—=(1+2 —_— — d
s +20)" Ty + ) I[réf?fw” Y| ds
<C£<1+20 )7L—1£+20 /tmax| — | ds
-7 0 (n+1)! 0 o [0,s] Yn = Yn—1

n+1

Co
<—(14 2¢y)™ .
s+ 20) (n+1)!

Hence the sequences (z,,) and (y,) are uniformly convergent to continuous functions
Zoos Yoo defined in the interval [0, T, that solve the functional system. O

Remark 3.7. The methods we have considered could also be applied to investigate
a version of Lotka-Volterra systems (see [8, 9] for the first steps in the study of the
classical situation) with ”maxima”, namely

@(t) = x(t) — nax z(s)y(s);  ylt) =yt) + Inax z(s)y(s).

or other analogous equations and systems.
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and delay term
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Abstract. As a continuity to the study by M. Kafini [24], we consider a loga-
rithmic nonlinear wave condition with delay term. We obtain a blow-up result of
solutions under suitable conditions.
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1. Introduction

In this paper, we are concerned with the blow-up in finite-time of solutions for
the initial boundary value problem:

u — Au+ [° g(t — s)Au(z, s)ds + prug(z, t)
+poug(z,t —7) = ulu[P~2In|ulf, in Q x (0,00), (1.1)
u(z,t) =0, x €N,
and the initial conditions
ut(x,t —71) = fo(z,t —7), in (0,7),
u(z,0) = up(x), u(xz,0) =uy(z), =€ Q.

where u = u(z,t), t > 0, z € Q, A means the Laplacian administrator regarding
the = variable,  is an ordinary and limited area of R", n > 1, p > 2, k, 1, are

positive constants, po is a genuine number, 7 > 0 speak to the time delay. The
capacity g : RT — R is a bounded C" function, the unwinding capacity exposed to
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conditions to be determined and wug, u1, fo are given capacities having a place with
reasonable spaces.

Presenting the defer term pou.(x,t — 7) makes the issue unique in relation to
those considered in the writing.

In [24] the nonappearance of the viscoelastic term (g = 0), the issue has been
widely examined and numerous outcomes concerning neighborhood presence result
has been set up utilizing the semigroup hypothesis. Likewise, for negative introductory
energy, a limited time explode result is demonstrated. For example, for the condition

gt — A+ prug(x,t) + poug(z,t —7) = wlu/P 2 Inful, in Qx (0,00). (1.2)
In [22], Han studied the global existence of weak solutions for the initial boundary
value problem
e — Au+u —uln|ul? +up +ulul®> =0, in Q x (0,T),
u(z,t) =0, z €I, (1.3)
u(x,O) = UO(Z'), ut('rao) = U1($), z €.
where 2 is a smooth bounded domain in R3. The model (1.1) is closely related to the
following equation with logarithmic nonlinearity
Ugp — Ugz +u —euln |ul? +u; =0, in O x (0,7T),
u(z,t) =0, z €00, (1.4)
u(z,0) = uo(z), w(z,0)=ui(x), =€O.
where O = [a, b], the parameter € € [0, 1] [22].
The remainder of our paper is coordinated as follows. In section 2, we review
the documentation, speculations, and some fundamental primers. In section 3, we

demonstrate the globale nonexistence result utilizing the semigroup hypothesis [24].
In section 4, we present the statement and the proof of our main blow-up result.

2. Preliminaries and assumptions

In this section, we give notations, hypotheses, (.,.) and |.|[, denote the inner
prodution in the space L () and the norm of the space LP (), respectively. For
breviy, we denote |||/, by ||| .

For the relaxation function g we assume the following.
(G) : We assume that the function g : RT — R is of class C! satisfying:

1= [ gt =1>0. g =0. g <0
0

and under the assumption
p1 = |pel .
By using the direct calculations, we have

| ot = 5) (T ). V) ds = = a(o) [ 0 + 506" 0 Tu))

e w0 - ([ oas) Ivuog]

N | =
Q“g‘
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where

(gou)(t) = Aoo g(t = 5) lu(t) = u(s)|3 ds.

3. Local existence

We introduce the variable

z(x, p,t) = u(z, t — 7p), (x,p,t) € Qx(0,1) % (0,00).

Consequently, we have
Tz(x, p, t) + 2p(z, p,t) =0, (z,p,t) € Qx(0,1) x (0, 00).

Therefore, problem (1.1) is equivalent to:

ug(w,t) — Au(z, t) + [° g(t — s)Au(z, s)ds + prug(x, t)

tuoz(z,1,t) = u(z, t)|u(z, t)[P2In|u(x, t)|*, in Q x (0,00),

Tz¢(z, p,t) + 25(x,p,t) =0, 2€Q, pe(0,1), t>0,

and the initial conditions
z(x,1,t) = fo(z,t — 1), in Q x (0,1),

u(z,t) =0, z€ N x(0,00),
u(xz,0) = up(x), u(z,0) =uyi(z), x € .

Let v = u; and denote by
@ = (u,v, Z)Ta ®(0) = @9 = (uo, u1, fol., _pT))T7
Then ® satisfies the problem

0P+ AD = J(P)
®(0) = Do,
where the operator A : D(A) — H is defined by

—v
A® = [ —Au+ pv+ pez(1,) + [ g(t — s)Au(z, s)ds
T2
and .
J(®) = (0, ululP2njul¥, 0)" .
We introduce the following Hilbert space:

H = (Hy(Q)NLZ(RY, Hy(Q))) x L*(Q) x L*(Q x (0,1)),

839

(3.1)

(3.2)

where L2(R*, Hj(2)) denotes the Hilbert space of Hj-valued functions on R*, en-

dowed with the inner product

<¢7’9>L§(R+,H5(Q)) :/Q/O g (t —s)Vo(x, s)VI(z, s)dsdz.
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We define the inner product in the energy space H,

1 o0
<<I>,<I>> :/(vuvﬂ—&—vﬂ)daz—i—ﬂuﬂ/ /zdedp+// g(t—s) v u<y udsdr,
H Q 0 Jo QJo

for all ® = (u,v, 2)T and P = (6,7,2)T in H. The domain of A is

{ deH: ueH(QNLYRT, Hj(Q), ve Hy(Q), 2(1,.) € L*(Q), }

D(A) = z, z, € L2 (2 x (0,1)), 2(0,.) = v.

Lemma 3.1. [24] For every €, there exists A > 0, such that the real function

j(s) =|sP2In|s|, p>2,
satisfies
7 (s)] < A+ [s[P72e.

We have the following existence and uniqueness result:

Theorem 3.2. Assume that py > |ua| and p be such that

2<p<oo if n=1,2,
2 <p< Aozl if n> 3.

Then for any ®o € H, problem (3.2) has a unique weak solution ® € C([0,T];H).
Proof. First, for all ® € D(A), we have

(3.3)

—U u
(A®,®),, = < —Au+ pv + pgz(l + IS 9t = s)Au(z,s)ds |, | v >

?Zp z

/ vuvvdm—i—/ { Aupv+pzz(1, )—&—/Oo g(t—s)Au(x,s)ds} dx

+|H2|/ /zzpdxdp+// (t— s) v uy vdsdz
:Nl/ o] d$+u2/vz(1,.)dx+M/|Z(1’_)|2d |M2|/| 2 da
a Q 2 Ja
+/U(x,t) (/ g(ts)Au(x,s)d5> dx
Q 0

[ ] a9 9 0t 7 viesydsde (3.4)

Looking now at the last term on the right-hand side of (3.4), we have

|m//%xpxmm~mv/28 (. p)dpd

= |u22|/Q (ZZ(I, 1) — 22(9:,0)) dz.

= |,u22|/Q (z%(z,1) — v?) da.
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Using Young’s inequality, estimate (3.4) becomes

TN TN

By combining all the estimates,

(A0 ), > = lal) [ ol do+ 5 [ o) (Vute.0)? do
—f// 't — s) (Vu(z, t) — Vu(z, s))* deds

> 0.
Therefore, A is a monotone operator.
Next, we prove the operator A is maximal. It is sufficient to show that the operator

(I + A) is subjective. Indeed, for any F = (fl,fQ,fg)T € H , we prove that there
exists a unique V = (u,v, 2)T € D(A) such that

(I+AV =F
Or, equivalently
u—v = fi
v—Au~+ v+ pez(l,.) + / g(t — s)Au(z,s)ds = fo (3.5)
0
Tz+2, = Tf3.

Noting that v = u — f;, we deduce, from (3.5),, that

z2(p,.) =(u— f1)e T + 71T /Ot fa(r,.)e7 dy. (3.6)
Substituting (3.6) in (3.5),, we obtain
ou — Au + /OO g(t — s)Au(z, s)ds = fa, (3.7)
where, ’
c=1+pr+pue">0, G=fot+ofy —Tu2e™ " /01 fa(1,.)e"dy € L*(Q). (3.8)

Now we define, over H}(Q), the bilinear and linear forms

BmAOZUAuw+(1—Aw @)/vqu L(w !/hw

Thus, for some a > 0
2
B(u,u) = aullg1 o)

Thus B is coercive and L is continuous on H}(2). According to Lax-Milgram Theo-
rem, we can easily obtain unique
u € Ho(Q),

satisfying
B(u,w) = L(w), Yw € H}(Q). (3.9
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Consequently, v = u — f; € H}(Q), v = u— f1 € H}(Q) and, z, € L*(Q x (0,1)).
Thus, V € H. Using (3.9), we get

U/uwder <1/ g(s)ds)/Vu.dem/Gwdx, w € HYHND).
Q 0 Q Q

The standard elliptic regularity theory, gives u € H?(Q2). And using Green’s formula
and (3.5),, we obtain

/Q [(1+u1) v—Au+ /Ooo g(t — s)Au(x, s)ds + poz(1,.) — fQ] wdx =0, Yw € H} (Q).
Hence,

14+ pm)v—Au+ /OOO g(t — s)Au(z,s)ds + p22(1,.) = fo € L*(Q)
Therefore,

V = (u,v,2)" € D(A).

Consequently, I + A is surjective and then A is maximal.
We prove that J : H — H is locally Lipschitz. So, if we set

F(s) = |s|P~%sln|s|® then F'(s) = k[1 4 (p — 1)in|s|] |s|P~2.
Therefore,
HJ((I)) - J((T))Hl = 1|0, ululP~2inful* - @faP-2ml@®, o),
= [julul"=2njul* — @@l 2m]il* |}
= |F (u) = F (@) 72(q - (3.10)
Consequently, using value theorem, we have, for 0 < 6 <1,
|[F (u) = F (@) = [F" (Qu+ (1 - 0)w) (u—1)|
<k[l+@-DnOu+1—-0)0)]|0u+1—0)u"?|u—a
<klfu+ 1 —0)al " fu—ul +k(p— 1) |j (Ou+ (1 — 0)W)| |u— 1l
By Lemma 3.1, we find
|F(u)— F @) <kl0u+(1—0)a" ?u—a|+kp—1)Alu—
+k(p—1)|0u+ (1 —0)u”*" ju—1l
< (Jul + @) fu =] + k(p — DAJu —u
+k(p— 1) (Jul + [@)? > ju —al . (3.11)
Asu, u € HY(Q), we then applying Holder’s inequality and the Sobolev embedding

2n
n—2’

HY(Q) = L'(Q), V1<r<
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to get

[ [+ =2 =] e

- / (] + )22 |u - @2 de
Q

(p—2) 1
(p—1) (p—1)
< c(/ (|u|+ﬁ|)2(p1)dx> x (/ lu — 2@ d;v)
Q Q
2(p—1) 1) = 2
< Ol g + 1S o] 7 X e = il ey

Similarly,

2
[ [t @y -] o
Q
= [ Qul+ 1) - o
Q

IN

IN

. 2(p=2+e)(p—1) EP*>
[+ @)= T o) = ey

Since, p < 2((:__21)), we can choose € > 0 so small that

2e(p—1) < 2n
p—2 “n-—-2

pr=2(p—-1)+
Therefore, we have
[ Gl @) e
Q
* =3 2
pP— ~
< O lullf e gy NI o] 7 X e = 010

(p—2)
* ~p* (p—1) ~12
<C [HUHI[){(%(Q) + ”U”%‘%(Q)} ! X [Ju — UHHg(Q) .

A combination with (3.9) — (3.14) gives
~ 2
J(@) - J(@)|
|r@ -a@)|

< [K(p— 1247 lu— 7 @
2p-1)\ =1 - =3
(Nl + 1)) 7 + (lullfys oy + 1l o)

+C

| S

3 ~12
< € (Il gy + 1l my e ) e = 30

(p=24e)( —1) =
([l + 3582 a0) 7 o ([ ju—apos dx>
Q

843

(3.12)

(3.13)

(3.14)

~112
X lu— U||H3(Q)
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since
~ 112
|7(@) = 1@)|| | < K ju =l

Hence, J is locally Lipschitz. See [25]. This completes the proof of Theorem 3.2. O

Remark 3.3. The weak solution is taken in the sense of [29]. That is, a function
@ = (u,us,2) € C([0,7); H),
satisfying, for a.e x € (O,

% . ug(z, t)w (z) + /Q Vu(z,t).Vw () dx

—/Q [(/Ooog(t — $)Vu(z,s).Vw (z) ds)] dx
—&—uljt/ut(at,t)w (@) dx—i—,ug/ﬂz(x,l,t)w(a:) do
_ /Q w(w, 8)ulz, P2 n [u(z, )[*w (z) da. (3.15)

for all (w, 1) € HE(Q) x L*(Q x (0,1)).

4. Main result

Our main blow-up result reads as follows.

Lemma 4.1. Now, we introduce the energy functional defined by

1 e 1 k
B0) = 5 I3+ 5 (1= [ o0)as) IVull + 5007w 0+ £ vl
E// |2(x, p, )] dxdp—f/|u|pln\u| dx,
where
Tlpe| <& <7(2p1 —[p2l),  p1 > [pel, (41)

satisfies the estimate
E'(t) < -Cy {/ (|Ut|2 + |2(z, 1,t)|2) dx]
Q
1 1
_ §g(t)/ V) do -+ 5 (o o Tu)(t) < 0, (4.2)
Q

Proof. We approximate the initial data (ug, w1, fo(., —p7)) by a sequence
(ug,ut, f5) € Cg° () x C° () x C5° (€2 x (0,1)).
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Then problem (3.1) has a unique classical solution (u”,u}, zV) such that (3.15) takes

the form

up (o, t)w (z) + /QVu”(x,t).Vw(x)da:

_ /QK/Ooog(t_s)vuv(a;,s).w(m)dsﬂ dx

d
R v t
+ Mg Qu (z,t)w (z) dx

+ ug/zv(:c,l,t)w(z)dx
Q

dt Jo

= [ a0l 0 e o6 (o) do
Q
and
d 1
%AZ/O Tzv(%Pvt)w(ﬂ?,P)dxdp + /QZU(Z‘,p,t)w(gj7p)dx
- /Quﬂx,t)w(x,p)dx.

By replacing w by u} and ¢ by z¥ and integrating over (0, c0), we obtain

1

3 | (w0 + v w0 F) do

w3 [wovurer - ([ aas) 1w 1]+ [ [t as

= 5 [ (m@F + 19u3r) d“f‘lfooog(s)'uv (9l ds + 500" o Tu)(0)

2 2
1 v 2 v 2
= 5 | (@P+ Vg do
~3 | o I @I ds+ 56 Va0

—,ug/Q/O 2Y(x, 1, s)uf (z, s)dxds
1 uw’(z, )P In jub (z, ) F — klub (z,t)P] dz
o [ 0y et 0l — K 0] d

/Q [(u§ ()P I Jug () — kg (2) ] da

1
p
and

TZt(z7pa t)Z(JL‘,,O, t) + Zﬂ($7p7 t)Z([E,p, t) = O

(4.4)

(4.5)
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integrating over (0,00) and p € (0, 1), then

¢! v 2 et 2
5 |z°(@, p, )" dadp = |fo(z, —p7)|" dzdp
2Jo Ja 2Jo Ja
b [ [ G0l dodp
21 Jo Ja
[ e
S 1
2, Q|z: (x,1,8)|" dxds

where £ > 0 is defined in (4.1) . Also integration by parts, we get

/Q [“t(xv 2 (/OOO g(t — s)Au(z, s)dsﬂ da

=— /000 [g(t —3) (/Q Vut(x,t).Vu(:E,s)dx)] ds,
and using
—Vuy(z,t).Vu(z,s) = %% {|Vu(x, s) — Vu(z, )] }
55 {Ivuto},

then

0 { ( / V(1) Vula, )dzﬂ ds
:5/0 [g(t—s) (/ {1Vt 5) - Vu(x,t)|2}dx)]ds
_;/OOO [g(t—s) (dt{|Vu( 2,1)] }dxﬂds.

Using the direct account and (G), we find

1 /OOO [g(t—S) (/th{|Vu(I,s) —vu(;c’t)ﬁ}dx)} ds
o0 [(2& (g(t—s) (/QIVu(x,s) _vu(x,t)de))ﬂ ds
g "t —s / (/ |Vu(z,s) — Vu(z, t)|2dx> ds

/ Vu(z, s) — Vu(z, t)|? dxds}

</|Vu Vu:ct|dx)ds

{(goVu)(®)} - *( o Vu)(t);

| = w\»— [\3\,_\ l\DM—‘ N = N

\&\, &\&\

S—

Sy
=

(4.7)

(4.8)

(4.10)
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_;/Ooo [g(t 5) (jt/ [V, t)|2}dx>}ds
:_% </0 gt — s)ds>( /{|Vu(ac )| }m)
g 5)ds ) ( {IVu(a, 1) )
o[

(o s>d>< s o)

|Vu )| (4.11)

1
2
1

2

By replacement of (4.6) — (4.10), we get

/[ut(xt <0°°g( s)Au(z, )s)]dx

15@{(9 u)(t )}**( Vu)(t)

2dt[/0 9(s)d )( IVuxt)}da:>]
/Q{|Vuxt

£ oo ( o) ([ vt Py )

—%( 2Vt + 50(0) | {\Vu(a: 0} da. (112)

Combining (4.6) and (4.10) we get

/Q(; |uf(x,t)|2+;|Vu“(a:,t)|2—/Q;(u“(x,t))pln|u”(x,t)|kd:c+;|u“(x,t)|p)dx
+5 [we v - ([ stoas) e 01

+ g /Q /01 2% (2, p, t)|? dpdx

=~/ /Ooo/gluf(x7s)|2dxds—u2 /Ooo/glz“(m,l,s)uf(%s)dxds

v / (luf @) + Vg (2)[) da

5 | A @lds 5 [ o Tun s
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g/ /\fox—ml dxdp

75/9 [(uo( )P In |u (x )‘h? ug(x )I”} dz

//\ut (z,1)]? da:dp——/ /|z (z,1,5)|? duds.

Repeating the steps (3.6) — (3.11) of [2], we conlude that for any v € N,

(u?) is uniformly bounded in L>°((0,T); Hg ()
(u?) is uniformly bounded in L*°((0,7); Hy(Q))
(2¥) is uniformly bounded in L ((0,T); L*(Q2 x (0,1))).

thus, we get

u¥ — u weakly star in L>((0,7); H&( )
uY — uy weakly star in L>((0,T); L?(Q2))
2V — z weakly star in L®°((0,T); L?(Q x (0,1)))

and by using Loins-Aubin theorem,
u’ — uin L*(Q x (0,T)) and for a.e (z,t) in Q x (0,T).

By integrating (4.3) over (0,00), we arrive at
/ ug (z,t)w (x)de  + ul/ u’(z, t)w (x) dx
Q Q
= —/ Vu®(z,s).Vw (x) drds
0o Ja

“,
—ug/ / (x,1,8)uy (x, s)dzds
// Uz, t)ul (2, t)|P 2 In |u® (z, 1) [Fw

—/Qull’(x,t)w (z) dx—,ul/ﬂug(x,t)w (2) dx,

P Feonvepd= — [ [ e di

and

+ T/Qfo(x,—pr)w(x,p)dx.

(4.13)

/00 (/05 (€ — s)Vu'(z, s).Vw (z) ds) dg] de

(z) dsdx

(4.14)

(4.15)
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By passing to the limit, we get

/Q w(z,w(x)de + m /Q u(z, tyw (z) do

- / /Vuws)Vw()dxds
/ /sz K/ = 8)Vu(z, s).Vw () d8>] dzdg
_“2/0 /Qz(xa1>S)U§’(x7s)dxds

- P=21n |u(z, s)|Fw (z) dzds
[ [ a2 fute. o) ) dea
—/ uy(x, t)w () dx—,ul/ uo(z, t)w (z) dx, (4.16)
Q Q

and
R A Oy L
+ T/fo(l‘,*pT)d)(l’,p)dl', (4.17)
Q

for all (w,) € H}(Q) x L*(Q x (0,1))).
Notice that the right hand sides of (4.16) and (4.17) are absolutely continuous. So,
by differentiating, we obtain, for a.e x € 2,

/ up(z, t)w (z)de + | Vu(z,t).Vw (z)dz
Q Q

_ /Q K/OOO g(t — $)Vu(z, s).Vw (z) dsﬂ do

+ pl/Qut(x,t)w(m)dx—l—ug/ﬂzp(m,l,t)i/) (x,p)dx
/Q w(w, B)u(w, )P~2 In Ju(z, )[Fw (z) d (4.18)

T/Zt(x,p,t)Q/) (x,p)dm+/ 2p(z, p,t)¢ (z,p)dz =0 (4.19)
Q Q

for all (w,) € H}(Q) x L?(Q x (0,1)).
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We use the density of Hg () in L?(Q) to replace (w, 1)) by (uy, ) in (4.18) and (4.19).
Then we integrate (4.18) over (0,¢) and (4.19) over (0,t) x (0, 1), we obtain

B(t) = (ul—)/ /|ut 2, 9)|? duds

+;(1_/ g(s)d >||Vu||2 1(goVu)()

/ /|z (z,1,9)] d:vds—ug/ / (z,1,t)us(x, t)dxds + E(0).
Therefore,

E@=—Qu—;)/WMwW¢Hj@wvw@—§mwénmmem
/| z(x,1,1)] dx—ug/ z(z, 1, t)u(x, t)de. (4.20)

for a.e t € (0,7).
Using Young’s 1nequahty, we estimate

iz [ 2o e e < B2 (juate o) + 12601, o
Q 2 Q

Hence, from (4.20), we obtain

)<~ (-5 -2 [uoa - (5220 [wnopa

+ (' o Vu)(t) — g(t) / |V (t, )] da. (4.21)
Q
Using (4.1), we have, for some Cy > 0,
PO - [ (juf+ w1 0f) ]
Q
1 1
- 5g(t)/ |V (t, )| de + 3(g" o Vu)(t) < 0. (4.22)
Q

where Cy = min {ul - 2i - @ £ _ ‘“22‘} which is positive by (4.1). O

Lemma 4.2. There exists a positive constant C' > 0 such that

(/ |u|pln|ukd:z:>p gc[/ |ulP In [ul*dz + |Vl .
Q Q

For any u € LPY1(Q) and 2 < s < p, provided that [, |ul? In |u|*dz > 0.

Proof. If [, |ulPIn |u*dz > 1 then

(/ |u|plnu|kdx> ’ §/ [ul? In |ul*dz. (4.23)
Q Q
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If [, |u[?In|ul"dz < 1 then we set
QG ={zeQ ||u>1}

and, for any S < 2, we have

</ luf? In |u|kdx) ’
Q

8 8
(/ |u|p1n|ukdx> < </ |u|pln|ukdx>
Q 1951
& & B(p+1)
([ wrsar)” < ([ peae)” = puinft”
o Q

([ 1 miuas) < ulf, < €19uls. (124)

Combining (4.23) and (4.24), we get the desired result. O

IN

IN

We choose 8 = z% < 2 to get

Lemma 4.3. There exists a positive constant C' > 0 such that for any u € LP(Q) we
have

fully < | [ 17 tnlultas + 9ul] (429)
Q
provided that [, |ulP In|u|"dz > 0.
Proof. We set
Qp ={zreQ|jul >e} and Q_ ={z € ||ul <e}.

ull? :/ |u|de+/ lufPda
Q Q

g/ |u|pln\u|kdx+/ ep|g|pda:
Q4 Q_ €

§/ |u|pln\u|kdx+ep/ \E|2dm
Q4 o €

S/ |u|pln\u|kda:+ep72/ |u|?dx
o Q

<C (/ |ul? In |u)*dz + ||w||§> )
Q4

Corollary 4.4. There exists a positive constant C' > 0 such tha

2
D 4
( / |up1n|u|kdx) IVl
Q

provided that [, |ulP In|u|*dz > 0.

Therefore,

Jull3 < C (4.26)
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Lemma 4.5. There exists a positive constant C such that for any u € LP(Q2) and
2 < s < p, we have

llull, < C{llully + HVullﬂ : (4.27)

Proof. If [lu||, > 1 then

lully, < llull -
If fJull, <1 then, [lu) < ||u||§ Using Sobolev embedding theorems, we have
2 2
lull, < llull, < ClIVul;-

Now we are ready to state and prove your main result. For this purpose, we define

1 1 1 1
1) = ~B() = & [ 0l a0l — Ll ~ 5 lul - 3 [Vul?
1 o0 , 1
=5 (1= [ ateas) 19l - a0 vuro
0

—ﬁHVqu—ﬁ/ /1 22(z, p, t)dpdz
D p 2 0o s Ps PAxT .

Theorem 4.6. Suppose that (4.1) and (3.3) hold. Assume further that

1 s 1 s k
BO) = 5 IVuoly+ 5 e+ ol

1
1
—|—§/ / | fo(z, —p7) | dpda — f/ [uo[P In |uo|*dz < 0. (4.28)
2 JaJo pJa
Then the solution of (3.1) blows up in finite time.

Proof. As E(t) is a nonincreasing function, we have

E(0) > E(t).
A differentiation of H(t) gives
H'(t) = —FE'(t)
1
> Go [ (1l et 1.0 ) do| + gato) [ [Vutt o) o
Q 2 Q
—5 [ o u) )iz
2 Q
> Co/ 22(z,1,t)dz > 0. (4.29)
Q
and )
0<HO)<H(@) < f/ uP In ug|"dz. (4.30)
P Jo
We set

L(t) = H'"™(t) + 5/

utudac—l—aﬁ/qux, t>0,
Q 2 Ja
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where € > 0 to be specified later and

2(p - 2) p—2

0<
p? p?

<1 (4.31)

Differentiating L(t) we easily obtain
L't) = (1—a)H *OH'(t)+elluwl; | Vul;

-1-5/ gt —s) | Vu(s,z).Vu(t,x)ds
0 Q
—sug/ uz(z,1,t)dx + E/ uP In |u|*dz. (4.32)
Q P Jo
Using Young’s inequality, we estimate
—5;@/ uz(z,1,t)dx
Q
1
> —¢ | g (6/ u?dz + 7/ 22(z, 1,t)dx) , V6 >0. (4.33)
Q 40 Jo
and Cachy-Schwarz and Young inequalities, we have
/ g(t — s)/ Vu (s, z) . Vu(t, z)dxds
0 Q
= / g(t — s)/ Vu (t,x). (Vu(s,x) — Vu(t, z)) dxds
0 Q
[ gt s |vulas
0
1 o0
> <1 - 45> (/ g(s)ds> [Vull; — (g0 Vu) (), V&> 0.
0

We get, from (4.32),

vz 0= - Pel mo

ve(1-55) ([ o) 19

—ed(g 0 Vu) (t) + ¢ w3 — € |Vl

—55\u2|||u||§+5/ fuf? In Ju|*dz. (4.34)
Q

Of course (4.34) remains valid even if ¢ is time dependent. Therefore by taking ¢ so
that

|12 —
= H @
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for large x to be specified later, and substituting in (4.34) we arrive at

L'(t) > [(1— &) — es] H-(t)H'(t) + ¢ |Jue]l5 — ¢ [|Vull3
te (1 _ 415> </0 g(s)ds) IVul2 = e8(g 0 V) (£)

2
- j:éjo HE(t) ||ull3 +€/Q Jul? In u|*dz.

For 0 < a < 1, we have

L) 2 (- a) - e B R0 + = [l nfultde + L2
te (p(12_ ) _ (p(l _;) —2, 415) /OOO g(S)dS) IVull3
ve (P ) (gowu )+ ok 1 -l ~ S22 o g
+ep(1—a)H(t) + % /Q /01 22(x,1,t)dpdz. (4.35)

Using (4.26), (4.30) and Young’s inequality, we find

([ 1 mluttas) ol
Q
at? a a
</ |upln|u|kdx) + (/ |u|pln|u|kdx) ||w||5]
Q Q

pap+2 %
</ |upln|u|kdas) + || Vul)3 + (/ lu|? 1n|u|kd1:> ] .
Q Q

Exploiting (4.31), we have

HO(t) [|ull3

IN

IN

C

IN

C

2
2<ap+2<pand2< ozp2§p.
p

Thus, lemma 4.2 yields

H“<t>|u||§<0[ / Jul” Inu|*dz + | Vull3] - (4.36)
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Combining (4.35) and (4.36), we obtain

2
a_¢d )/|u|plnu|kdx
0/ Ja

L'(t) > [(1 - a) —en] H()H'(t) + <p - 4,/;%'

TEURE e B e :
v (K- g D=2 ) [ ateas) 19l

1—a 1—a)+2
(287 = 6) (g0 va 0+ eb (1 - a) g + 2O 02 gy

1— 1

+8p(1—a)H(t)+%// 22(z, 1, t)dpdz. (4.37)
QJo

We choose a > 0 so small that
1—a)—2 1—
% >0, M“”O’

and k so large that

p(l—a) elpl* (p(l-a)—2 1 /°° a  glpsf?
5 1nCy 5 +45 ; g(s)ds>0andp 1m0 > 0.

We pick € so small so that
(1—a)—ex>0, H(O)—|—€/ uourdx > 0.
Q
Next, for some A > 0, estimate (4.37) becomes

L) = A+ Jull} + 1Vul3 + o]
+ {goVu // (2,1 tdpdx—i—/ lu|” In |ul dx} (4.38)

L(t) > L(0) >0, t > 0. (4.39)
Using Holder’s inequality and the embedding ||ul|, < C'[[u]|,, we have

and

/Qutudff < ully uelly < Clull, luell,

and exploiting Young’s inequality, we obtain

i—a . IL 1 1
<0 (Il + ) o Tel1 )

1
11—
/ ugudx
Q
2

To be able to use Lemma 4.2, we take § = 2(1 — «) which gives t£- = 5= < p.
estimate (4.40) gives

Consequently, for s = 12—,

1
.
/ upudx <C
Q

2 s
(1hael3 + Il )
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Hence, Lemma 4.2 gives

1
.
/ upudr <C
Q
1

LTa(t)= (H" “()+a/ﬂutudx+—/ de) -

2 2
(I57ul3 + el + ul?) (4.41)

Consequently,

<C|H(t)+ (g0 Vu)(t ‘/ wpudz| " ully ]
<SC|H(t)+ (9o Vu)(t ‘/ wpudz| +Hu|| ]
< CH®) + (g0 Vu) (&) + [ Vull} + luel3 + Jull}] (4.42)

Combining (4.38) and (4.42), we obtain
L'(t) > ALT=(t), for t > 0. (4.43)

where A is a positive constant.
A direct integration over (0,t) of (4.43) then yields

1
LTa(t) > —  fort>0
L) - A
Therefore, L(t) blows up in time
T<T*= 177{}‘3‘_
AaLT-=(0)
This completes the proof. O
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Nonlinear elliptic equations by topological degree
in Musielak-Orlicz-Sobolev spaces

Mustapha Ait Hammou and Badr Lahmi

Abstract. We prove by using the topological degree theory the existence of at
least one weak solution for the nonlinear elliptic equation

— div a1 (z, Vu) + ao(z,u) = f(z,u, Vu)

with homogeneous Dirichlet boundary condition in Musielak-Orlicz-Sobolev
spaces.

Mathematics Subject Classification (2010): 35J60, 35D30, 47J05, 47H11.

Keywords: Nonlinear elliptic equation, Musielak-Orlicz-Sobolev space, topological
degree.

1. Introduction

Recently, there has been an increasing interest in the study of elliptic and para-
bolic mathematical problems in Musielak-Orlicz-Sobolev spaces. This setting includes
and generalizes variable exponent, anisotropic and classical Orlicz settings.

The interest brought to the study of such differential equations comes for example
from applications to non-Newtonian fluids (see [12, 13] for a wide expository) and
other physics phenomena. We refer to some results on existence of solutions for Leray-
Lions problems studied in variable exponent Sobolev (see, e.g., [3, 19, 23]) or Orlicz-
Sobolev spaces (see, e.g., [1, 10]).

Let Q be a bounded domain in RY, N > 2. let us suppose that the boundary of
Q2 denoted 0 is C'. We consider a class of nonlinear Dirichlet problems of the form:

— div a1 (z, Vu) + ag(z,u) = f(x,u, Vu) in Q, (1.1)
u =0 on 0f, ’
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The right-hand side f is a Carathéodory function which depend on the solution v and
on its gradient Vu satisfying a growth condition and where

ar : O xRY = RN and a9 : 2 x R — R are Carathéodory functions satisfy-
ing Leray-Lions-like conditions which generate an operator of the monotone type
— div a;(z, Vu) + ag(x,u) defined on W L () with values in its dual (W Le(9))'.
Here ® is a Musielak-Orlicz function satisfying Some sufficient conditions, namely
As-condition which assure the reflexivity of such spaces.

The authors in [7] studied the problem (1.1) and proved the existence of weak
solutions by using a linear functional analysis and sub-supersolution methods. In the
case when ag = 0, the authors in [20] obtained the existence of weak solutions for (1.1).
Bisedes, for ag # 0 verifying suitable conditions, the author in [8] proved the existence
of weak solution with homogeneous Neumann or Dirichlet boundary condition by a
sub-supersolution method.

The aim of this paper is to prove the existence result that is found in [7] by
using a different approach opening new perspectives: we apply the degree theory in
[4, 16] to give a result about existence of nonzero solutions of operator equations of
the abstract Hammerstein equation in reflexive Banach spaces X

u+STu=0, wueX,

where S: X’ — X and S : X — X’ two mappings [4, 16].

The approach considered here require the reflexivity of the spaces. For that, we
suppose that the Musielak-Orlicz functions satisfy suitable conditions (see condition
(E) below). The principal prototype that we have in mind is the ®-Laplacian equation,
ie.

-div (a(rjv’Zu) : Vu) = f(z,u, Vu)

The Musielak-Orlicz setting generalize both Sobolev with variable exponent and
Orlicz spaces. Typical examples of equations involving the Musielak-Orlicz setting
include models of electrorheological fluids [22], elasticity [17], non-Newtonian fluids
[11], the theory of potential [14] and harmonic analysis [6].

The plan of paper is as follows: in section 2, some fundamental properties con-
cerning the Musielak and Musielak-Orlicz-Sobolev spaces spaces are given. Section 3
deals with the properties and the existence of the topological degree for some classes
of operators. In section 4, we give some auxiliary results and the main result and its
proof.

2. Musielak and Musielak-Orlicz-Sobolev spaces

Standard references on Musielak-Orlicz-Sobolev spaces and their properties in-
clude [15, 21, 9] and references therein.

Definition 2.1. Let Q be an open subset of RYV. A function M : Q@ x Rt — R* is
called a Musielak-Orlicz function if
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1. M(z,-) is an N-function, i.e. convex, nondecreasing, continuous,
M(z,0) =0, M(z,t) > 0 (Vt > 0),
M(x,t)

M (x,t
lim sup (z,8) =0and lim inf —— = 400,
t—0t zcQ t—+oo xeQ)

2. M(-,t) is a measurable function.

For each x € Q, the inverse of function M(x,-) is denoted by M !(z,-) or for
simplicity M~1(x,-) and then M~!(z, ®(z,s)) = s and M (z, M~ *(z,s)) = s for all
s > 0.

Remark 2.2. M admits the representation
t
M(x,t) = / m(z,s)ds, for all t >0,
0

where m(z,-) is the right-hand derivative of M(x,-) for a fixed z € Q. We recall
that for every x in 2, the function m(z,-) is a right-continuous and nondecreasing
verifying for all s > 0: m(z,0) = 0, m(z,s) > 0 for s > 0, lim inf m(z,s) = +oo

s—+o0 e
and M(z,s) < sm(z,s) < M(z,2s).
The complementary function M to a Musielak-Orlicz function M is defined as

follows:

M (x,7) = sup (sr — M (z, 5)), for x € Q,r > 0.
s>0

Note that M is a Musielak-Orlicz function which admits a similar representation
where 7 is defined as above or by

m(z,s) = sup{d; m(z,d) < s}.
We recall Young’s inequality
r-s<M(x,s)+ M(z,r), Vr,scR" ze€Q,

Note that when M satisfy the As-condition, a variant of Young’s inequality holds,
ie.,

r-s<eM(z,s)+c(e)M(x,r), VYr,seRT xz€Q,
where ¢ €]0,1[ and ¢(g) a constant depending of e.
For u : Q — R measurable function, we define the modular gps.q or gar induced by
the positive Musielak-Orlicz function M as

o) = [ Mo, futa)) do
Q
Let us consider the Musielak-Orlicz class
K (Q) = {u: Q — R measurable; gps(u) < co}.

The Orlicz space Lp;(Q) is defined as the linear hull of Kj;(Q) and it is a Banach
space with respect to the Luzemburg norm

||uM:inf{k>0; /QM<x |“(]:)|> <1}.
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Or the equivalent norm called Orlicz norm

[ull (ary = SUP{‘/QU(w)’U(x) dz

One has a Hélder’s type inequality: if u € Lp(Q) and v € Li7(Q), then uv € L1(Q)
and

;v € K37(Q), o37(v) < 1} .

< 2||ullmllvll77-

/Q u(z)v(z) dz

The closure in L/ (2) of the bounded measurable functions with compact support in
Q is denoted by E (). It is a separable space and (E77(2)) = La(2). Generally
K (2) € Lp(2) but we can obtain Ep(Q) = Ly (Q) = K (Q) if and only if M
satisfies the As-condition, i.e. there is a constant & > 1 independent of x € Q2 and a
nonnegative function h € L(£2) such that

M(z,2s) < kM(z,s) + h(x), for all s >0, a.e. x € Q.

Note also that under this condition, the space Ly, () is reflexive.

Let M and P two Musielak-Orlicz functions, M < P means that M is weaker than P,
i.e. there is two positive constants k; and ke and a nonnegative function H € L(Q)
such that

M(z,s) < ki P(x,kos) + H(z), for all s >0, a.e. z € Q.

Remark 2.3. [21, 15]
Let M and P two Musielak-Orlicz functions such that M < P. Then P < M,
Lp(Q) = Lar(Q) and L () — Ly(2).

We say that the sequence (u,)n, C L (£2) converges to u € Lp(Q) in the
modular sense if there exists A > 0 such that

oM <Un)\ u) — 0, when n — 4oc0.

In any Musielak-Orlicz space, norm convergence implies the modular convergence and
the modular convergence implies the weak convergence.

Proposition 2.4. [21, 15, 8] Let M be a Museilak-Orlicz function satisfy Ag-condition.
Let w € Ly () and (up)n C Las(2). Then the following assertions hold.

1. / M(z,up)de >1(resp =1;<1) < Jullapr >1 (resp =1;< 1),
Q
2. /M(;mun)dx — 0 (resp=1;40) < |luxllar — O
n— oo n—00

Q
(resp = 1; o),
3. up, — win Ly (Q) :>/M(:E7un)dx — M (z,u) dx,
Q

n—oo n—00 O

'S

ol < o (u) +1,

5. m(-,u(-)) € Lyz(Q) ( the function m is defined in remark 2.2).
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The Musielak-Orlicz-Sobolev space WLy () is the space of all u € Ly ()
whose distributional derivatives D%u are in Ly, (§2) for any «, with |a] < 1. Let

oL = Y om(D)
o<1
the convex modular on WLy (). The space WL () equipped with the norm
u

1) = ullwiny, @) = in{A > 0; 01,m (X) < 1},

[[ul

or the equivalent norm

lwlle,ar = [[wllar + [Vl ar-

This space is a Banach space if and only if there is a constant ¢ such that
inf,eq M(x,1) > c (see [21]). The space Wi Ly () is defined as the norm-closure
of D() in WL (). Moreover if this condition is satisfied, then WL/ () and
W¢La(Q) are separable Banach spaces and Wi Ly (Q) < WLy (Q) — WHE(Q).
We say that the sequence (u,), C Ly (Q) converges to u € WLy (£2) in the modular
sense if there exists A > 0 such that

01,M (u";u> — 0, when n — 4o0.

Suppose also that

1 -1 t —1
M, M,
lim ‘T]T(j) dr < oo, lim / ZN+(1T) dr = 0. (2.1)
t—0 J, TN t—oo Jq TN

With (2.1) satisfied, we define the Sobolev conjugate M, of M as the reciprocal func-
tion of F' with respect to ¢ where
M (7)

t
F(x,t)z/ 2 gt > 0.
0 TN

Proposition 2.5. [2] If the Musielak-Orlicz function M satisfies (2.1), then
Wo Lar(92) = Lyr(€).
Moreover, if Qg is a bounded subdomain of ), then the imbeddings
Wi L () == Lp(Q)
exist and are compact for any Musielak-Orlicz function P increasing essentially more
slowly than M near infinity (see proof of Theorem 4. in [2] for more informations).
We have the following result:
Lemma 2.6. Let Q be a bounded domain in RN. Let v a Musielak-Orlicz function
locally integrable satisfy As-condition such that ;Ielg v(z,1) =c1 > 0. If (un)n C L, ()

with uy, — u in L,(Q), then there exists w € L,(Q) and a subsequence (un, )n, such
that:

[tn,, ()] < w(x), and up, () = u(z) a.e in Q.



864 Mustapha Ait Hammou and Badr Lahmi

Proof. Let (uy) C L, () such that u,, — u in L, (£2), we can suppose that
1
I —)lar < 3,
then by proposition 2.4

/Ql/(sc,Q(un(ac)fu( z))de < 2|[(un, —u ||M/ T un_u)”M)dx.
< 2[[(un = w)llr-

Therefore [|o,(un — u)|[z1(@) — 0 as n — oo. On other hand, since 2 has a finite
measure, the continous embedding L,(Q) < L'(Q) hold (by using the generalized
Holder’s inequality) then u,, — uin L' (). We deduce that there exists w € L*(£2) and
a subsequence (up, )n, such that u,, (x) — u(x) a.e. in Q and v(x, uy,, () — u(x)) <
w(z) a.e. in Q. Since v, ! is a nondecreasing function, we obtain

| tn, (@) |<] ul@) | +v7 (2, w(2)).
Let w(z) =| u(z) | +v~(z,w(x)), then

/Qy(x,a(x))dxg %/ﬂy(z,ﬂu(aﬂ) |)+/Qw(z) da.

Thus w € K, (Q) = L,(Q). O

2.1. Functional setting

Let ® and ¥ are two Musielak-Orlicz functions defined on  x R+,
We say that ® and ¥ satisfy the condition (E) if:

E;. ®, U, ® and ¥ are locally integrable, uniformly convex and satisfy A,-
condition,

E5. ® satisfy the condition (2.1),

E3. ® <X VU and the embedding Wi Ly (Q) — Lg(£) is compact,

FE,. O satisfies the following coerciveness condition:
there is a function ¢ defined on (0;+o00) such that SETOO ¢(s) = 400 and

D(z,ts) > ((s)sP(z,t) for x € Q5 >0 and t € RT.

Es. there is a constant ¢; such that inf ®(z,1) = ¢; > 0 and for every tg > 0 there
e

®(z,t)
t

Note that under the condition (E), the spaces Lo (), Ly (), Wi Le (2) and W Lg ()
are separable reflexive Banach spaces [21].

exists co = ca(tp) such that insf2 = ¢y > 0 for every t > tg.
S

3. Topological degree

Degree theory has been developed as a tool for checking the solution existence of
nonlinear equations. A number of degree theories for various combinations of nonlinear
operators have been developed by various authors. References that contain the theory
of topological degree and historical information on the development of this theory
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include [4, 5, 16] and references therein.
Let X and Y be two real Banach spaces and I" a nonempty subset of X.
An operator F : X — Y is said to be bounded if it takes any bounded set into a
bounded set.
F is said to be demicontinuous if for each u € " and any sequence {uy} in T, u,, — u
imply that F(u,) — F(u).
F is said to be compact if is continuous and the image of any bounded set is relatively
compact. Let X be a real reflexive Banach space with dual X’.
We say that an operator F': I' C X — X' satisfies condition (S ) if for any sequence
(up) in T with u, — u and lim sup(Fu,, u, — u) < 0 we have u,, — u.
F is said to be quasimonotone if for any sequence (u,) in I' with w,, — u, we have
lim sup{Fuy,, u, — u) > 0.
For any operator F': I' C X — X and any bounded operator
T:T; C X — X' such that ' C Ty, we say that F satisfies condition (Sy)r if for
any sequence(u,) in I' with u, — u, ¥, := Tu, — y and limsup(Fu,,y, — y) < 0,
we have u,, — u.

For any I' C X, we consider the following classes of operators:

Fi(T) :={F:T — X' | F is bounded, demicontinuous and satisfies condition (S4)},
Fr():={F:T — X | F is demicontinuous and satisfies condition (Sy)r}.

For any Q C D, where Dg denotes the domain of F', and any T € F;(Q), let
F(X):={FeFr(G)|GeO,Te F(G)},

where O denotes the collection of all bounded open set in X. Here, T € F;(G) is
called an essential inner map to F'.

Lemma 3.1. [16, Lemma 2.3][4, Lemma 2.2] Suppose that T' € F1(G) is continuous

and S : Dg C X' — X is demicontinuous such that T(G) C Ds, where G is a bounded
open set in a real reflexive Banach space X. Then the following statement are true:

(1). If S is quasimonotone, then I + SoT € Fr(G), where I denotes the identity
operator. B
(ii). If S satisfies condition (S4.), then SoT € Fr(G)

As in [16] and in [4], we introduce a suitable topological degree for the class
F(X):

Theorem 3.2. Let
M ={(F,G,h)|GeO,TEe€ fl(é),F S fT(G),h ¢ F(0G)}.

There exists a unique degree function d : M — 7Z that satisfies the following properties:

1. (Ezistence) if d(F,G,h) # 0 , then the equation F'u = h has a solution in G,
2. (Additivity) Let F' € Fr(G). If G1 and Gz are two disjoint open subset of G
such that h & F(G \ (G1 UGy)), then we have

d(F7G7h) = d(Fa leh) + d(F7 G27h’)a
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3. (Homotopy invariance) Suppose that
H :[0,1] x G — X is an admissible affine homotopy with a common continuous
essential inner map and h : [0,1] = X is a continuous path in X such that
h(t) ¢ H(t,0G) for all t € [0,1] ,then the value of d(H(t,.),G,h(t)) is constant
for all t € 0,1],

4. (Normalization) For any h € G, we have

d(I,G,h) =1,

5. (Boundary dependence) If F, S € Fr(G) coincide on 0G and
h ¢ F(0G), then
d(F,G,h) = d(S, G, h).

4. Main result

4.1. Basic assumptions and technical lemmas

Let ® and ¥ satisfying the condition (F) and a1 : QxRN — R¥ q¢: QxR — R
Carathéodory functions which satisfies the growth, the coercivity and the monotony
conditions: for a.e. € €, for every &, ¢ € RN and t,#' € R there is two positive
constants C' an C’, a nonnegative function g in Lz(2) and a nonnegative function h
in L'(Q2) such that

ja1(2,€)| < CT (2, 0 (x, [€])) + g(x), (4.1)
ai(z,€).£ = C'®(z, [¢]) — h(z), (4.2)
(a1(x,€) — a1 (z,€)) - (€= &) >0, E#£€, (4.3)
and
jao(z, )] < B (, ®(a,]#))) + (@), (4.4)
ao(z, t)t > C'®(x,|t]) — h(x), (4.5)
(ag(z,t) — ag(z,t")) (t — ') >0, t £t (4.6)

f: QxR xRY — R is a Carathéodory function verifying the following growth
condition: there is a function ¢ in Lz(f2) and two positives constants o and S such
that

——1 ——1
[f (2,8, )] < q(x) + a®  O(z, [t]) + 2 O(z, [¢]) (4.7)
for all t € R, £ € RY and a.e. z € Q.
The Nemytsky operator F' defined by f is given by
F(u)(x) = f(z,u(z), Vu(x)), x € .

Lemma 4.1. Let ® a Musielak-Orlicz function such that both ® and ® satisfy the Ao-
condition. Assume (4.7). Then F(WJ L () C Lg(Q) and moreover, F is continuous
from Wi Lo () into L (Q2) and maps bounded sets into bounded sets.
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Proof. Let u € W§ Lo(Q2). For A > maz(3a; 33) we have

/ T, L (“A) @) 4z (4.8)
Q
[ L) Vute),

Q

A

_ 1 ——1 ——1
S/Q<1>(:E7X[q(x)+a<1> O(x, [u(x)]) + P (x, (x, [£])]) do

1—, 3q(z) 1 1
</Q§(I>(x, )+ 20, [u(@)]) + 50 (, V(@) d
< 4o00.

By condition (F) we have ® < ¥ then ¥ < ® and by consequent there is A’ > 0 such

that
/ W(x, F(u)(x))da: < 4o00.
Q

)\/

For the continuity of F, let us consider a sequence (u), C W¢Le(£2) such that
|y —ull1.0 — 0 as n — +o00 in WL (Q)( we mean by ||.|[1.¢ the norm of Wi Le(£2)
defined as the norm-closure of D(§2)). Then |lu, — ull¢ — 0 and |Vu,, — Vulle — 0
as n — 4o00. Applying Lemma 2.6 we can find w € Lg(Q2) and extract a subsquence
of (uy)n still denoted (uy,), such that

lun(z)| < w(x), un(r) = u(z) ae. in Q, (4.9)

[Vu,(z)| < w(z), Vuy(z) = Vu(z) ae. in Q.
Since f is a Carathéodory function, we obtain that

f(x,un, Vuy,) = f(z,u,Vu) ae in Q asn— +oo

therefore,

O(z, F(up)(z) — Fu)(x)) =20 ae. inQ asn— +oo.

By using (4.7), (4.9) and a similar argument to that in (4.8), there is a positive
constant such that

[ B Fun) @)~ F) @)
Sc/QE(a:,q(x))+<I>(:c,w(x))+<1>(x,\u(x)|)+q>($7wu<x)‘>d$

The right term of this inequality belongs to L!(€), then by applying Lebesgue’s
dominated convergence theorm it follows that

lim O(z, F(up)(z) — F(u)(z))de =0

n—-+oo Q
which implies by the continuous embedding Lz < Lg that

lim U(z, Fuy)(x) — F(u)(z))dx =0

n—4o0o Q
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therefore the subsequence F'(u,) converges to F'(u) in Lg(f2) for the modular con-
vergence. By applying proposition 2.4 we deduce that the sequence F'(u,) converges
in norm to F(u) in Lg(Q2). The limit F(u) is independent of the subsequence, by
consequent this convergence hold true for the sequence (uy,),. Thus F' is continuous
from Wy Le(Q) into Lg(2).

The functions ¥ and ¥ satisfy As-condition, then modular boundedness is equivalent

to the norm boundedness. Using arguments similar to those above, F' maps bounded
sets of W L (£2) into bounded sets of Lg(€2). O

Define A; and Ag : Wi La(Q) — (Wi La(Q)) respectively for all u,v € Wi Le(£2) by

(Aru,v) :/al(x,Vu)vd:c,
Q

<A0u,v>:/gao(:c,u)vdx.

By the same way like in the proof of Theorem 2.2. an Theorem 2.3. in [8] we can proof
the following lemma

Lemma 4.2. Under the assumptions (E), (4.1),(4.2), (4.3), (4.4),(4.5) and (4.6) the
mapping A := A1+ Ay is bounded, continuous and strictly monotone homeomorphism

of type (S7).
Lemma 4.3. Suppose that the assupmtions (E),(4.2) and (4.5) hold. Then A is coer-

cive, 1.e.,

(Au,u)

[[wll1,o

— 400 as |Jull1,e — +o0.

Proof. Let u € Wi Lo () (u # 0) such that @ verify the coerciveness condition (see
condition (E) below), by using (4.2) and (4.5) we have

(Au,u) = /Qal(x, Vu) - Vu+ ag(z, u)udx
> 20'(/ ®(z, |[Vu|) + ®(, [u]) — h(z) dz)
Q

> 20( [ g 1elEt) L g Blboltd gy —opayag,
Q l[ull1,e

[foa e
Vu n
> 20l @)l o | @ T+ @, h) ) — 2
Q llull1,e [l
We have
‘ |Vl <1, ‘ |ul <1
HU||1,<I> 1,® ||u||1,<1> 1,®
and
C([lull1,0) = +oo,
[lwl[1,e—>+o0
A
therefore (Au, u) — +o0 as ||ull1.e — +oo. O

lJull1,o
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By applying Minty-Browder theorem ( or Lemma 4.3 and Lemma 5.2. in [4]),
we deduce that the inverse operator T : (WL (Q)) — WiLe(Q) of A is also
bounded, continuous and of type (S1). On other hand, by the condition (E), the
embedding I : Wi La(Q) — Ly (Q) is compact, by consequent the adjoint operator
I* =— Lg(Q) — (WgLe(2)) is also compact. On other hand, the continuity and
boundedness of Nemytsky operator I’ proved in Lemma 4.1 implies that the compo-
sition S := —I*oF" is compact. Consequently we have the following lemma

Lemma 4.4. The mapping S : Wi La(Q) — (W3 Lo (Q)) is continuous and compact,
i particular it is quasimonotone.

4.2. Existence result

Let us give a definition of a weak solution of problem (1.1):

Definition 4.5. A function u is called weak solution for (1.1) if u € Wi Ls(Q),
F(u) € Lg(€2) and

/ a1 (z, Vu)v dz +/ ao(z,u)vdr = / f(z,u, Vu)vde, for all v € Wy Ls(Q).  (4.10)
Q Q Q

Theorem 4.6. Let ® and U satisfy the condition (E). Suppose that the assumptions
(4.1)—(4.7) hold true. Then there exists at least one weak solution of problem (1.1).

Proof. The weak formulation (4.10) is equivalent to the abstract Hammerstein equa-
tion

(I+ SoT)v =0, and u=Tw. (4.11)
and T are the maps defined in Lemme 4.2 and Lemma 4.4. To solve equation 4.11,
We can proceed with degree theoretic arguments, it suffices to prove the boundedness
of solution set of the homotopy equation

v+tSoTv =0, ve (WyLs(Q), telo,1],
Let
B={ve(WiLs(Q));v+tSoTv=0, veX, forsometc]|0,1]}
let v € B and u € W3 Lo(f2) such that Tv = u, we have for some ¢ in [0, 1]
(v, Tv) = (Au,u)
= —t(SoTwv, Tv)

= t/Q f(z,u, Vu)udz

< /Q |, 0, V)] de.

As in the proof of Lemma 4.3, there two positive constants C' and C such that
(Au,u) > C¢(llullr.0)[fullo — C (4.12)

Let A > maxz(3a; 343). Since ® satisfy the As-condition, then by using proposition 2.3
in [7], there is a function v € L'(2) and a constant ¢ such that

O(z; Alu(z)]) < e@(z, [u(z)]) + ()
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which implies, by using the young’s inequality, that
|f (2, u, V)|

[f(z,u, Vu)|lu| < @, 3 )+ @(z, Alul)
1—, 3¢(z), 1
< g‘b(l‘, A\ )+§<I>($7\u(:c)|)

1
+ 3% [Vu@)]) + @z, [u(@)]) + ().
by combining (4.12) and (4.13) we can find two constants C’ and C" such that
lulle(C(lullie) - €') < C

which implies that u = Tv remain bounded in Wi Lg(€2), consequently, there exists
R > 0 such that
Hv||(W01Lq>(Q))’ <R YveB.
We deduce that for all ¢ € [0,1],
v+tSoTv #0, Yve IdBr(0).

According to Lemma 3.1, the Hammersein operator I + SoT belongs to the class
Fr(Br(0)).
Let us consider the homotopy H : [0,1] x Br(0) — (W3 L ()’ defined by

H(t,v) = v+ tSoTwv.

By invariance and normalisation properties of the degree d of the class Fp
(see Theorem 3.2) we deduce that

d(I + SoT,Br(0),0) = d(I, Br(0),0) = 1.
By Theorem 3.2 we conclude that there is at least one T € Bg(0) verifying
v+ SoTv = 0.
Thus w = T7v is a weak solution of problem (1.1). O

Example 4.7. Let z € Q and t € R". Set
1
®(z,t) = U(z,t) = — 7@,
(@) =¥ t) = o
then ¢(x,t) = tP(®)~1 where p : Q — R is a measurable function such that
2<p” <p(z) <pt < N.

Put
£
€]

fla,t,6) = alt|P®) =2 4 gt
for x € Q,t € R and ¢ € RY where a and 8 are two positives constants. So, the
problem (1.1) becomes
—Ap@yu+ |u‘p(m)—1 _ a\u|p(z)_2u + B|vu|p(x)—1 in Q,
u=0 on 09,

ar(z,€) = p(x, €)= = [EPD 7, ao(w,t) = p(a, [¢]) = [t/

and

(4.13)
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where A, (yu = div(|Vu[P®~2Vu) is the p(z)-Laplace operator.
o It is clear that the assumptions (4.1)—(4.7) are verified.
e Fy and Ej5 are verified as in example 3.1 in [7].

e We have )
1 -1 i + ==
. T plx p(z) pre
lim INJ(rl)dT: 1( ) T < 3 T <00
t—0 —_—— = - — %
t TN pe) N pt N
and

bt @
lim / %Ni@dT = lim %(tﬂlﬂ_% -1)=00
1 TN

t—o0

because pT < N, then FE, is verified.
Since ® satisfies the As-condition, then there is a constant & > 1 independent
of € Q and a nonnegative function h € L'(Q) such that

O(x,s) < kP(z, %s) + h(z) = kU (z, %s) + h(x)

for all s > 0, a.e. x € 2. Therefore & < V.
Furthermore we have WiLg(Q) = Wy *"(Q) and LP(®)(Q) = Ly (). Since
Wol’p(m)(ﬂ) — LP@)(Q) with compact embedding (see [18]), then we have the
compact embedding Wi Ly (Q) < Lg(£2). So E3 is verified.
e Finally, Ey is verified for ((s) = sP(®)~1,
We deduce that the problem (4.13) admits at least one weak solution.
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Existence of solutions for a biharmonic equation
with gradient term

Ahmed Hamydy, Mohamed Massar and Hilal Essaouini

Abstract. In this paper, we mainly study the existence of radial solutions for a
class of biharmonic equation with a convection term, involving two real parame-
ters A and p. We mainly use a combination of the fixed point index theory and
the Banach contraction theorem to prove that there are A\g > 0 and pg > 0 such
the equation admits at least one radial solution for all (X, p) € [—Xo, co[ X [0, po].
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1. Introduction and the main result

In the present paper, we mainly investigate the existence of radial solutions for
the following biharmonic problems

(Pr) A(Au) + A\|Vul? = pf(u) in B
AP u=0, Au=0 in 0B,

where By = {z € RV : |z| < 1} is the unit ball in RN (N >2), (\,p) e RxRT, ¢ >1
and f € C'(R,]0,00[). Fourth-order equations are derived as models of different
engineering and physical phenomena, such as the motion of fluid, static deflection
of an elastic plate in a fluid [2, 4], epitaxial growth of nanoscale thin films [10, 14]
and traveling waves in suspension bridges [5, 12]. Due to their several applications,
both quasilinear and semilinear biharmonic equations have attracted much attention
and many papers appeared in the literature studying existence and the multiplicity
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of solutions, see for instance [9, 15, 14, 6, 7, 11] and the references therein. In [11], L.
Kong studied the following boundary value problem

A(JAulP72Au) = pg(x) f(u) + h(z) in B
{uﬂmt_o ) = pg(x) f(u) + h(z) . (1.1)

and by Schauder’s fixed point, introduced some sufficient conditions for existence of
radial solutions. In particular, Guo et al. [7] considered the above problem with h = 0,
and by using the fixed point index theory and the upper-lower solutions method,
proved that for some p* > 0, problem (1.1) has no positive radial solution if p > p*;
while if p < p*, (1.1) has at least two positive radial solutions. Motivated by the
above results, especially [7, 11], the purpose of this work is to prove the existence of
radial solutions for the biharmonic problem (Pj ,) by combining the fixed point index
theory and the Banach contraction theorem. By changing the variable u(z) = u(|z]),
r = |z|, we transform problem (P, ,) to the following problem

(L)) + Aw'|? = pf(u) in (0,1)
{mnamma (1.2)

where £ denotes the polar form of the Laplacian operator given by
1 d (N d
T tar \" @)

We notice that any solution u of the ordinary equation (1.2), u(|z|) is a radial solution
of problem (P ,). Similar to in [7, Pages 4-5] with p = ¢ = 2, we see that problem
(1.2) has an integral formulation given by

:/0 /0 K(t,7)K(r,8) (A ()7 + pf(u(s)) dsdt, (13)

where, for 0 <t,s <1,

sV (max{t, s}>"N —1), ifN>2,

K(t,s) = { —sln(max{t, s}), if N=2.

Define operators 1" and T in C1([0,1]) as follows

T(u)(t) = T (u //JHT (ry ) (Al (8)|7 + pf (uls))) dsdt (1.4)
and for (h,3) € R2,

“

1,1
T(u)(t) = Kgn + /0 /0 K1 —t,7)K(1,1—3) (=AW ()7 + pf(u(s)))dsdt (1.5)

where )
t
Kgp(t) :=h+ B/ (k(t,s) + ) dt.
O N

Remark 1.1. From [7] and [13] , we have
(i) K(t,s) >0 for all (¢,s) € (0,1)?
(i) K(t,s) < K(s,s) for all (t,s) € [0,1]%
(iii) K(t,s) < Ko, for all (¢,s) € [0,1]?,
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(n—1)
with K := % if n=2and Koo :=(n—2)(n—1)" 72 if n>3.
We are now in position to present the main results.

Theorem 1.2. Let f : (—o00,00) — RT be a nondecreasing continuous function such
that inf f > 0. Then there are A\g > 0 and po > 0 such that problem (P ,) has at least
one radial solution for any (X, p) € [—Ag, 00) X [0, po]. Moreover, for all 0 < p < po,

Aoo :=sup{A/ (A, p) € S} <
and for all 0 > X\ > — ),

Poo :=sup{p/ (A, p) € S} <
where

S :={(\p) eR?*/everyo,u € R, 0 > -\, 0 < u < p, P, , hasaradial sol}.

2. Preliminary results and proof of Theorem 1.2

We now introduce some basic technical lemmas that will be necessary to prove
the main result. Let’s start with a result introduced in [3], [7] and [1].

Lemma 2.1. Let E be a Banach space, and P be a cone in E, and Q be a boundary
open set in E. Suppose that T : QNP — P is a completely continuous operator. If
Tu # vu, for allu € O(QP) and allv > 1, then the fized point index i(T,§, P) = 1.

Lemma 2.2. If g € C[0,1], we have that there exists c,(t) € [a, 1], independent of t,
such that

/t vl /1 K(1,s)|g(s)|dsdT = |g(ca(t))] /t 1 /1 K(7,s)dsdr (2.1)
foralltOZaZO.a i ’
Proof. By Fubini’s theorem we obtain
/Ot oot /1 K (r,5)|g(s)|dsdt = /1 l9(s) (s, £)ds
where h(s,t) := fot "~ LK (7, s)dr. It is easy to see that

1
h(s, t)d
win | g |< falgl(S)l (s )ngax|g|
[a,1] [ h(s, t)ds 1]

Thus, there exists a < ¢, (t) < 1, such that

/ l9(s)|h(s,t)ds = |g(ca(t))] / h(s,t)ds.

This completes the proof. O

Let us stress that in addition to the properties of function K presented in Remark
1.1, we will give another property in the following lemma.
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Lemma 2.3. Function K(t,s) verifies the following assertion

/K 2t_1 /Kts

for allt € [0,1] and N > 2.

Proof. Let
1
t) :/ K(1—t,s)ds
0
Then
1—t 1
o(t) = K(1—t,s)ds+ K(1—t,8)ds =: ¢o(t) + p1(t).
0 1—t
Note that . L
p1(t) = K(1—t,8)ds = K(s,s)ds,
1—t 1—t
thus ¢} (t) = K(1 —t,1 —t). We also have
1-1¢
ot)=———-KQ1—1t,1-1t).
At = K111

Therefore ¢'(t) = 1. Similarly, we have

W(t) = lt, o(t) ::/ K(t, 5)ds

If we set ¢(t) = p(t) — ¥ (t) — £, we obtain ¢'(¢t) = 0 for all t € [0, 1], which implies
o(t) /KOS /Kssds-—
this completes the proof of the lemma. O

Lemma 2.4. Let (o, 3) € R* x R*. Suppose that T has a fized point in C*([0,1]). Then
the following problem

(paty { ABW+NVUT = pf(u) in By
U=, Au = _6 m 6315
has at least one solution.

Proof. Let @ be a fixed point of T in C1([0,1]) and let v(r) = w(1—r) for all r € [0, 1].
By the change of variable 7 =1 — s, we get

o(r) = Kpp(r //Krt (t,7) (= A" ()| + pf (u(r)) drdt

It follows, from Lemma 2.3, that v(r) = Kg(t) + T'(v)(r). By a straightforward com-
putation, we have

LIL(T(@v))) = =AP'|*+ f(v).
Since L( (fol K(.,t = 0, we deduce that L(L(v)) = =A|v'|7+pf(v). Furthermore,
we have v(1) = h + 2N, E( )(1) = —pB. Therefore, by taking h = a — %, we obtain
that u(x) = v(|z|) is a solution of problem (P*#). O
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Lemma 2.5. There are By, \g > 0 and pg > 0 such that f has a fixed point, for all
A < Xo and all |p| < po, with

—f X(Bo) if 18] < Bo —J po(Bo) if 1B <Bo
AO—{ o8 if 18>8 ™ ”0‘{ po(B) if 18] > Bo-

Proof. We argue as [8], to prove the above lemma. Let ¢ > 0 be fixed. By the continuity

of f on [0, 1], we can find )\(()1), p(l) Bo > 0 depended on ¢ and sufficiently small such
that

%* o) sup f+pc sup [P+ A | Ko <c

0<\t\<2£%+\h\ 0<\t\<c+2ﬂNL+\h|

Thus for all |8] < Bo, [N < )\(()1) and |p| < pél), we have

Dl (or (g tn) 4ok s 11+ e (22)
[Oc-‘r ¥ +lh(]

Let |8] > Bo, there are cg, Ag, pg > 0 such that for all |A| < Ag and p < pg,

%‘ + | of <2€\7 + h> + peg sup L]+ Aeh | Koo < cp- (2.3)
[0.6+ 53 +IRl]
Consider
g
Eg = 1) flu— == —h|| <M
p={uecqo:|u- L - <ar.
where |u|| := max{|u|co, [t/ |oo} and M = cif |8] < Bo, M = ¢z if |B| > f3p. For all

u € Eg, from fol K(r,t)dt < fol (t,t)dt (see Remark 1.1) and as fo (t,t)dt = 5%,
we have that

:?(u)(r)—Az—@+/ / K(L—r)K(t,1 - )Py (s)dsdt  (2.4)

where

Fipls) = A (8)[* 4 pf (u(s)), A= o+ 1

. It is easy to check that if u € Eg, we have

pS(u) < P (G + h) + pLIM,

with L := SUD |, gy maxdiflaa) | iy |f/(t)]. It follows, from u € Ez and (2.4), that
2N
f(u)(r)_Az_@_ / / K(1—rt)K(t,1— s)dsdt. (2.5)
where C' = |A| M+ pf(A) + pLM. Since

1 1
0< Ky < land / / K —rt)K(t,1 —s)dsdt < K% (2.6)
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we obtain that

T)0) - g5~ =~ — (M4 oA (g

LM ) K2 >—-M. (2.
> F 1)+ pLM ) K% > =M. (27)

From fol K(t,r)dr < fol K(r,r)dr = 5% and (2.6), we have

Tu)(r) — % _h< Iﬂl <|/\| M9+ pf(% +h)+ pLM> KL <M. (28)
It follows that
T(u)(r) — % - h‘ <M,

for all |A| < )\él) and all 0 < p < p(()l). Now we are able to show that |i’(u)/(7")| < M.
Indeed, a straightforward computations show that

1 1—7r ¢ N-1
K+ / / (1 7 > K(t,1— s)Fy,(s)
o Jo r

(5 mar + pr(

T(u) (r)

IN

+h)+ pLM) Koo

Since 0 < Ko < 1, we deduce that f(u),(r) < M. On the other hand, for u and

v € Fg, we obtain that

T(u)(r) — f(v)(r) < |)\|/0 /0 K1 —rt)K(t,1—s)gM? " v/ — /|

1 1
+p sup |f’(t)|/ / K(1—rt)K(t,1— s)|lu— v|dsdt.
o Jo

[t|< M+ +h
We deduce that

T - Tw)®)| < D / K(1 = r)K(t1 — s)dsdt| |[u— o]

where
D=gM"™ +p  swp  [f(D)].
[t|< M+ +|n]
From (2.6), there are )\52) 0 and p( ) > 0 such that, for all Al < )\82) and all
0<p< p(2)

IA
=

T(u)(r) — T(v)(r)

IN
\
B
|
=2

with
= [N gM?! +p sup LF'(0)]
[t < M| =220t | ||
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On the other hand, we have

1 1—r t
e
1 1r( ¢
0 1-

N-1
) K- 9 O - A

N—-1
D) K= (s - () dd]

Thus

IN

DoK ||u — vl

IN

L= o]
—||u — v
2

forall 0 < p < p ) and |A] < )\(2)
Therefore, for all

Al < Ao = mm{)\((J ),)\( )} 0 < p< pg=min {pé ),p(()l)},
we obtain that
IT@)r) ~ T@)N < 5 =]l
According to the Banach contraction theorem, f has a fixed point in Eg. (|

2.1. Proof of Theorem 1.2
Let P be a cone defined as

P:={ueC]|0,1], u>0}.

The proof is done in five steps.
Step 1. Case —\g < X\ < 0. Consider the following operator

D)0 = Kaa0)+ [ [ KoK(0) AW+ prats)dsir. (29

In view of Lemma 2.5, we obtain that Tg has a fixed point in C'[0, 1] . Then, by Lemma

2.5, for all |3 < B and |A| < Ag there exists v, in C'[0,1] such that 1:;3(%) =
Taking Wg := —v, + %, we get

—/1/1K(t,T)K(T,s) (—/\|W’|q+pf (—Wﬁ+§€)>dsdr
_/3/ K(t,5)

L(W;s)(1).

R
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Then

i [ 6 [ e (oo ([ i )

— L(Wp)'(t).

Let X = C[0,1], with norm ||u|| =|u|,, and consider

t ip\N—-1 p1 1
L@ = B O KGs) (= Alul? + pf ([ u(s)ds) ) dsdr, t 0
t=0
for v € X. Clearly, (X,]|.]|) is a Banach space. On other hand, L : P — P is
completely continuous. Indeed, by Hospital’s rule, we obtain that for all v € X,

L(u) € X . Tt is easy to see that L(u) > 0. We deduce that L(P) C P. By Ascoli-
Arzela theorem and absolute continuity of integral, we obtain that L is completely

continuous. Let us consider the set 2 := {u eX, u< Wﬁ} . For u € 9Q N P, we have

9

/14 ! ro,
“Alul? < <AW" and / uds < / Whds.
Using f is nondecreasing and u € 02 and by choosing 5 > 0, we have

Lu)(t) < LIWS)() < L(Wp) (£) = Wj(t) = u(?)

Then L(u)(t) # uu(t)7 for all v > 1. Moreover, from f(0) > 0, we have that L(0)(¢t) #
0. Then L(u)(t) # vu(t), for all u € 8(QﬂP) and for all v > 1. Tt follows, from
Lemma 2.3, that (L, 2, P) = 1. Thus, there exits u €  such that L(u) = u. Let

W(r) = /T1 u(s)ds.

/1 ()ds:/lL(u)(s)ds
[//th Ts)( A\u|q+pf(/ ()§)>dsdt]i

_ //KtT () (~AIW (917 + pf (W(s))) dsa.

This implies that W = T(W). Therefore, the function W : B(0,1) = R, x — W (|z]|)
is a solution of problem (P,\’p) for all —\g < A <0 and for all 0 < p < pg.

Step 2. Case \[j > A > 0 (A will be defined below ). By taking A = 0 in step 1, we
obtain that there exists Vg € C'[0, 1] such that

Then, we have

W (r)

Vs = KB,—B/N(t)+p/() /0 K(t,7)K(7,s)f(Va)dsdt

Lo (V).
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Then

Let us consider the set

! _ /_7i
Q.—{UGX,U< V },

for 8 < 0. Then, for u € Q' N P, we have 0 < u < =V’ — % This implies that
llul] < HV/;H . So, if we take

inf f(¢) _nff®)
-4

Nt +of [ utsas) 2o

Therefore, L(Y' N P) C P. Now, let u € 9§’ N P. We have

L) = /0( N 1/ K(r,s) ( Au(s |q+pf( >)dsdr
LG [ o (- [ vacerae - 5+ 5 ) asar
< /Ot (Z)N_l/olK(r, s)pf (vﬁ(s) + if) dsdr

By using 8 < 0 and the fact that f is nondecreasing, we get

L(t) < — (EO(V5)> (t) = —Vé(t) =u(t) + % < u(t)

Then L(t) # vu(t) for all v > 1 and for all u € 9’ N P. Moreover, L(0)(t) # 0. Thus,
L(u)(t) # vu(t) for all v > 1 and for all u € 9(Q' N P). Therefore, from Lemma 2.1,
i(L Y, P) = 1. Then, there exists u € C0, 1] such that L(u) = u. We deduce that

O§A§A6::pmin

we obtain

A

1
W:X =R, t—>/ u(s)ds
t

satisfies T'(W) = W. So, we obtain that problem (P, ,) has a radial solution for all
0< A< andfora110<p<p0

Step 3. For every (), p) [AG, 00[x [0, pol, the problem (Pj,) has a radial solution.
Indeed, let (), p) € [N}, oo[x [0 po]. From Step 3, problem (P, ,,) has a radial solution.
Then, there exists ug 6 C|0,1] such that Ty ,, (1) = up. Consider the cone

P:={ueX, u>0}
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and the set Q := {u € X, u < ug}. Then, we have
QNP={veX, 0<u<ug}.
So, d(QNP)={0} U{u = ug}. Since f is nondecreasing, we get
Tx,p(w)(t) < To,p0 (w)(t) < To,p, (u0)(t) = uo(t) = u(t)

for u € 9Q. We also have T ,(0)(t) > 0. Therefore, T ,(u)(t) # vu(t), for all v > 1
and for all u € (2N P). So, from Lemma 2.1, i(Ty ,, 2, P) = 1. Consequently, (P ,)
has a least one radial solution.

Step 4. Aoo(p) < 00 and poo(A) < 00. Let 0 < p < pg. Suppose that A (p) = —o0.
Then, there exits (A,,p) € S, with A, — —oo and let u,, be a solution radial of
problem (P, ,). Then

() = — /Ot (%)Nfl /01 K(r,5) (=Ml ()] + pf(un(s))) dsdr <0 (2.10)

since f > 0, we get
t F\N-1 1
@1 > <2 [ (5) [ K 9lun(o) s
0 3
In view of Lemma 2.2, there exists 1/2 < ¢;/5(t) < 1 such that
t F\N-1 1
un @) > ~Malun(erz@)1? [ (5)7 [ Krodsar
0 3
From (2.10), we have 0 < |u},(1/2)| < |u},(c1/2(t))|. By taking t = 3, we get
1/2 1
1> —/\n|un(1/2)'|q_1/ (ZT)N_l/ K(1,s)dsdr.
0 0
By (2.10) and € := inf f > 0, we get

1/2 1
iy (1/2)] = / (2r)N -1 / K (r, )0/ (un (s))dsdr

3 1
60/ (ZT)N_l/ K(t,s)pdsdr.
0 0

1/2 1
1> —An(peg)?™? </ 27'N71/ K(T,s)dsdT)
0 3

Letting n — oo, we obtain a contradiction. On other hand, let —\y < A < 0. Suppose
that poo(A) = co. Then, there exits (A, p,(A)) € S such that p,(A) = oco. If we follow
the same way as above, we obtain

1/2 1 q
1> —A(pneo)?™! </ 2TN—1/ K(m)dsdT) : (2.11)
0 3

Letting n — oo , we obtain a contradiction. This concludes the proof of Theorem 1.2.

V

It follows that
q
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Global solution for a diffusive epidemic model
(HIV/AIDS) with an exponential behavior of
source

El Hachemi Daddiouaissa

Abstract. We consider the question of global existence and uniform boundedness
of nonnegative solutions of a system of reaction-diffusion equations with exponen-
tial nonlinearity, without any restriction on initial data, using maximum principle
and Lyapunov function techniques.
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1. Introduction

In this paper we consider the following reaction-diffusion system

ou

E—aAu:H—f(u,v)—ozu (x,t) € QA xRy (1.1)
% —bAv = f(u,v) —ok(v) (z,t) € X x Ry (1.2)
with the boundary conditions
ou v
8777:8777:0 on 8QXR+, (13)
and the initial data
u(0,2) = ug(w) = 0 0(0,2) = vo(x) =0 in 2, (1.4)

where  is a smooth open bounded domain in R”, with boundary 9Q of class C! and
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7 is the outer normal to 9S2. The constants of diffusion a, b are positive and such that
a # b and II, a, o are positive constants, x and f are nonnegative functions of class
Cl(Ry) and C'(R, x Ry) respectively.

The reaction-diffusion system (1.1) — (1.4) arises in the study of physical, chemi-
cal, and various biological processes including population dynamics (especially AIDS,
see C. Castillo-Chavez et al. [4], for further details see [6] [11] [17] [21] [22]).

The case I = 0, « = 0,0 = 0 and f(u,v) = h(u)Q(v), with h(u) = u (for
simplicity), has been studied by many authors. Alikakos [1] established the existence
of global solutions when Q(v) < C(1 + |v|("*2)/™). Then Massuda [18] obtained a
positive result for the case Q(v) < C(1 + |v|*) with arbitrary o > 0. The question
when Q(v) = e’ 0<B<1,a>0was positively answered by Haraux and Youkana
[13], using Lyapunov function techniques, see also Barabanova [2] for 8 = 1, with some
conditions and later on by Kanel [16], using useful properties inherent to the Green
function. For Q(v) = e®*” 3 > 1, Rebiai [3] proved the global existence. The idea
behind the Lyapunov functional stems from Zelenyak’s article [23], which has also
been used by Crandall et al. [5] for other purposes.

The case I > 0, & > 0,0 > 0 L. Melkemi et al. [19] established the existence of global
solutions, when f(&,7) < ¢(£)¢(7) such that

p I+ (7))

T—+00 T

=0.

For f(v) = e"“’ﬁ, B > 1, Djebara et al [9] showed the global existence.
The goal of this work is to generalize the existing result in [7], where it is proved the
existence of global solutions with following exponential nonlinearity

0< f(&,7) <€) (T +1)e, (1.5)

with restriction on initial data

IT 62 8ab
max (H o loc; a) S32.9¢ rn(a — b)?’ (1.6)

Hence, the main purpose of this paper is to give a positive answer, concerning
the global existence and the uniform boundedness in time, of solutions of system
(1.1) — (1.4), with out any restriction on inital data uy and vy and same exponential
nonlinearity, i.e,

(S1) vr >0, f(0,7) =0,
(S2) V€ >0,V >0,0< f(&,7) < (&) (1 + 1)2eT,
(S3) w(r) =1, pu>1,

where r, A are positive constants, such that A > 1, ¢ is a nonnegative function of class
C(RT).

For this end we use maximum principle and Lyapunov function techniques, and an
idea inspired from [8].
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2. Existence of local solutions

The usual norms in spaces LP(Q), L>(Q2) and C(Q) are respectively denoted by

1
R ARG P EN

Concerning a local existence, we can conclude directly from the theory of abstract
semilinear equations (see A. Friedman [10], D. Henry [14], A. Pazy [20]), that for
nonnegative functions uy and vy in L*°(Q2), there exists a unique local nonnegative
solution (u,v) of system (1.1) — (1.4) in C(Q) on ]0,T*[, where T* is the eventual
blowing-up time.

3. Existence of global solutions
Using the comparison principle, one obtains
II
0 < u(t,z) < max <|| U |OO,) =M, (3.1)
@
from which it remains to establish the uniform boundedness of v.
According to the results of [12], it is enough to show that
| fu,v) —or(v) [l[,< C (3:2)

(where C' is a nonnegative constant independent of ) for some p > %. To reach this
goal, let us start with this preliminaries results.
We consider the following reaction-diffusion system:

% — alAul =1 h(U17U/2) — U1 (l‘,t) S Ql X R+ (33)

% — (2= V3)a1Aug = h(ug,uz) — duy  (x,t) € Qy x Ry (3.4)
ou ou

87771 = 87772 =0 on an X R+, (35)

ur(0,2) = w1 0(x) > 0 uz(0,2) = s p(x) >0 in Oy, (3.6)

where €2 is a smooth open bounded domain in R?, with boundary 9€; of class C!
and 7 is the outer normal to 9y and a; > 0 is the diffusion constant, § is a positive
constant and [|u1,0l|c = %, h is differentiable nonnegative function such that:

(A1) Vr >0, h(0,7)=0,

(A2) VE 20,97 20, 0<h(é,m)=Ep(r) <E(r+aa)ets”,

where ¢ is differentiable nonnegative function and

48 3 M .1
a —max(g,(imy). (3.7)
Using the maximum principle, we obtain

0<wu(t,z) <1 (3.8)
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To establish the boundness of ug, we use the results of [14, 15], where it is enough to
show that

| h(ui, uz) — dusg [|4a< C, (3.9)

where C' is a nonnegative constant independent of ¢. For this end we need the following

Lemma 3.1. Let ¢ be a nonnegative function of class C(RT), such that

lim M

T—+0c0 T

=0
and let A be positive constant. Then there exists Iy > 0, such that

[‘W) - A] Thy (1) < Ty, (3.10)

-
for all T > 0; hy is a nonnegative function of class C(RT).

Proof. Since

im 20 g
T—+00 T

there exists 79 > 0, such that for all 7 > 7y, we have

[“ﬂ_Almﬂﬂga

i
Now if 7 is in the compact interval [0, o], then the continuous function

[6(7) = A7lha(7)
is bounded. 0

Lemma 3.2. Assume that (A1) and (A2) hold and let (uy,uz2) be a solution of (3.3)-
(8.6) on |0, T*[, with arbitrary uso. Let

1
Gi(t) = / (77— ) (uz + ar)tei 2 da. (3.11)
Q 3~ W
Then there exist a positive constant 11y such that
dG
— (1) < —o1Ga (1) + 10, (3.12)

where o1 s a positive constant.

Proof. We put q(u1) = (31u1>’ so that
2

Cr(t) = / g(ur) (g + ar) et dz.
Q

Differentiating G; with respect to t and a simple use of Green’s formula gives

Gi(t) =1 + J,
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where

I = —al/ q" (uq)(uz + a1)4e%“2|Vu1|2dx
Q1

1 1
G \/g)al / q (u)[4+ i(uQ + ap)](us + a1)361“2Vu1Vqux
Q1

1 1
- 2-V3)a / q(u)[12 4 2(ug + 1) + 1—6(uz + 1) ?(ug + a1)?e 12 |Vuy|?de,
|95

Jy = / ¢ (uy)(ug + o ) ei®dx — / ¢ (u)uy (ug + ay) e da
Ql Q1

T /Q (q(ul)[4 + i(uz + 0[1)] - q/(ul)(u2 + Oé])) (u2 + a1)3h(u1, UQ)e%’lex

1 1
— (5[4‘1‘ Z(UQ +a1)]u2(uz +C¥1)361u2d.’£.
Q

I; involves a quadratic form with respect to Vu; and Vug, which is nonnegative if

(3~ VBYl4-+ J(un + an)]? — 82 — V)12 + 2uz + 1) + 1o (uz + )]

:[72H+i@9+am2+ﬂﬂ2fV$:{1—D+3%@y+mﬂﬂ%@4w@)§0

Concerning the second term Ji, we can observe that

1 1 1
J1 < / (2 — 7(5’[142)37(’(1,2 + a1)4ezu2dx
N 4 V5w

1 1 1
- / ([4 + 7w+ o)l = g——(uz + al)) T (uz + a1)h(uy, up)e 2 da.
Q1 4 3~ W 5 W

Now we introduce a positive constant o1, such that

1 2 1 1 1
Jp < / —013 (us + a1)4€%“2 + ( o 6) 3 ug(up + ay)er"2dx
Q 5 - Uq Ug 4 5 uy

) 1
—|—/ (4 - Ea1)37(u2 + al)?’h(uhug)e%“"‘dx.
1951

2~ W
using the Lemma 3.1 and the choice in the formula 3.7, let us get
J1 < —O’1G1(t) + HQ‘Ql‘.
It follows that

where H1 = H2|Ql| O

Theorem 3.3. Under the assumptions (A1) and (A2), the solutions of (3.3) — (3.6)
are global and uniformly bounded on [0, 4+00].
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Proof. Multiplying (3.12) by e°'* and integrating the inequality on (0,t), it implies
the existence of a positive constant C's > 0 independent of ¢ such that

Gi(t) < Cs. (3.13)
Then we have

3 3
/ h4(u1,u2)dx S *Gl(t) S *Cg. (314)

o 2 2
O

Remark 3.4. From the choice (3.7) we have for all t > 0

2
G1(t) 2/ go/fdg[: > M. (3.15)
2

3.1. Main result

Now, we will state the main result

Theorem 3.5. Under the assumptions (S1) — (S3), the solutions of (1.1)-(1.4) are
global and uniformly bounded on [0, +o0l.

The key result needed to prove the Theorem 3.5 is the following

Proposition 3.6. Assume that (S1)—(S53) hold and let (u,v) be a solution of (1.1)-(1.4)
on 10, T*[, with arbitrary vy and ug. Let

B
60 = [ (Gopir—s) Crorera ). ()

where w, B,y and 0 are positive constants such that w > 1, 8 <1 and

4ab B+1)(2-0)Mr
= —_— = .1
B H(a—b)2’ v max()\,u, B0(1=0) (3.17)
and
t
P(t) 2/ /f(u,v)g(u)(v—|—w)“’pep”’dxds. (3.18)
o Ja
Then, there exist p > n/2 and positive constant T’ such that
dG
— < — .
o < —sG AT, (3.19)

where s is a positive constant.
It’s very important to state this lemma, before proving this proposition,

Lemma 3.7. For all 7 > 0 we have

1p
(1-0)M

where By and s are positive constants.

— UpK(T)(iT 1 ~t )| (T +w)Pel’m < —s(17 4+ w)PeP"T + By, (3.20)
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Proof. Let us put
1B

S oo

+ s
T+ — () + P () P
= (o )+ e+ (i~ o s waprer

then, using Lemma 3.1 we can conclude the result. O

Proof. (of Proposition 3.2). Let
M B
o) = (G=gr=)

GO = [ glu)(w+w)Permds + Ga(u(e).
Q
Differentiating G with respect to ¢ and a simple use of Green’s formula gives
G't)y=I+1J,

so that

where

I=—a /Q 9" () (v + W) P | Vul2de

—(a+Db) /Q g (W)[yp(v + )P + pr(v 4 w) PP VuVods

- b/Qg(U) (v —1) (0 +w) P24 29p (v + )P 4 PP (v + w) P Vo Pde,
J= /Q Ty () (v + w)PeP ™ d — /Q ag (wulv + w) P de

# [ (st + )™t rplo+ 6] = o )o + 0P ) flus 00 o

- /Q alyp(v +w) P+ rp(v + w) Plk(v)g(w)e’ dr + ' (1) G ($(1)).
We can see that I involves a quadratic form with respect to Vu and Vv, which is
nonnegative if
0= (pla+b)g (wy(v+w)™ ! +r(v+w)?))
—dabyp(yp — 1)g" (u)g(u)(v +w)*P~?
— dabg” (w)g(u) (v + W) P [2yp*r(v 4+ w) P + p?rP(v + w)P] < 0.

2

Indeed

) 9(0)? (0 + )12

rp’g(u)*(v + w)*
((2—=0)M — u)?

+ [(a +b)*B* — 4abB(B + 1)] 27 + r(v 4+ w)],
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the choice of 8 and v gives
dabBpyg(u)? (v +w)?*7 2

§<[B+1—py(1-10)

(2~ )M —u)?
+ dab(f — 1) Tpﬁ(é(“) ;;J“L;_ 2+ (rp) (v +w)] 0,
it follows that
I1<0.

Concerning the second term J, we use (3.12), we can observe that

J< /Q (U_Hg)M — opr(v)]- z —+ 7’]>g(u)(v + w)PTePrVdy

# [ (s 11 - g v+ ) e s

+ ' (t) (= 01G1 (¥ (1)) + IIy).
Using Lemma 3.7 and by choosing o1 = ﬁ(rp +1I;), we get

75 [[fstotapien + Bilguas
Q
9 ..
* ,/Q (UTUJ B 26 (CL _46;[))2M>f(u7v)g(u)(u + w)’YPePTvdx'

Since f is continuous function, applying the Lemma 3.1, it follows that there exist a
positive constant Ny such that

J < /Q[—s(v + w)P7eP™ + Bylg(u)dx

+ Ny /Q g(u)dz.

o= (125)

B
1
J < —SG(t)-i-(‘ Q|Bl +N1)<1_0> +803,

In addition
then

it follows that

dG
< = |
n sG+T,

where T = (| Q | By + Np)(5)” + sCs. O
Proof. (of Theorem 3.5)

Multiplying (3.19) by e and integrating the inequality, it implies the existence of a
positive constant C; > 0 independent of ¢ such that

G(t) < C).
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g(u) = (2_19>ﬁ,

/ (0 4+ w)PeP™dz < (2 — 0)PG(E) < C1(2 — 0)°.
Q

Since

Since w > 1 and (3.17) we have also,

/(v + D)PePmdg < /(’U + w)PeP™dx < C1(2 — )P,
Q Q

/v“pdmg/(v+w)7pdx§01(2—9)5.
Q Q

We put

A= o ©(&),

according to (S1) — (S3), we have
/ F(u,v)Pda < / AP(v + 1) e de < APCy(2 — 0)° = APHP,
Q Q

we conclude
[f(u,v) = or()lp < [[f(wv)lp + [lor(v)ll, < H(A+0).

By the preliminary remarks (introduction of section 3), we conclude that the solution
of (1.1)-(1.4) is global and uniformly bounded on [0, +oc0[x 2. O
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Decay rate of solutions to the Cauchy problem for
a coupled system of viscoelastic wave equations
with a strong delay in R"

Amina Chaili, Bochra Belhadji and Abderrahmane Beniani

Abstract. Using weighted spaces, we establish a general decay rate properties of
solutions as T" — oo for a coupled system of viscoelastic wave equations in R™
under some conditions on g1, g2, . We exploit a density function to introduce
weighted spaces for solutions and using an appropriate Lyapunov function.

Mathematics Subject Classification (2010): 35105, 35L15, 35L70, 35B40.

Keywords: Lyapunov function, relaxation function, density, decay rate, weighted
spaces.

1. Introduction and statement

Let us consider the following problem

uf + aug + Auj(z,t —7) = ¢p(x) Ay (u1 + f(f g1(8)ur(t — s,z)ds ),z € R" x RT

ufy + auy + Auh(x,t — 1) = d(x) Ay (u2 + f(f go(s)uz(t — s,x)ds ) , o € R™ x RT

uj(z,t —7) = fi(z,t —7), uh(z,t—71)= fola,t—7) te€(0,7)

(u1(0,2), u2(0, 7)) = (u10(x), uzo(2)) € (H(R"))?,

(u1(0,2), u5(0, 7)) = (u11 (), uz1(2)) € (L3(R"))?,

(1.1)

where the space H(R™) defined in (1.11) and I,n > 2, ¢(z) > 0, Vo € R™, (¢(x))~! =
p(z) defined in (A2).
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In this paper we are going to consider the solutions in spaces weighted by the
density function p(z) in order to compensate for the lack of Poincare’s inequality
which is useful in the proof.

In this framework, (see [5], [9]), it is well known that, for any initial data
(u10,u20) € (H(R™))?, (uu,um) € (LL(R™))2, then problem (P) has a global solu-
tion (u1,ug) € (C([0,T), H(R™)))?, (uf,uh) € (C([0,T), L, (R™))? for T small enough,
under hypothesis (A1)-(A2).

The energy of (u1,us) at time t is defined by

2 2 ¢ 2
1 1 1
-3 > Il e @) + 5 da- /0 9i(s)ds)||Vzuil}3 + 5 > " (gi 0 Vaous)
=1 1=1 =1
+ a/ puuadr. (1.2)

When « is sufficiently small, we deduce that:

B(t) > ;PMWM[ZMMWZE—/mdwvwﬁfhmvw

i=1

and the following energy functional law holds, which means that, our energy is uni-
formly bounded and decreasing along the trajectories.

B0 = 1Y (oo Van) (0~ 1 3 a0V 2 0. (13)

i=1 =1

N | =

The following notation will be used throughout this paper

(@° 0 W) () =/0 (¢ —7) [0 (t) - U(r) |5 dr (1.4)

For the literature, in R™ we quote essentially the results of [1], [5], [6], [7], [9],
[11]. In [6], authors showed for one equation that, for compactly supported initial
data and for an exponentially decaying relaxation function, the decay of the energy
of solution of a linear Cauchy problem (1.1) with I = 2, p(z) = 1is polynomial. The
finite-speed propagation is used to compensate for the lack of Poincars inequality.
In the case [ = 2, in [5], author looked into a linear Cauchy viscoelastic equation
with density. His study included the exponential and polynomial rates, where he used
the spaces weighted by density to compensate for the lack of Poincar’s inequality.
The same problem traited in [5], was considred in [7], where they consider a Cauchy
problem for a viscoelastic wave equation. Under suitable conditions on the initial
data and the relaxation function, they prove a polynomial decay result of solutions.
Conditions used, on the relaxation function g and its derivative ¢’ are different from
the usual ones.

The problem (1.1) for the case [ = 2,p(x) = 1, in a bounded domain Q C
R™ (n > 1) with a smooth boundary 99 and g is a positive nonincreasing function
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was considred as equation in [11], where they established an explicit and general decay
rate result for relaxation functions satisfying:
g'(t) < —H(g(t)),t > 0,H(0) =0 (1.5)

for a positive function H € C'(RT) and H is linear or strictly increasing and strictly
convex C? function on (0,7],1 > . Wich improve the conditions considred recently
by Alabau-Boussouira and Cannarsa [1] on the relaxation functions

g'(t) < —x(9(t)),x(0) =x'(0) =0 (1.6)
where x is a non-negative function, strictly increasing and strictly convex on
(0, kol, ko > 0. They required that

o g "o 2d 1
/ ar +oo,/ 2 21, lim inf X(,S)/S > = (1.7)
o x(@) o x(@) s=0t X(s) T 2

and proved a decay result for the energy of equation (1.1) with « = 0,1 = 2,p(z) =1
in a bounded domain. In addition to these assumptions, if

lim sup X(IS)/S

s—0t+ X (S)

then, in this case, an explicit rate of decay is given.

We omit the space variable x of u(z,t), v (z,t) and for simplicity reason denote
u(z,t) = v and v'(z,t) = v/, when no confusion arises. We denote by

" ou " 0%u
2 _ Ju _\Ju
Vaoul” = Z (8@) » Aau — Ox}’

i=1

<1 (1.8)

The constants ¢ used throughout this paper are positive generic constants which may
be different in various occurrences also the functions considered are all real valued,
here v’ = du(t)/dt and v = d?u(t)/dt>.

The main purpose of this work is to allow a wider class of relaxation functions
and improve earlier results in the literature. The basic mechanism behind the decay
rates is the relation between the damping and the energy. In section 2, we prove decay
estimates of the solution of our problem (1.1) when ¢g; and g are of general decay
rate. Our approach involves a perturbed energy method and leverages properties of
convex functions.

First we recall and make use the following assumptions on the functions p and
g fori=1,2 as:

A1l: To guarantee the hyperbolicity of the system, we assume that the function
gi : RY — RY (for i = 1,2) is of class C* satisfying:

1 */ 9i(t)dt > k; > 0,9:(0) = gio >0 (1.9)
0
and there exist nonincreasing continuous functions &;,£2: Rt — R™T satisfying
g9:(t) < —&igi(t). (1.10)
A2: The function p : R" — R, p(z) € C®7(R™) with v € (0,1) and p €
L*(R") N L>(R"), where s = 5—21 .
n—qn-+2q
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Definition 1.1 ([5], [12]). We define the function spaces of our problem and its norm
as follows:
H(RY) = {f e L2 (=(R") .V, f € L2(R”)} (1.11)

and the spaces L2(R") to be the closure of C§°(R™) functions with respect to the
inner product

(f, ) ey = /R pfhdz.

For 1 < p < oo, if f is a measurable function on R", we define

1/q
I lugceer = ([ olsiras) (112)

Corollary 1.2. The separable Hilbert space Li(R”) with

(f, Drzwny = 1122 @m)-

consist of all f for which || f|pa@ny < 00,1 < g < +o0.
The following technical lemma will be pivotal in the next section.

Lemma 1.3. [4] (Lemma 1.1) For any two functions g, v € C*(R) and 6 € [0,1] we

have
[e@ [ot-opeasts = ~3ogev@+ 55 | [ods | o3
Rn 0 0
4309 00)(1) — o v (DI3 (113)
and

2

dr < ( / t 92<1—9>(s)ds> (g% o) (1.14)

0

/ (/otg(t — s)lv(s) - v(t)lds)

We are now ready to state and prove our main results

2. Results and proofs

Lemma 2.1. [8] Let p satisfies (A2), then for any u € H(R™)

2n 2n
sy ||V nYy, iths = ——— 2<¢g< .
L(R)” u||L2(R) et s 2n —qn + 2q _q_n—Q

||U||L2(Rn) <ol
Corollary 2.2. If ¢ = 2, then Lemma 2.1. yields
HU”L};(W) <|lpllLr/2@n I Vaul L2 ®ny,
where we can assume ||p||n/2@ny = Co >0 to get
[ull22®n) < CollVaull 2 mn). (2.1)

Using Cauchy-Schwarz, Poincare’s inequalities, the proof of the following Lemma
is immediate.
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Lemma 2.3. There exist constants c,c’ > 0 such that
2

/n (/0 gi(t — s)(u;(t) — ui(s))ds> dr < c(g;ouy)(t) < (gi o Vuy)(t)  (2.2)
for any u € H(R™).

To construct a Lyapunov functional L equivalent to E, we introduce the next

functionals
Z/ )il |2l de (2.3)

Z/ )il 2u /0 it — ) (us(t) — wi(s))dsdz  (2.4)

Lemma 2.4. Under the assumptions (A1-A2), the functional ¥y satisfies, along the
solution of (1.1)

<Zuuinu(in (HalCo—5-1) 3. V.l oVau) (25)

=1 i=1

Proof. From (2.3), integrate by parts over R™, we have

i) = [ sapddes [ pwn () d
+ /R p(z)ulyda +/ p(x)us (|u’2\l_2u’2)/dx
= /]R (p(x)u'll + w1 Ayuy — ap(x)urug — ug /Ot g1(t — S)Azul(s,x)ds) dx
+ / (p(x)u'Ql + uaAgus — ap(z)urug — ug /Ot g2(t — 8)Agua(s, x)ds) dx
2

IN

2
; ||u;||lL'l’)(]Rn) - z_; kil | Vous|3 — 2a /Rn p(x)uiusde

i 2/ Vet /0 9i(t = 5)(Vaui(s) — Voui(t))dsda

Using Young’s, Poincare’s inequalities Lemma (2.1) and Lemma (1.3), we obtain

La(]Rn Ziiv u2||2
2 2
+ 5Zi|kuzii% Z/ </ gi(t — 8)|Vui(s )—uni(t)|ds> dx
i=1

2

2
W) < DMl ey — ZkIIV will3 + (1 = lelllpl;
i=1

IN

2 2
Z; 17 ey — (k + || Co — 6 — 1) D I Vauill3 + 0 Vau)

=1 i=1
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For o small enough and k& = max{k1, k2 }. O

Lemma 2.5. Under the assumptions (A1-A2), the functional 1o satisfies, along the
solution of (P), for any o € (0,1)

2

t
> (5 [ aehas) Bty e
i=1 0

2

2 2
+ 6 [IVeuils + Z (gi 0 Vaui) — ¢5Co Y (g} 0 Vaoui)'?  (2.6)
=1 i=1

i=1

Proof. Exploiting Eq. in (1.1), to get

2 t
= z) (Jull~2u})’ i(t— ) (us(t) — ui(s))dsdx )
;/Rnp( ) (] z)/og(f )(ui(t) — ui(s))dsd (2.7)
_Zz_;/ p(x) |l 2 // gi(t — s)(u z‘(t)—uz‘(s))dsdx—;/o gi(s)ds||u;|\lL,p

¢
To simplify the first term in (2.7), we multiply (1.1) by / gi(t— ) (u;(t) —u;(s))dsdx
0

and integrate by parts over R™. So we obtain
- Z/ ) (g =2u;) /t 9i(t = 8)(ui(t) — ui(s))dsd
- Z ) [ lt = )t ~ i)
- Z / ([ =900 o) [ 6= 9200 o e8)
- a/n [PW/O g1(t = s)(ur(t) — ui(s))ds + pus /Ot 92(t — ) (uz(t) — ua(s))ds| dx

The first term in the right side of (2.8) is estimated as follows

- Au;(x) /o gi(t — 8)(ui(t) — ui(s))dsdx

IN

a / | Vi /Ot 9i(t — 8)(Vaui(t) — Vaui(s))dsdx

IN

[ e [t 5)aits) = Voo

519+ 35 ([ ) ro vu0

1-k

IN

IN



Cauchy problem for a coupled system in R"

while the second term becomes,

([ = oo - woh [ te - )30s) ) a
/" </Ot gi(t — 5)(Vu;(t) — Vu,(s)) - At gi(t — s)vui(g)) dx

(/ it — 9)|Vua(s) — V() + Vuz-<t>|)2

. (/Ot 9i(t = 8)(Vui(t) — Vui(s))>
< 25(1 — k)2 V|3 + (26 + 45> (1 — k)(gs o Vug)(t).

IN

2

)
R’n
Y
40

Now, using Young’s and Poincare’s inequalities we estimate

a/n pus /Ot g1(t — s)(u1(t) — ui(s))dsdx

|| Co
46

—[a]6Co||Vuz |72 —

IN

(1 —=k)(g1 0 Vui)(t)
|| Co
46

~lafduzll3;

IN

(1 =k)(g1 0 Vur)(t).

By Holder’s and Young’s inegualities and Lemma (2.1) we estimate

= [ ol 2 [ i = ) = wi)dsda

IN

N

1 t
< 6Hu/||lLfo(]R") + 476||leLS(]Rn)H /0 —g'(t — 5)(u(t) - u(s))dSHZLg,(Rn)

1 ,
—Co(g' o Vau)/2(t).

< (;Hul”lLlp(]R") T

Using Young’s and Poincare’s inequalities and Lemma (1.3), we obtain
2
w0 < 3 (0= [ ) Il e

i=1
2

2
Cc /
+ 0 E Va2 qu2+ 52 , (gi o Vau;) — csCo E (giovrui)l/Q'
i=1

i=1 i=1

Our main result reads as follows

901

([ omtrar) ™" s ([ oo [ ~ote= i ~miwpast)
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Theorem 2.6. Let (ug,u1) € (H(R™(Q)) x LL(R™) and suppose that (A1) — (A2) hold.
Then there exist positive constants aq,w such that the energy of solution given by
(1.1) satisfies,
t
E(t) < a1 E(tg) exp (—w

where £(t) = min{& (¢),&(t)}, V¥Vt > 0.

In order to prove this theorem, let us define

f(s)ds) VYt >t (2.9)

to

L(t) = N1E(t) + 1(t) + Natpa(t) (2.10)
for N1, No > 1. We require the following lemma, indicating an equivalence between
the Lyapunov and energy functions

Lemma 2.7. For N1, Ny > 1, we have
B1L(t) < E(t) < L(t)Ba, (2.11)

holds for two positive constants B1 and [Bo.

Proof. By applying Young’s inequality to (2.3) and using (2.4) and (2.10), we obtain
[L(t) = NiE(t)] < |ea(t)] + Navh2(t)]

Z/ @ )u;|uf) 2 "daz
; m})/‘ v2'/ma—w (1) — ui(s)ds

Thanks to Holder and Young’s inequalities with exponents ;=5 1, [, since =5 > 12> 2,
we have by using Lemma 2.1
1/ (1=1/1
(/ p(x)ui|ldx) </ p(x)uﬂldaj)
R R®

/’wmwmw%mm
R”L
1 —1
Af/pmmwx+i—f/pmmmx
I\ Jsn I\ e
l

< elluflhy IVl (2.12)

IN

dz

IN

N

and

dzr

/n (p T |2 ') (p(iﬁ)}/tgl(t—s)(ul(t)—ui(s))d3>
(/np )] da:) o X (/ P(JU)\/ gi(t — ) (u;(t) —W(S))d3|l>1/l

l 1
HUMmﬂ+H/9M—$W@—%UMﬂUW

-1
l

< ||U§|\Llp(Rn) + j||P||Ls(Rn)(gi o Vyu;)'/?(1).
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then, since [ > 2, we have

Consequently, (2.11) follows.

| L(t) —

N1E(t)]

IN

VAN VAN VAR VAN

2
e (Il oy + IVl + g 0 Vo) 72(0))

Proof of Theorem 2.6. From (1.3), results of Lemmas (2.4) and (2.5), we have

L'(t)

IN

N E

"(t) + ¥1(t) + Napy(t)

2

1 2, (At (1-1)
(2N1 - C(SCON2> Z(g{ o Vau;)'* + (4(5 ;(gz o Vau;)

2
MY ||U;||lLlp(Rn)
=1

=1

2
— My || Vauill3
=1

At this point, we choose &, large enough so that

= (v ([ " gls)ds - 5)-1) >0,

&1, & large enough so that

and

which yields

,)Ng. Given that ¢ is fixed, we can choose

1
My = (—NQO' + §ng(t1) + (l — 0')) > 0,

1
<2N1 — C5CON2> > 0.

2
L'(t) < My (gioVau) —mE(t), V>t (2.13)
=1

Multiplying (2.13) by &(t) gives

§B)L (1)

2
—mé(H)E(t) + Mo&(t) Y _(gi © Vi) (2.14)
=1
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The last term can be estimated, using (A1), as follows

© Uz = i ti — S)|u; —ui52
Mol 3 (00 Vo) < Mo D260 [ [t o)) o)

< Y [ [ alt= st -l - u)F
— t "t — ) |ui () — ui(s)]?
< M [ [ e ) - o)
< =My gioVu; < —ME'(t). (2.15)

Thus, (2.13) becomes
EQL'(t)+ MoE'(t) < —m&()E(t) Yt > to. (2.16)

Using the fact that £ is a nonincreasing continuous function as £; and & are nonin-
creasing, and so ¢ is differentiable, with £'(t) < 0 for a.e ¢, then

EOLE) + ME®) < E@)L(1) + MoE'(t) < —m&(W)E(t) Yt > to. (2.17)
Since, using (2.11)
F=¢(L+ MoE ~ E, (2.18)
we obtain, for some positive constant w
F'(t) < —w€)F(t) Vt>tg. (2.19)

Integration over (to,t) leads to, for some constant w > 0 such that

F(t) < a1 F(to) exp <—w ) g(s)ds> V>t (2.20)

Recalling (2.18), estimate (2.20) yields the desired result (2.9). This completes the
proof of Theorem 2.6.
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Triangular ideal relative convergence on modular
spaces and Korovkin theorems

Selin Cinar and Sevda Yildiz

Abstract. In this paper, we introduce the concept of triangular ideal relative
convergence for double sequences of functions defined on a modular space. Based
upon this new convergence method, we prove Korovkin theorems. Then, we con-
struct an example such that our new approximation results work. Finally, we
discuss the reduced results which are obtained by special choices.
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tive modular convergence, Korovkin theorem.

1. Introduction

Let e, denote the continuous real functions on [a, b] defined by e, (s) = s", r =
0,1, 2. The Korovkin theorem establishes the uniform convergence in the space C [a, b]
for a sequence of positive linear operators {L;} on C [a, b] via the convergence only on
the test functions e, where C [a, ] is the space of all continuous real functions defined
on the interval [a,b] ([21]). A more general framework for the Korovkin theorems
can be obtained by using different convergence methods. Gadjiev and Orhan [18]
developed these theorems by considering statistical convergence ([17], [31]) instead of
ordinary convergence in 2002. After these developments Demirci and Dirik [15] have
carried this convergence for double sequences of positive linear operators.

The concept of relative uniform convergence given by Moore [25] in 1910, was
later investigated in detail by Chittenden [8]. In consideration of these studies, statis-
tical relative convergence for single sequences was defined by Demirci and Orhan [13]
and recently this convergence was given for double sequences by Sahin and Dirik [32]
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(see also [14]). Also, Korovkin theorem has been studied on various function spaces
via different convergence methods ([5], [7], [11], [16]). Several forms of Korovkin the-
orems have been examined in modular spaces including as particular case the L,
spaces, Orlicz and Musielak-Orlicz spaces ([12], [13], [14], [20], [30], [34]).

Recently, Bardaro et al. introduced the triangular A—statistical convergence
which cannot be compared with statistical convergence ([1], [2]) and then, with the
help of this definition, triangular A—statistical relative uniform convergence has been
defined in [9].

Kostyrko et al. [22] presented the definition of ideal convergence which is a more
overall method than statistical convergence and it is based on the notion of the ideal
I of subsets of the set N, the natural numbers.

In the present paper, we introduce a new form of convergence for double se-
quence, called triangular ideal relative modular convergence. We will compare this
new convergence with triangular statistical modular convergence and obtain more
general results.

We now recall some definitions and notations on modular space.

Let S = [a,b] be a bounded interval of the real line R provided with the
Lebesgue measure. Then, we will denote by X (32) the space of all real-valued mea-
surable functions on S? = [a, b] x [a,b] provided with equality a.e.. A functional

p:X (S%) = [0, +00]

is called a modular on X (52) provided that below conditions hold:

(i) p(h) =0 if and only if h =0 a.e. in S?,

(ii) p(—h) = p(h) for every h € X (S?),

(i13) p (ah + Bg) < p(h)+p(g) for every h,g € X(S?) and for any «, 8 > 0 with
a+p=1.

A modular p is called N —quasi convex if there exists a constant N > 1 such that
p(ah+ Bg) < Nap(Nh) + NBp(Ng) holds for every h,g € X (S?), o, 8 > 0 with
a+ B = 1. In particular, if N = 1, then p is said to be convex. A modular p is called
N—quasi semiconvex if there exists a constant N > 1 such that p(ah) < Nap(Nh)
holds for every h € X (52) and a € (0,1]. Note that if 8 = 0, then every N—quasi
convex modular is N—quasi semiconvex (see for details, [5, 6]).

Now, we recall vector subspaces of X (5?) defined via a modular functional by:

The modular spaces L” (52) generated by p is defined by

LP(8%) = {h € X(5%): )\li}r(rﬁp()\h) = O} ,
and the space of the finite elements of L? (52) is given by
EP (58%) :={h€ L (5%) :p(Ah) < +oo forall A >0}.
Recognize that if p is N—quasi semiconvex, then the space

{h e X (S%):p(Ah) <400 for some A >0}

coincides with L* (SQ) . The notions about modulars are introduced in [27] and de-
veloped in [6] (see also [23, 28]).
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Bardaro and Mantellini [4] introduced some Korovkin theorems through the
notions of modular convergence and strong convergence. Afterwards Karakug et al.
[20] investigated the modular Korovkin theorem via statistical convergence and then,
Orhan and Demirci [30] extended these type of approximation for double sequences of
positive linear operators on modular space. In [14], Demirci and Orhan presented the
notion of statistical relative modular (or strong) convergence for double sequences.

Let’s first express the concept of statistical convergence given for double se-
quences by Moricz in [27].

Let A C N? be a two-dimensional subset of positive integers, then A;; denotes the
set {(m,n) € A:m <i, n<j} and |A;;| denotes the cardinality of A;;. The double
natural density of A is given by

55 (A) := P — lim 1z |44,
] 1)

if it exists. The number sequence x = {x; ;} is said to be statistically convergent to [
provided that for every € > 0, the set

ApnE)={m<i, n<j:|z; -1l >e}
has natural density zero; in that case, we write sty — limz; ; = [ (see [27]).
i

Now we recall the above mentioned convergence methods on modular spaces:

Definition 1.1. [14] Let {h; ;} be a double function sequence whose terms belong to
Lr (52) . Then, {h; ;} is statistically relatively modularly convergent to a function h €
L (S?) if there exists a function o, called a scale function o € X (S?), |o (s,t)] #0
such that

hi;—h
sty —limp ()\0 (”)) =0, for some Ay > 0. (1.1)
i.j o
Also, {h; ;} is statistically relatively F'—norm convergent (or, statistically relatively

strongly convergent) to h if

hij—h
sty — limp <)\ (J)) =0, forevery A > 0. (1.2)
7,7 g

It is known from [14] that (1.1) and (1.2) are equivalent if and only if the modular
p satisfies the Ay—condition, i.e., there exists a constant M > 0 such that p (2h) <
Mp (h) for every h € X (S?).

2. Triangular ideal relative modular convergence

In this section, we introduce the notion of the triangular ideal relative modular
(or strong) convergence for double sequences. Let us first recall the notion of ideal
convergence and some of its main features that are required for this article.

If K is a non-empty set, a class I of subsets of K is called an ideal in K if

i) @el,

i) A,B € I implies AUB € 1,

i11) for each A € I and B C A we have B € I ([22]).
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The ideal I is called non-trivial if I # {@} and K ¢ I. A non-trivial ideal T is
called admissible if {z} € I for each = € K.
A sequence {z;} is said to I—convergent to [ if for any £ > 0,
Al)={ieN: |zg; -1 >e} el
We write I —limz,; =1 ([22]).

Now, we introduce the following ideal type convergence.

Definition 2.1. The double sequence x = {z; ;} is triangular ideal convergent to [
provided that for every € > 0 the set
BZ(E) Z:{jGNI 7 <1, \xi,j—l|25}61.

We set I7 — limz; ; = I.
K2

It is worthwhile to point out that, the triangular density defined N [1] as follows.
Let B C N2 be a nonempty set, and for every i € N, let B; = {j e N:j <i }.
Let | B;| be the cardinality of B;. The triangular density of B is defined by

1
§7(B) = lim~ | B|
v 1
provided that the limit on the right-hand side exists in R.

Let I = {B: 67 (B)=0}. I} is a non-trivial admissible ideal in N then
IT—convergence coincides with the triangular statistical convergence in [1], [2]. Also,
it is clear that I C I.

Similar to [10], the triangular ideal limit superior and inferior can be define.
Given a double sequence z = {x; ;}, put

Ay ={aeR:{jeN:j<i a,; <a} &I},
Cr={ceR:{jeN:j<i z;,; >c} &I},
and define
sup C,, if Cp # @,
—00, if Oy = g,
inf A,, if A, # 2,
400, if A, = @.

We also have the following theorem from [10]:

T _ 1 _
I" —limsup ;; =
7

I —liminf Ti 5 = {
7

Theorem 2.2. i)If 3 = IT —lim supz; ; is finite, then for every positive number &
{j:i<i,zi;>p—ct¢Tand {j: j<i, z;; >F+e} el (2.1)
Conversely, if (2.1) holds for every positive e, then B = IT — lim supz; ;.
i
ii) If a =17 — liminfzx; ; s finite, then for every positive number e
{J:i<i,zj<a+elé¢land {j: j<i, ;; <a—c}el. (2.2)
Conversely, if (2.2) holds for every positive €, then o = I — liminfz, ;.

We can now introduce our new convergence methods:
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Definition 2.3. Let {h;;} be a double function sequence whose terms belong to
Le (52) . Then, {h; ;} is triangular ideal relatively modularly convergent to a function
h € L? (S?) if there exists a scale function o such that

I —limp </\0 (hi’j — h)) =0, for some Xy > 0. (2.3)
[ g

And also, {h; ;} is triangular ideal relatively modularly strongly convergent (or, tri-
angular ideal relatively F'— norm convergent) to a function h € L (52) if

hi;—h
I —limp ()\ (J)> =0, for every A > 0. (2.4)
7 g

It is worthwhile to point out that (2.3) and (2.4) are equivalent if and only if

the modular p satisfies the Ay—condition.

Below we present an interesting example of a double sequence which is trian-
gular ideal relatively modularly convergent but not triangular statistically modularly
convergent.

Example 2.4. Take S = [0,1] and let ¢ : [0,00) — [0, 00) be a continuous function for
which the following conditions hold:

® © is convexz,

e p(0)=0, p(u)>0 for u>0 and ulgr;go(u) = oo0.

Let be functional p? on X (S?) defined by

11
p?(h) = //(p(|h(s7t)\)dsdt for he X (5?). (2.5)
00

Then, p¥ is a convexr modular on X (52) , which satisfies all the assumptions stated
previous section. Let us consider the Orlicz space generated by ¢ as follows:

LZ(SQ) = {h € X (5%) : p? (Ah) < +oo for some A >0} .

Let I = IT and B := {(i,j): j <i} be a infinite set. For each (i,j) € N? define
i - [0, 1] X [O, 1] —R by

1, 1 and j are square,
(i,j) € B, i and j are not square,
. _ ) 3.3
A A S S
0, otherwise.

If p(x) = 2P for 1 <p < oo, x >0, then Lf (5’2) =1L, (52) . Moreover, we have for
any function h € LY, (8’2)

p? (h) = |Ihllg, -
We can verify that {g; ;} does not converge triangular statistically modularly however
converges to g = 0 triangular statistically modularly relatively to the scale function

1 .
_ 2429 if (S,t) € (O, 1] X (0, 1] 5
o(s:t)= { 1, otherwise,
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on Ly (S). Indeed, for some \g > 0, when we take p = 1, we have p¥ (.) = ||.||, ,
pRolgig—9) = [olgi; =9, (2.7)
1, ¢ and j are square,
= X %, (i,j) € Biand j are not square,
0, otherwise.

For every € € (0, %] , we have

N .
hglﬂ{] eN: j<i, p(Mo(gij—9) >etl=1

Clearly, {j € N: j <i, p(Ao(gij —9)) > e} & IT. So, {g:;} does not converge tri-
angular statistically modularly to ¢ = 0 (see details, [2]). Using the scale function
0-7
, 1 and j are square,
9ij — 49 . .. . .
plro|==—]) =2 T (i,j) € B i and j are not square,
7 0 otherwise.

O | =

for every € € (O7 %] , and since

1 i
lim,HjEN: j<i p<)\0 <9“9>> >5}‘:0,
[ g
17— limp ()\0 <91_9)> — 0.
7 g

Prior to expressing the next theorem, we will need below assumptions on a
modular p :

(a) p is monotone, i.e., p(h) < p(g) whenever |h (s,t)| < |g (s,t)| for any (s,t) €
5?2 and h,g € X (5?) . Further, p is finite if the characteristic function x5 € L? (S?
whenever B is measurable subset of S2.

(b) p is absolutely finite i.e., p is finite and for every € > 0, A > 0, there exists a
§ > 0 such that p (Axp) < ¢ for any measurable subset B C S? with u (B) < 4. Also,
we say that p is strongly finite, i.e., xg2 € E? (52) .

(¢) p is absolutely continuous, i.e. there exists o > 0 such that for every h in
X (52) , with p (h) < 400, the following condition holds: for every € > 0 there exists
a § > 0 such that p (ahxp) < ¢ for any measurable subset B C S? with pu (B) < 4.

As usual, let C (,5'2) be the space of all continuous real-valued functions, and
C> (52) be the space of all infinitely differentiable functions on S2. Based upon the
above concepts (see [4, 5]) if a modular p is monotone and finite, then we have C'(S?) C
L? (S?) . Similarly, if p is monotone and strongly finite, then C'(S?) C EP (S?) . Also, if
p is monotone, absolutely finite and absolutely continuous, then C> ($2) = L (S?).
(For more details see [3, 6, 24, 28]).

Here and in the sequel, we use I as a non-trivial admissible ideal on N.

then we get,
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3. Korovkin theorems

In this section, we apply our definition of triangular ideal relative modular con-
vergence for double sequences of positive linear operators to prove the Korovkin type
approximation theorems.

Let p be a monotone and finite modular on X (52). Assume that D is a set
satisfying C*° (S?) € D C L (S?) . Assume further that L := {L; ;} is a sequence of
positive linear operators from D into X (52) for which there exists a subset X1, C D
containing C* (52) and o € X (5?) is an unbounded function satisfying |o (s, )| # 0
such that

1" —Tim supp ()\ (Lja(h)» < Rp(\h) (3.1)

holds for every h € X1, A > 0 and for an absolutely positive constant R.

Let L be a linear operator from C (S?) into itself . It is called positive, if L; ; (h)> 0,

for all h > 0. Also, we denote the value of L; ; (h) at a point (s,t) € S% by L; ; (h; s, t).
Now we have the following Korovkin theorem for triangular ideal relative mod-

ular convergence that is our main theorem.

Theorem 3.1. Let p be a monotone, strongly finite, absolutely continuous and N —quast
semiconver modular on X (52) . LetL :={L; ;} be a double sequence of positive linear
operators from D into X (52) satisfying (3.1) and suppose that o, is an unbounded
function satisfying |o, (s,t)] > a, >0 (r=0,1,2,3). Assume that

Li' r) — Cr
IT —limp ()\ (’j(i)e>> =0, for every A >0 andr=0,1,2,3, (3.2)
g T

where eg (s,t) = 1, e1 (s,t) = s, ez (s,t) = t, e3(s,t) = s +t2. Now let h be any
function belonging to L (32) such that h — g € Xy, for every g € C'* (52) . Then, we
have

L« (h) —
I —limp <)\0 (”(h)h>) =0, for some Ao >0 (3.3)
7 g
where o (s,t) = max{|o, (s,t)| : 7=0,1,2,3}.

Proof. We first claim that
Lii(g) —
IT —limp <77 <j(g)g)> =0 for every g € C' (5%) N D and every n > 0. (3.4)
1 g

To see this, assume that g belongs to g € C' (52) N D. By the continuity of g on 52,
given € > 0, there exists a number § > 0 such that for all (u,v), (s,t) € S? satisfying
|lu—s| < 6 and |v —¢| < & we have

lg (u,v) — g (s, t)| <e. (3.5)
Also we obtain for all (u,v), (s,t) € S? satisfying |u — s| > & and |v —t| > § that

9 (w0) —g(s,0)] < 2 {(w =) + 0 -0} (3.6
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where M := sup |g(s,t)|. Combining (3.5) and (3.6) we have for (u,v), (s,t) € S?

that e
19 (u,0) — g (s,8)] < & + 26—]‘24 {w=9"+@-17}.
Namely,
e Q%f {(u—s)2+(v—t)2}
< g(u,v)—g(s,t)<e+25—]‘f{(u—s)2+(v—t)2}. (3.7)

Since L; ; is linear and positive, by applying L, ; to (3.7) for every i, j € N we get
2M
Ly (e0s,t) = =5-Liy (=97 +@=151)
< Lij(g:s:t) —g(s,t) Lij (eo;s,t)
2M 9 9
< eL;;j(eg;s,t) + 6—2LM ((u —5)" +(w—1) ;s,t)
and hence,
|Li7j (g;s7t)—g(s,t)| < |Li,j (g;sat)_g(sat)Li,j (60;8,t)|
+1g (s,t) Lij (eo; s,t) — g (s,1)]

< €L, j(ep;s,t) + M|L; ; (e; s, t) — (eo;s,t)]
2M 9 9
—|—5—2Li,j ((u —8)" 4+ (v—1) ;s,t)
holds for every s,t € S and i, j € N. The above inequality implies that
aM
|Lij(g:8,1) —g(s,t)| < e+qe+ M+ ?E |Li,j (eo;s,t) — (€0 s,1)]
AM
5z B lLij (e15s,t) = (e1s s, )]
a4M
+?E |Li’j (62; S,t) - (62; S,t)|
2M
+?E |Li ; (es;s,t) — (e3;s,t)]

where E := max {|t| : ¢t € S}. Now, we multiply the both-sides of the above inequality
by Wlt)l and for every n > 0, the last inequality gives that:

{‘Lm (60;?87” (€03 5,1) ‘

g|Lialgist) —g(sb)) - ne
o (s,t) -

‘Lm‘ (e2;8,t) — (e2;5,t) ‘

L; ; (e3;s,t) — (es;s,t)
o (s,t) ’
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where
aM o AM | 2M
K::max{6+M+52E 52 —F, 52}.
Now, applying the modular p to both-sides of the above inequality, since p is monotone
and

o (s,t) = max {|o, (s,t)| ;7=0,1,2,3},

we have

Lij(g)—yg € Li; (eo) — €0
S < N K|l—7

P<77< pn > P 77|0‘+77 o0
€2

0K Lij(e2) —
o9

+77K‘Li,j (61) — €1
01

).

Since p is a N—quasi semiconvex and strongly finite, also assuming 0 < ¢ < 1, we can

write
(5220

Lij(e3) —e3
o3

+nK

O )
)
i o (2122
o (t21=2))
Y)

< 1] 3
For a given ¢t > 0, choose an € € (0,1] such that Nep <5’7—

o

Lii(g) —
{jEN:jSi,p(n<’j(g> g))>t},
5nN
Lij(er) — e t—Nep (%5~
o jeN:J—Si,p(n(W)%() |

oy 4

< t. Let’s define the
following sets:

D

n

>
|

3
where r = 0,1,2,3. It is a simple matter to see that D, C UODUJ" So, by (3.2) we
r=

3
have D, , € I for r = 0,1,2,3. Hence, by definition of an ideal UOD,W €l,D,el.
r=

So we get IT —limp (77 (W)) = 0 which proves our claim (3.4). Obviously (3.4)
also holds for every g € C*> (S?). Let h € L* (5?) satisfying h — g € Xr for every
g € C> (S?). Since p (S?) < oo and p is strongly finite and absolutely continuous,
we can see that p is also absolutely finite on X (52) . Using these properties of the
modular p, it is known from [6, 24] that the space C*° (52) is modular dense in

Lr (52) , L.e., there exists a sequence {g; ;} C C™ (52) such that
P —1lim p (3Xg (gi,; — h)) = 0 for some A* > 0.
i,j
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This means that, for every € > 0, there is positive number kg = ko (¢) such that
p (3A; (9,5 — h)) < e for every 4,5 > ko. (3.8)
Otherwise, by the linearity and positivity of the operators L; ; we can write that

Ao [Lig (hys t) = h(s,t)] < Ag|Lij (b — gkokoi 55 1)]
+A0 1L j (Gho ko3 1) — Gho ko (S51)]
+A0 [Gko ko (5,8) — D (s5,1)]

holds for every s,t € S and i,j € N. Applying the modular p in the last enequality

and using the monotonicity of p and moreover multiplying the both-sides of above

inequality by m7 the last inequality leads to

L;j(h)—h L;;(h—
p<>\6 ( :J( ) )) < P<3>\6 ’J( gko,ko))
o o
+p (3>\3 <Lm' (gko,kg) — Gho.ko >)
—h
+p (3)\3 <gk°’k; )) }
Hence, observing that |o| > o > 0 (o = max {a, : 7 =0,1,2,3}) we can write
L;;(h)—h Li i (h—
p<>\8 ( J( ) )) < P<3>\8 ’]( gko,ko))
o o
+p (3)\3 <Lm (gko,kg) — Gho.ko >>

40 (28 sy 1) (3.9)

«

Then, it follows from (3.8) and (3.9) that

Li; (h) —h Li; (h—
P<)\3< »J (0,) )) < 5"‘/’(3)‘3 J( O-gko,ko)>

L _
+p(3A3< 3 (9ro.ko) g’“”’“‘))). (3.10)

g

So, taking triangular ideal limit superior as ¢ — oo in the both-sides of (3.10) and
also using the facts that g, r, € C* (5?) and h — gy k, € X1, We get from (3.1)
that

L;:(h)—h
17— timsupp (3 (B2 ) < et oo (- )
Lij (Gro ko) — gko,ko)>

g

+ IT — lim supp <3)\8 (
i
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1T — lim supp <)\0 < )>
L,

< e(R+1)+1" - hmsupp (3)\ < i (ko kO) ko ko )) . (3.11)

which gives

By (3.4), we get

L : —
1T —limsup p (3)\3 ( 3 (Gro o) g’“O”“O)) = 0. (3.12)

i g

Combining (3.11) with (3.12), from Theorem 2.2 we conclude that

T — lim supp ()\8 (W)> <e(R+1).
i g

Since € > 0 is arbitrary, we find

IT —limp ()‘6 (I’”(h)_h)) =0.
7 g

Thus, the assertion follows. O

Now, we give an example that shows that our triangular ideal relative modular
Korovkin theorem is stronger than the Korovkin theorem in [2].

Example 3.2. Take S = [0,1] and I = I]. Also, ¢, 0, p?, L (52) and B be as in
Example 2.4. Then consider the following bivariate Bernstein-Kantorovich operator
U := {U;;} on the space L% (S?) which is defined by:

Ui (hist) = ZZP(“) ) (i+1)(G+1) (3.13)

m=0n=0

(m+1)/(i+1)  (n+1)/(G+1)
X / / h(t,s)dsdt
m/(i+1) n/(i+1)

for s,t € S, where p£,’ﬂ,2 (s,t) defined by

Pl (s.) = (;) (i) ST (1 =) T (1)

Also it is clear that,

Z Zp“ ) ( (3.14)

m=0n=0
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Observe that the operators U; j maps L7, (52) into itself. In view of (3.14), as
in the proof of Lemma 5.1 [4] and also similar to Example 1 [30], we can use the
Jensen inequality in order to obtain that for every h € L, (52) and 4, j € N there is
an absolute constant M > 0 such that

p? (Ui j(h)) < Mp? (h).

It is worthwhile to point out that, for any function h € Lf (52) such that h —g € X,
for every g € C (52) , {U;,;} is modularly convergent to h. If ¢ (x) = aP for 1 <
p < oo,z >0, then L (5?) = Ly, (S?) . Moreover we have p# (.) = ||H]zp .Forp=1,
we have p? (.) = ||.|;, . In what follows, using the operators U; ;, we can obtain the
sequence of positive operators V :={V; ;} on L, (52) as follows:

Vij(hys,t) = (146 (s,t)Usj(h;s,t)
forh € Li(S?), (s,t)eS?andi,jeN (3.15)

where {g; ;} is the same as in (2.6) and we choose ¢, = o (r =0,1,2,3), where

1 .
_ 2429 if (S,t) (S (O, 1] X (O, 1] 5
o (s:t)= { 1, otherwise.

As in the proof of Lemma 5.1 [4] and similar to Example 1 [30], we get, for every
h € Ly (5?), A > 0 and for positive constant C, that

ii (h
I7 —limsup ’)\ (W> < Cxn|l, . (3.16)
7 (o} L1 1
We now claim that
17 —lim ’/\ (Vf(e)_e> —0, r=0,1,2,3. (3.17)
[ (o L,
Indeed, first observe that,
Vri,j (eo;s,t) = 1 +gl,] (87t>7
Vi (ensst) = (4g (o) y L1
i, \€15 S, - 9i,5 S, Z+1 2(Z+1) )
jt 1
V; j ; at = 1 %7 at - . ’
seast) = o) (5 505 )
i(i—1)s? 2is 1

‘/’L)j (63;5at) = (1+gi7j (Svt))< (Z+1)2 + (Z+1)2 + 3(i+1)2

j(j—1)2t2+ 2jt2+ 1 2>.
(G+1) G+1° 3(G+1)
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We can easily calculate, for any A > 0, that

1
—, if ¢ and j are square,
Vi,j (e0) — eo (i)
i, _
H)‘ ( P ) =A ——, if (4,j) € B i and j are not square, (3.18)
Ly 1647

0, otherwise.

Now, since

1 Vi _
hm_{jeN:jga’P(“@ﬂ%) zeHza
T 1 g L,
we get

g

1§—MﬂP<WJ@ﬂ_%>

Ly
which guarantees that (3.17) holds true for r = 0.
Also, we have

11
A\ Vijlel) —er ) / Vi j(e1;s,t) —e1(s,1) dsdt
o o (s,t)
1 00
11 (5.1) _ )
gi,j (8,1 18
<A dsdt
= // o (5.0) Q+1+2@+n> g
00
Ll 2 94342
st — 2s8°t
A ————— | dsdt
* // 2(i+1) |
00
9i.j A
< |[A== _—
because of
{jeN:ng’P%J zg}eg’
g Ly
and
1 A
lim-(<jeN: j<¢, ———— > =0
mi{pemsssi g 2ol o
we get
Jg—mnb<wfwdm> — 0.
% o L,
Hence (3.17) is valid for » = 1. Similarly, we have
[(ST_hm ')\ (Vm(eg)—eg> =0.
% o L




920 Selin Cinar and Sevda Yildiz

Finally, since

),

_)\//‘ id 63’” (S’t)'dsdt

11
< A//’mg @*1§2+ ?M2
- (i+1) (i+1)
1 — 1)t 2t 1
JU=DE At L
3(z+1) (G +1)° G+ 3(G+1
11
+>\// (3i+1) 4t2 (37 +1)s%t*  2is3¢4? 2js3t?
/) G+D° (+D G+’
1 1
+5%? 5 + 5 || dsdt
3(i+1)°  3(+1)
_ GHAmJ ABi+1)  AG+D XA
oo 15G+1)7% 15G+1)7 66G+1)7  6(+1)°

42 1
9\36+1)?* 33G+1)7)
then we have
\ Vij(e3) —es
o L

So, our claim (3.17) is valid for each ¢ = 0,1,2,3 and for any A > 0. Also, from (3.16)
and (3.17), we observe that our sequence V = {V; ;} defined by (3.15) satisfies all
assumptions of Theorem 3.1 and

=0,

7o ()

holds for any h € Ly (52) such that h —g € Xpr =1, (52) for every g € C (52) .
However, in view of (2.7), since

1
lim={j €N: j<i, [A(Vig(eo) —eo)ll,, e} =1,

(Vi; (eo) — €o) does not triangular statistically modularly convergent. The Korovkin
theorem in [2], does not work for the sequence V ={V; ;}.

I} —lim =0.

As indicated earlier, if the modular p satisfies the As—condition then the space
C* (5?) is dense in L* (5?) ([4]). Hence, we get the following result from Theorem
3.1.

Theorem 3.3. Let L :={L;;}, p and o be the same as in Theorem 3.1. If p satisfies
the As-condition, then the following statements are equivalent:

(a) I —limp ()\ (M>) =0, for every A >0, r=0,1,2,3,

or
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o

belonging to LP (52) such that h — g € Xy, for every g € C™ (52) .

(b) IT —limp ()\ (M)> =0, for every A > 0, provided that h is any fuction
K3

If one replaces the scale function by nonzero constant, then the condition (3.1)
reduces to
17 — limsupp (A (i () < Rp (M) (3.19)

K3

for every h € X1, A > 0 and for an absolute positive constant R. In this case, the
following results immediately follows from our Theorem 3.1 and Theorem 3.3.

Corollary 3.4. Let p be a monotone, strongly finite, absolutely continuous and
N—quasi semiconvex modular on X (52). Let L := {L; ;} be a double sequence of
positive linear operators from D into X (S?) satisfying (3.19). If {L;; (e;)} is tri-
angular ideal strongly convergent to e, for each r =0,1,2,3, then {L, jh} triangular
ideal modularly convergent to h provided that h is any function belonging to LP (52)
such that h — g € Xy, for every g € C* (52) .

Corollary 3.5. L := {L; ;} and p be the same as in Corollary 3.4. If p satisfies the
Ag—condition, then the following statements are equivalent:
(a) {L; ; (er)} is triangular ideal strongly convergent to e, for each r =0,1,2,3,
(b) {L; ; ()} is triangular ideal strongly convergent to h provided that h is any
fuction belonging to L (5’2) such that h — g € Xy, for every g € C* (52) .

If we take I = Il then the condition (3.1) reduces to

3

st” — lim supp ()\ (LJO_(”)D < Rp(\h) (3.20)

for every h € X, A > 0 and for an absolute positive constant R. In this case the
following results immediately follows from our Theorem 3.1 and Theorem 3.3.

Corollary 3.6. Let p be a monotone, strongly finite, absolutely continuous and
N—quasi semiconver modular on X (S?). Let L := {L;;} be a double sequence of
positive linear operators from D into X (52) satisfying (3.20). Moreover suppose that
o, is an unbounded function satisfying |oy (s,t)] > ap >0 (r =0,1,2,3). If {L; ; (e;)}
is triangular statistically relatively strongly convergent to e, for eachr =0,1,2,3, then
{L; ; (h)} triangular statistically relatively modularly convergent to h provided that h
is any function belonging to L (52) such that h — g € Xy, for every g € C* (52) .

Corollary 3.7. L :={L; ;}, p and o, (r =0,1,2,3) be the same as in Corollary 3.6.
If p satisfies the Ag—condition, then the following statements are equivalent:

(a) {L;i ; (er)} is triangular statistically relatively strongly convergent to e, for
eachr=10,1,2,3,

(b) {Li,; (h)} is triangular statistically relatively strongly convergent to h pro-
vided that h is any fuction belonging to LP (52) such that h — g € Xy, for every
geC>=(5%).
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4. Concluding remarks

Now, we give some reduced results showing the importance of Theorem 3.1 and
Theorem 3.3 in approximation theory with special choices:

1. If we take I = I} and the scale function is a non-zero constant, triangular
ideal relative modular convergence given in the Definition 2.1 reduces to the triangular
statistical modular convergence form in [2]. So, from Theorem 3.1 and Theorem 3.3
we immediately get the triangular statistical modular Korovkin theorems for double
sequences in [2].

2. As it is well known, if (X, ||.||) is a normed space, then p(.) = ||.|| is a convex
modular in X. So, by choosing p (.) = ||.||, then from Theorem 3.1 and Theorem 3.3,
the followings are obtained on normed spaces:

i) We get the triangular ideal relative convergence for double sequences on
normed spaces by choosing p (.) = ||.]| .

i1) If we take I = Ig, then we immediately get the triangular statistical relative
convergence for double sequences on normed spaces and in addition, we immedi-
ately get the triangular statistical relative Korovkin theorems for double sequences
on normed spaces in [9].

iii) If we take I = I7 and the scale function is a non-zero constant, then we
get triangular statistical convergence for double sequences on normed spaces and in
addition, we immediately get the triangular statistical Korovkin theorems for double
sequences on normed spaces in [1].
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Abstract. Let (X, d) be a complete dislocated metric space, (Y, p) be a semimetric
space and f,g: X — Y be two mappings. We give some metric conditions which
imply that the coincidence point set,

Clfg) ={re X | f(z)=g(x)} #2.
Several coincidence point results are obtained for singlevalued and multivalued
mappings.
Mathematics Subject Classification (2010): 54H25, 47H10, 47HO04, 54C60, 47H09.
Keywords: Dislocated metric space, semimetric space, singlevalued and multival-
ued mapping, comparison function, comparison pair, lower semi-continuity, co-
incidence point displacement functional, iterative approximation of coincidence
point, weakly Picard mapping, pre-weakly Picard mapping.

1. Introduction and preliminaries

Let X be a nonempty set and d : X x X — R, be a functional. Then the pair
(X,d) is called (see [3], [5], [6], ...):
(7) semimetric space, if the following assumptions on d hold:
(i1) d(z,y) =0 & z=y;
(i2) d(z,y) = d(y, ),V z,y € X.
(7i) dislocated metric space, if the following assumptions on d hold:
(i) d(z,y) =d(y,2) =0 =z =1y;
(“2) d(l’7y) = d(yvx)v v RIS X;
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(“3) d(’l},y) S d($,Z) + d(Z,y), v x,Y,z S X.

Let (X,d) be a dislocated metric space. By definition (for the standard metric
space, see [10]), a mapping f : X — X is a pre-weakly Picard mapping (pre-WPM) if
the sequence of successive approximations {f™(z)}nen is a convergent sequence, for
all z € X.

If f: X — X is pre-WPM, then we consider the mapping f>° : X — X, defined
by f*(2) = lim /" (x).

By definition, if f: X — X is pre-WPM with

[fC)eFr={zeX| flx) =z}, Ve e X,

then f is a weakly Picard mapping (WPM).

In the paper [10] the author gives some coincidence point results in a metric
space. The aim of our paper is to extend some of these results in the case of dislocated
metric spaces.

Throughout the paper we shall use the notations and the terminology from [2],
[6] and [11].

2. Main results

We start this section with the following notions given in [10].
Let M €]0, +o0]. A function ¢ : [0, M[— [0, M is called comparison function on
[0, M if ¢ is increasing on [0, M[ and ¢™(t) — 0 as n — oo, ¥V t € [0, M].
Let ¢ : [0, M[— [0,M] and ¢ : [0, M[— Ry be two functions. By definition, the
pair (p,) is a comparison pair on [0, M| if:
(1) ¢ is a comparison function on [0, M;
(2) 1 is increasing, 1(0) = 0 and ¢ is continuous in 0;

(3) Y w(ei(t) < +oo, V t € [0, M.
i=0
Our main result is the following.

Theorem 2.1. Let (X,d) be a complete dislocated metric space, (Y, p) be a semimetric
space, f,g: X —Y be two mappings, M €]0,+o00]. We suppose that:
(1) Xu = {o € X | p(f(x), 9(x)) < M} # 2;
(2) The coincidence point displacement functional,
pra: Xat = Ry, prg(@) i= p(F(2),9()),¥ @ € Xy,
is lower semi-continuous (1.s.c.) on Xpy;
(3) There exists a comparison pair, (@,v), on [0, M[ with respect to which, for each
x € Xy, there exists x1 € Xps such that:
(a) p(f(z1),9(x1)) < @(p(f (), 9(x)));
(0) d(z,z1) < ¢(p(f(2), 9(x))).
Then there exists a pre-WPM, h : X — X such that:
(i) h>°(x) € C(f,9), V x € Xn;
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(i7) d(z,h™(z <Z¢ (x)), ¥V x € Xy

=0

Proof. From the assumption (3), we can define an operator h : Xy, — X, by
h(z) = x1 such that

p(f(h(x)), g(h(2))) < @(p(f(z),9(x))), V2 € Xy (2.1)
and
d(z, h(x)) < (p(f(x), 9(x))), V2 € X (2.2)
From (2.1), we have
p(f(h(x)), g(h(z)))
p(f(h*(2)), 9(h*(x)))

p(f(h" (), g(h"(2))) < @(p(f(h" " (x)), g(h" "} (2))))
ple(p(f(R"2()), g(h"*(x)))))
< e"(p(f(z),g9(x))), for all n € N*.

Notice that since ¢ is a comparison function, it follows that

p(f(R"(x)), g(h"(x))) < @™ (p(f(2),9(x))) = 0asn — o0, VoeXy.  (23)

From (2.2), we have
d(z, h(z))
d(h(z), h*(z))

d(h" (), (@) < (p(F(h" (), 9(h" (@)))
< (" (p(f (), g(x))), for all n € N".

Since (¢, 1) is a comparison pair on [0, M|, we have
> d(h™(x), A" (@) <> (e ,g(x)))) < +oo. (2.4)
neN neN

This implies that {h"(x) }nen is a Cauchy sequence in (X, d). Since (X, d) is a complete
dislocated metric space, it follows that {h™(z)}nen is convergent in (X, d), for all
x € Xpr. So, h is a pre-WPM. Thus, h*°(z) := 1i_>m h™(z).

n—oo

On the other hand, from the assumption (2) and by (2.3), we have
0 < p(f(h%(2)), g(h*(2))) < lim_p(f(h"(z)), g(h"(2))) = 0.

Since p is a semimetric, we get f(h*°(z)) = g(h*(x)),i.e., h>*(z) € C(f,9),Vz € Xp.
Since d satisfies the triangle inequality and taking into account the first inequality of
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(2.4), we have
d(z, h*™®(z Zd (hi(z), h*(x Zw g@))), Ve e Xy, O

Remark 2.2. In general, a semimetric is not continuous (see L.M. Blumenthal [3,
p.- 9]). That is why we have considered the assumption (2) in the above theorem. It
would be of great interest to find conditions that imply the lower semi-continuity of
the coincidence point displacement functional py 4.

Remark 2.3. In Theorem 2.1, if we consider Y := X, g := 1x, ¢(t) := Ilt, where
0 <1< 1and(t):=kt, with k > 0, for all ¢ € [0, M|, we obtain the following result:

Theorem 2.4. Let (X,d) be a complete dislocated metric space, p be a semimetric on
X and f: X — X be a mapping. We suppose that:
(2") The coincidence point displacement functional,
(X, d) = Ry, pp(z) :==plz, f(x)), Vo e X, is l.s.c. on X;
(3') There exists 0 < 1 < 1 and k > 0 w.r.t. which, for each x € X, there exists
x1 € X such that:
(@) p(x1, f(z1)) < lplz, f(2));
() d(z,z1) < kp(z, f(2)).
Then there exists a pre-WPM, h: (X,d) — (X, d) such that:
(i) h°(z) e Ff,Yz € X, ie., Ff #O;
(ii") d(x,h>(x)) < tp(x, f(2)), Vo € X.

Remark 2.5. In the context of Theorem 2.4, the triple (X, i, p) is a Kasahara space.
Several results given in [5] can be proved using this theorem.

Remark 2.6. If in Theorem 2.4 we take, p := d and f an Il-graphic contraction, then
we have:

Theorem 2.7. Let (X,d) be a complete dislocated metric space and f: X — X be an
l-graphic contraction. If the coincidence point displacement functional, df : X — Ry,
x> d(z, f(x)) is Ls.c. on X, then f is a WPM and

(e, £ (@) < Td(r, f(2)), ¥ x € X.

Proof. We apply Theorem 2.4, by consudermg h(z) := f(x), for all z € X. O

Remark 2.8. If in Theorem 2.4 we take, p := d and f an [-contraction, then we have
the following variant of contraction principle:

Theorem 2.9. Let (X,d) be a complete dislocated metric space and f: X — X be an
l-contraction. Then we have that:
(Z) Ff = an = {JC*}, vV n e N¥;
(i) f(x) — z* asn%oo VroelX;
(ii7) d(z,x*) < yd(z, f(z )),VwGX,

— 1

Remark 2.10. For similar results given in a metric space, see: [4], [10], [11], [1], [7].
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3. The case of multivalued mappings

Throughout this section we follow the notations and terminology given in [9] and
[10]. We will use in our result the gap functional between two sets, recalled bellow.

Let (X, d) be a dislocated metric space.

The functional D : Py(X) x Py(X) — Ry U {400}, defined by

D(A, B) :==inf{d(a,b) |a € A, be B}

for all A, B € P,(X), is called the gap functional between the sets A and B.
For this operator we have the following property:
If Ae Py(X) and x € X then D(z,A) =0« z € A

The basic result of this section is the following:

Theorem 3.1. Let (X,d) be a complete dislocated metric space, (Y, p) be a semimetric
space, T, S : X — Py(Y) be two multivalued mappings, M €]0,+o0], (p,v) be a
comparison pair on [0, M[. We suppose that:

(1) Xy i ={x e X | D(T(x),S(x)) < M} # &;

(2) The D-coincidence point displacement functional, Dr s : X — Ry,

Drs(z) := D(T(x), 5(x)), ¥V & € Xur,

is l.s.c. on Xps;
(3) For each x € Xy there exists x1 € X such that:

(a) D(T(x1),S(z1)) < o(D(T'(x), S(x)));
() d(z,z1) < Y(D(T(x), S(x))).
Then there exists a pre-WPM, h : Xy — Xy such that:
(@) D(T(h>(2)), S(h* (= ))) =0,V 2 € Xu;

(i7) d(a,h*(z <Zw ,S(@), ¥ @ € Xu;

(#i1) If in addition, for A,B € P,(Y), D(A, B) =0 implies that:
(tii1) ANB # @,
then, C(T,S) :={z € X | T(x) N S(z) # @} # &;
(iiis) A= B,
then, C(T,S) # @ and T(h>*(x)) = S(h*™(x)), V © € X5
(iii) A= B ={y"},
then C(T,S) # @ and T(h>°(x)) = S(h*>(z)) = {y’}.

Proof. If we take, h(x) := x1, then we have that:
D(T(h(x)), S(h(x))) < o(D(T(x),S(x))), V x € X,
and
d(z,h(z)) <P(D(T(z),S(x))), Ve Xnm.
These imply that,
D(T(h"(x)),S(h™(x))) — 0 as n — oo,
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and h is a pre-WPM, and
dla, (@) < 3 U( (D(T(x), S(2))), ¥ 7 € Xar.
i=0

Since, Dr, g is Ls.c., it follows that,
0 < D(T(h*(x)),S(h>(z))) < lim D(T'(h"(x)), S(h"(x)))

n—

= lim D(T(h"(z)), S(h"(x))) = 0.

So, we have the conclusions (7), (i) and (i47). O
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Abstract. Let (M,g) be a compact Riemannian manifold of dimension n > 3
without boundary 0M, we consider the multiplicity result of solutions of the
following nonhomogenous fourth order elliptic equation involving the generalized
Paneitz-Branson operator,

Py (u) = (@) [l u+ h(a).
Under some conditions and using critical points theory, we prove the existence
of two distinct solutions of the above equation. At the end, we give a geometric
example when the equation has negative and positive solutions.
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1. Introduction and statement of the main result

Let (M, g) be an n (n > 5) —dimensional compact Riemannian manifold without
boundary M. In this decade, there has been extensive analyze of the relationship
between the conformally covariant operators which satisfy some invariance proper-
ties under conformal change of metric on M and their associated partial differential
equations. However, in 1983, Paneitz in [10] has introduced a conformally convari-
ant differential operator on 4—dimensional Riemannian manifolds. Branson in [4] has
generalized the definition to n—dimensional Riemannian manifolds.
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Moreover, for any Riemannian metric g on M, there exists a local differential
operator called Paneitz-Branson operator defined by:

Py C®(M) — C>(M)
such that for all uw € C™ (M) :

. . n—4) .
P (u) == Ag (u) +divg |(anSgg9 — bnchg)tl du} + % o Us
where A, := —div,(V,) is the Laplace-Beltrami operator and
—2)°+4 4
ay = =2y +4 =

2(n—2)(n—=1)""" (n—-2)’

the symbol stands for the musical isomorphism (index are raised with the metric),

and
n 2 T
Qg = P*(1).

n—49

This operator has a pertinent geometric behavior in the sense that: if g := gpﬁ g is
a conformal metric to g, then for all ¢ € C*>°(M),

n ntd o
P (pu) = pn=5.P7 (u).
Taking account u = 1, we find that

(n—4) h_
Prlg) = T Qe
such that 2 = %. We are then naturally led to study extensions to the Paneitz-

Branson operator with general coefficients as an operator of the form:
P, (u) := A§ (u) + divy (Aﬂdu) + Bu,
where A € A7 ) (M) a smooth symmetric (2,0) —tensor field, and B € C> (M) .
In this paper, we consider the multiplicity results of solutions of the follow-
ing nonhomogenous fourth order elliptic equation involving the generalized Paneitz-
Branson operator:

i
Py (u) = f(2) [ul* 2 u+ h(z), (1.1)
where f is a C*°-function on M with f > 0 and h belongs to L™ (M) such that
2¢ 2n

(T S

The main goal of this paper is to establish the existence and multiplicity of
solutions throughout the Ekeland’s Variational Principle in [8] and the Mountain-
Pass Theorem in [1] in the critical theory. This article is organized as follows: in
Section 2, we present some essential mathematical materials. In section 3, we recall
some auxiliary lemmas which are important for main theorem result. And in section
4, we give the proof of the main result and at the end, we give a geometric application
on Einsteinian Riemannian compact manifold. We prove the following theorem:
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Theorem 1.1. Let (M, g) be an n (n > 5) —dimensional compact Riemannian manifold
without boundary OM . Let f is a C*°-function on M with f > 0 and h € L™ (M) such
that h # 0 satisfying ||h|,, < mo and supposing that the operator Py(u) is coercive.
Then, the equation (1.1) has at least two nontrivial solutions v,w € H2(M) satisfying:

J(v) <0< J(w).

2. Preliminaries

We let H3 (M) be the standard Sobolev space consisting of the functions in
L? (M) whose derivatives up the second order are in L? (M) . The Sobolev embedding
theorem asserts that H2 (M) is continuously embedded in L™ (M) 1 < m < 2% with
the property of this embedding is compact when m < 2f. We know from the work [9]

that Ky is the sharp and the best constant of the embedding H3 (R") in a2 (R™)
by

1
KO = 6 5
n(n?—4)(n—4) (w,)
where w,, is the volume of the unit n—sphere (5™, h) . Moreover, the Euclidian Sobolev

embedding has obtained by the extremal functions

n—4

uy () == R S 2
M 1+ 22 |z — x|

where A > 0,7 € R* and z, € R"™.

3. Auxiliary and useful lemmas

Throughout this section, we consider the energy functional .J, for each u € HZ (M),

I =5 [ Pywadute) ~ [ hw)uduto) - % [ @)1 duto)
k

B(u) = (VJ(u),u
w) = [ Pyw)adute) ~ [ he)uduly / F(@). lul” dug)

(V) u) =2 [ Py(u).udp(g) - /M h(a).udp(g) — 2 /M F(@)- 1l dulg)

M

and

It is well known that the solutions of (1.1) can be seen as critical points of the
functional J(u). We assume in what follows that P, is coercive, in the since that
there exists A > 0 such that for all u € H3 (M) :

/M Py(u).udu(g) > A /M u?dp(g)

Now, we use the following Sobolev inequalities proved in [7].
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Lemma 3.1. Let (M, g) be an n (n > 5) —dimensional compact Riemannian manifold
without boundary OM. Then for any € > 0, there exists Ac € R such that for all
u€ H3(M):

([ 1 aut) Y < aro [ [@ + @] dute) + 4. [ auts)

The main tool to prove our result is the Montain-Pass Theorem of Ambrossetti-
Rabinowitz given by the following theorem:

Theorem 3.2. Let J € C' (H3(M);R) satisfies (P.S), condition. We suppose:
(1). There exist o > 0, p > 0 such that

J(u) lap;p= J(0) +
Where
B, = {ue B30 : llull ) < p}
(2). There is an e € H3(M) and | e | z2(ar)> p such that:
J(e) < J(0)
Then, J(.) has a critical value ¢ which can be characterized as

;= inf t
¢i= Inf max J((t))

Where
[:={y€C([0;1]; H3(M)) : 7(0) = 0 and (1) = e} .
. in H3(M) such that:
J(um) —c in R
{ Vi (um) =0 in (H3(M))".

Then there is a sequence ()

Now, to prove theorem 1, we need the following version of Ekeland Principle
which is the key for the existence of solution with bounded below functional J.

Lemma 3.3. (Ekeland Principle-weak form) Let (X,d) be a complete metric space.
Let J: X — RU {400} be lower semicontinuous and bounded below. Then given any
€ > 0 there exists ue € X such that

J (ue) <infJ +e,
X
and

J(ue) < J (u) + ed (u,ue), for all u € X and u # u..
First, we have the following lemma whose proof is easy and can be found in [8].

1
Lemma 3.4. The quantity ||u||Pg = ([y; Py(w).udp(g))? is an equivalent norm of the
usual one of H3 (M) if only if the operator P, is coercive.

Our working norm as follow: for all u € H3 (M) :

lulle, = ([ Prtwanta))
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Lemma 3.5. Let (M, g) be an n (n > 5) —dimensional compact Riemannian manifold
without boundary OM . Let f is a C*°-function on M with f > 0 and h € LI(M) such
that h # 0, then there exists some constants «, p and me, > 0 such that J(u) > «a >0
with ||[ull p, = p for all u € H3(M) and h satisfying ||hl, < mo.

Proof. Let w € H3(M) :

) = % iy, - %/M £ @) Jul” dulg) /M h(x) udp(g)

Using Holder inequality, we have:

1 1 #
J() = 3 llullf, — 5 mesx £(z) Jull3s = 121l - Jula

Using Sobolev inequality, we deduce:
1 2 1 2f of
J(u) = 5 HU”pg T oF gg@[{f(x)~ (max ((Ko +¢€),4c)) * . HUHHg(M)
—[1lly - (max (Ko + €) , A))? - l|ull g2 (ary

Again the coercivity of P, implies that there is A > 0, such that:

off
1 1 max (Ko +¢€),A)\ 7 f
) > 5l = g g ). (22 Ml
max ((Ko +€), Ac H
- g (AN
Thus,
off
1 1 max ((Ko+¢€),A4)\ * i
I0) > |5l = g g ). (PELEEDLALY T
max ((Ko +¢€) , Ac 3
- Il (=EELED
Setting for ¢t > 0 :
ot
1 1 max (Ko+€),4)\ 7 o4
F(t) = §t ~ o irg;}&(f(x) ( i £ .

By continuity argument of the function F(.), we see that

off
2

i 1 A
rilzag(F(t) = F(p) > 0 where p* ~2? := @ 1) (max((Ko n e),A€)> . (3.0

Then, it follows from (3.1) that if [[A]|, < m, such that

— (max((K0A+ 6)7,46))% o)
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Then, there exists o > 0 such that

J(u) , = a>0. O

e, =

Lemma 3.6. Let (M, g) be an n (n > 5) —dimensional compact Riemannian manifold
without boundary OM. Let f is a C*-function on M with f > 0 and h € Li(M)
such that h # 0 satisfying ||h||, < m. Then there exists a function v € HZ(M) with

Hv||Pg > p such that J(v) < 0, where p is given by the previous lemma.

Proof. Let v € H3(M), for any t > 0 we have:

He) =5 loly, = 55 [ @l auto) =t [ nia)oduto)

Since 2f > 2, so we deduce that,
lim J(t.v) = —oc0.

t——+o00
Consequently, there exists a point v € H3(M) with ||u||Pg > psuch that J(v) < 0. O
Lemma 3.7. Let (M, g) be an n(n > 5) —dimensional compact Riemannian manifold

without boundary OM . Let f is a C*°-function on M with f > 0 and h € LI(M) such
that h # 0 satisfying ||h[|, < mo. Assume (um),, is (P.S), sequence with

k
n.KO%. (max f(x))>2
Then, (um),, is bounded in Ha(M).

c <

RN

Proof. Consider a sequence (u,),, which satisfies
J(um) — ¢
VJ () — 0.
We obtain,

1 2t — 2 2 1
J(um) — 9% (VI (um), um) = ooF ||Um||?:g T Tor /M h(z).umdp(g) = ¢+ o (1)

Using Holder and Sobolev’s inequalities and by the coercivity of P, implies that there
is A > 0, such that:

2% 9 . 92t max (Ko + ), Ac) 2
o)z 22 funlly, - 5 -

> - > il
If ||um||Pg > 1, then
2t 9 9t 1 max (Ko + €), A)\ ?
C+O(1)Z M—%th-( A ) 'HumHPg'
And since,

9 _ 21) (max((Ko +e) 7A6))§

Iklly < mo = 55— A
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Then the sequence (u,),, is bounded in HZ(M). O

Lemma 3.8. Let (M, g) be an n(n > 5) —dimensional compact Riemannian manifold
without boundary OM . Let f is a C*°-function on M with f >0 and h € L1(M) such
that h # 0 satisfying ||h[|, < mo. Assume (um),, is a bounded Palais-Smale sequence
at level ¢ of J with

2

c < 3
n.K 3% (n, k). (max f(x))2*

Then, (un),, has a strongly convergent sub-sequence in H3(M).

Proof. Using the previous lemma, let (u,,),, be a bounded (P.S), in H3 (M) and from
the reflexivity of H7(M) and the compact embedding theorem, up to a subsequence
noted (u,),, there exists u € H3 (M) such that

(1). Uy, — u weakly in HZ(M).

(2). Up, — u strongly in LP(M) for 1 < p < 2%,

(3). U — u a.ein M.

Then we deduce that:

[ @) =) )|

After these preliminaries, we can prove that w,, := u,, — u converges to 0 strongly in
Using Brézis-Lieb Lemma in [5], we obtain

([ 1) auta )5.(/M<um—u>2du<g>)2

1Pl - lum = ully = o(1).

IN

N

a2, — Nl = [, + (1)

and

1@ (el = ) dut) = [ 70 wm” dustg) + o(0)

M M
Then,

1 1

Hum) = 00) = 5 onls, = 55 [ 1@ wnl? duo)+ 001,

We obtain

(VI (um) = VI (u), (um —u)) = meH?Dg - / f(z) |wm|2N du(g) = o(1).
M
That is to say
iy, = [ 56w dute) + o) (32)
M

Put

¢ :=lim sup meHPg .
m
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Using Sobolev’s inequality, we have for all w,, € H3(M) :
2t ot of
m|” d < . m|” d = N
/M F(@) [wm|™ dp(g) < max f(z) /M [wml™ du(g) = max f(z). w3

< mas £(a). [ (Ko + ), AN F om0 -

Taking account that Py : C°°(M) — C°°(M) is coercive, there exists a constant A > 0
such that:

# 2f #
[ 1@ lwn dute) < mags ). [ (Ko +9), AD) Tl E, . 33)
Consequently, we obtain from (3.2) and (3.3) that:
2t #
lwnllp, < max f(z). [A. max (Ko +¢€), 4e)] 7 - w7

Letting n — 400, we get
ot
¢ < max f(z). [A.-max (Ko +€),A)] = £
xeM

Then,
1

maxzenr f(2)] 772 . [A max (Ko +€) , )] 77
We deduce that: £ = 0 and then w,, — 0 strongly in H2(M).
i.e. wy == u, —u— 0in H3(M). O

{=0 or.l>

4. Main result
The following theorem is our main result.

Theorem 4.1. Let (M, g) be an n (n > 5) —dimensional compact Riemannian manifold
without boundary OM . Let f is a C*°-function on M with f > 0 and h € LY(M) such
that h # 0 satisfying ||h||, < m, and supposing that the operator u — Py(u) is
coercive. Then, the equation (1.1) has at least two nontrivial solutions v,w € H2(M)
satisfying:

J(v) <0< J(w).

The proof is based on The Mountain-Pass Theorem and Ekeland’s Variational
Principle.

Proof. We prove this theorem, by the following two steps:
Step 1: There exists w € H3(M) satisfies

J(w) > 0 and VJ(w) = 0.

Using Lemmas 2 and 3 and The Mountain-Pass Theorem, there exists a sequence
(tm),, € H3(M) satisfying:

J(um) — ¢ and VJ(uy,) = 0.
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Then, it follows from Lemmas 3 and 4 that there exists w € H2(M) such that J(w) =
¢>0and VJ(w) = 0if [[h], < mo.

Consequently, w is a weak solution of the equation (1.1).

Step 2: There exists v € H2(M) such that: J(v) < 0 and V.J(v) = 0. Since h € LI(M)
such that h # 0, we can choose a function ¢ € H3(M) such that:

/ h(z).o(2)du(g) > 0
M

Letting ¢t > 0, we have:

2 2
It = 5 lelly, = 5 [ 1@-1e duto) =t | hw)p(@)dnto)

Then for ¢ > 0 small enough, we get J(t.p) < 0.
Put

¢ = ulenigp J(u)

Where
B, = {ue HE(M) : |lull , < p}
It seems that:

¢ = inf J(u)<0
u€B,

Now, applying Ekeland’s Variational Principle, there exists a (P.S).- sequence
(Um),, € B, satisfying:

J(Um) = ¢~ and VJ(v,) =0
Using Lemmas 2-7, we obtain a sub-sequence of (v,),, which converges strongly to
ve H3(M).
Consequently, w is a weak solution of the equation (1.1). O

5. Geometric application of the main theorem

Remark 5.1. When (M, g) is Einstein, the geometric Paneitz-Branson operator has
constant coefficient and reduces as:

P} (u) == Af] (w) + cnlg (u) + dpu,

where
n?—2n—4

Cp = Sy and  d, =

(n—4) (n2 74)
2n(n—1) S5

16n(n—1)2 ~g-
In particular, when (M, g) = (S™, k) is the unit n—sphere,

Pl (u) := AZ (u) + cnAy (u) + dpu,

where
2_ 9y (n—4)n(n?—4
Cp = =22 3” 2 and  d, = 71((5 )

Notice that
S2
(cn)? —4dy, = —2—.
n?(n—1)
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Since (¢,)? — 4d,, > 0, then
Pl (u) = (Ag+a™) o (Ag+a7)u,
with
en £ 1/ (cn)? — 4d,
2

at =

Remark 5.2. If S, > 0, then P} is coercive.
In this part we consider the elliptic equation with the condition taken above:
i
Py (u) = f(@) [u* "% u+ h(a), (5.1)
Then we have the following result:

Theorem 5.3. Let (M, g) be an n (n > 5) —dimensional compact Eisteinian Riemann-
ian manifold without boundary OM with its scalar curvature Sq; > 0. Let f is a
C*°-function on M with f >0 and h € LY(M) such that h > 0 satisfying |||, < mo

Then, the equation (5.1) has at least two nontrivial solutions v,w € H2(M) satisfying:
Ju™) <0< Juh),

where
v :=min (u,0) u' :=max(u,0).

Proof. Define the two functionals in H3(M) by

THw) = 5l = [ haadnto) = = [ @), ()% auto)
k
and
T = 5l = [ h@)udnte) - % [ @) () duto)
k
where
v~ :=min (u,0) ' :=max (u,0).

Applying the coercitivity of P;' on Eisteinian manifold (M, g) and using the same
technique that relies on Mountain Pass Theorem for the energies J~ and J* for
solving the elliptic equation

P (u) = f(2) [ul* 2 u+ h(z).

Since (M, g) has a positive scalar curvature Sy, we have

(Ag+at)o(Ag+a )u= f(z) |u|2L2 u+ h(z),
with
cn (cn)2 —4d,,
2

Applying the strong maximum principle two times to show that u~,u* € H2(M) are
two nontrivial solutions satisfying:

J(u™) <0< J(ut). O

at =
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